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FLOORS FOR DETERMINISTIC INTEGER FACTORING:

STRUCTURE OF THE LEHMAN-HARVEY START SET,
AND THREE FURTHER FLOORS

SEAN WARD AND MAESTRO

ABSTRACT. The fastest proven deterministic factoring algorithm for a balanced semiprime
N = pq runs in N*/5T°M) operations, and Harvey’s question whether the search over Lehman’s
N'/3 candidates can reach N/% is open. This report defines a covering model that contains
Harvey’s algorithm exactly and, up to factors N°®)| those of Lehman and Harvey—Hittmeir,
and proves its floors: N'/® candidates, N*/° with materialised giants, N 1/6 with free giants.
The exponents persist for p > N?/5, the first two against fixed-degree forms and adaptive cell
queries respectively, and thinning by a residue hypothesis modulo q < N*/?° buys at most a
power of loglog N. Given an interval of length L = N> containing p, a localised search costs
NeM [3/5 N=1/10 ' matching the model’s floor for A > 3/8; for N6 « L < N3/8 the in-model
cost is classified by the interval’s Diophantine depth; a known residue p mod M, M < N1/7,
gives N5+ pr=2/5 1n the explicit-difference model an N/ search needs a difference cover,
and the additive structure of the window starts governs every such cover: proved lower bounds
r1/3 (modulus-free) and N'/*2 (at r = N/3; for the squarefree shell, for almost all N) against
upper bounds 2.17%/% and 6N?/°, with the envelope problem open. Further, a common factor
g=N7of p—1and ¢—1 lets N be factored deterministically from N alone below N/ for every
~ > 1/20, by composing McKee-Pinch’s progression search, made deterministic, with Pollard—
Strassen on N — 1 and Harvey—Hittmeir’s order selection; a fixed list of elliptic curves factors
every product of two primes from a range once its exposure labels separate, with computed sep-
arating lists for three dyadic ranges below 22%; and NFS polynomial selection has a random-root
floor Nl/(dﬂ)*o(l), a rigorous resultant floor and, under a stated counting heuristic, no room to
move the GNFS constant. Every rigorous floor is a theorem inside a stated model, the heuristic
optima are labelled as such, and nothing here is a lower bound on factoring.
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4 SEAN WARD AND MAESTRO

INTRODUCTION AND READING GUIDE

The question. Let N = pg be a balanced semiprime. The fastest deterministic factoring
algorithm whose running time is proved runs in N1/5t°(1) operations (Harvey, 2021); it is a
babystep—giantstep collision search over Lehman’s N'/3 candidate cells ag + bp, and its author
asks whether the full square root of that candidate count, N/6, is attainable. Nothing in the
literature bounds the cost of any deterministic factoring method from below; the known lower
bounds in cryptography live in representation-oblivious models [75, 19, 2] that do not see the
bits of N on which Lehman-type algorithms operate. This report asks a narrower question that
can be answered: inside a model that contains the known Lehman-type algorithms, what is the
least possible cost, what would an algorithm below it have to do, and which of those things are
actually possible? The method of Parts 1-3 is the same throughout — define a model containing
the published algorithms, prove floors inside it, identify the combinatorial statistic that governs
the remaining gap, and attach certified or exact computation to every measured claim. Parts 4-6
apply pieces of it to three further questions: a deterministic algorithm with a proved cost for
one class of moduli, a separation criterion with computed certificates and heuristic asymptotics
for a fixed list of elliptic curves, and rigorous coefficient inequalities beside a heuristic counting
optimum for polynomial selection.

What the report establishes. Tables 1 and 2 list the principal results with their status and
their location; every entry is a reference into the text. Five status labels are used: proved means
a theorem with a complete proof; proved in the model means a theorem whose hypotheses and
conclusion are those of the stated model, so that it bounds algorithms inside the model and
nothing outside it; conditional means proved under a conjecture stated in full; heuristic means
a derivation whose hypothesis is a counting or distributional assumption, labelled as such where
it occurs; computed means an exact or certified finite computation whose scope is stated. A row
with several clauses names the status of each. In the table, r is the radius of the cell family
(cells (a,b) with ab <), L and M are the length of the interval and the modulus of the residue
known about p, Dpax is the start statistic of Lemma 4.3, ¢ is Euler’s function, ||f||~ is the
largest absolute value of a coefficient of f, and ¢y is the constant of Theorem 20.11.

Table 1: The principal results of Parts 1-3, with status and loca-
tion.

result where status

A covering model containing Harvey’s algorithm Definition 2.1, Proposi- proved

exactly and, up to N°) those of Lehman and tion 2.9

Harvey-Hittmeir; Hittmeir’'s residue-thinned

search and Hart’s one-line method are members

for which the floors are not asserted

Floors: N'/3 candidates, N/ with materialised Corollary 3.3, Theo- proved in the model
giants, N'/¢ with free giants rems 3.4, 3.6

Robustness: exponents kept for p > N?2/5; Proposition 3.7, Theo- proved in the model
materialised-giant floor for fixed degree; can- rem 9.4, Proposition 9.5,

didate floor against adaptive queries; residue- Theorem 2.8

hypothesis thinning modulo q < N'/20 buys at

most (loglog N)3/°

continued on the next page
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result where status

In the explicit-difference representation model an Proposition 4.1, proved in the model
N1/6 search requires a difference cover (sufficient Lemma 4.3, Theorem 4.4

under order and decoding conditions); every ex-

plicit cover is bounded through the start statis-

tic Dpax; @ uniform envelope Dyax < 27 on the

squarefree a = 1 shells, 0 < n < 1/2, gives the

floor N(1—m)/(5—4n)

Pollard—Strassen’s 1/4 is optimal for divisibility Proposition 4.5 proved in the model
tests by polynomially bounded integers in the

difference-cover model

Localised search in N°W L3/5N=1/10 giyen an in- Theorem 13.6, Corol- algorithm proved
terval of length L > N3/ matching the model’s lary 13.8, Theorem 13.2 (unconditional); floor
floor proved in the model

For ¢gN'/¢ < L < N3/8 the in-model cost of Theorem 13.15, Corol- proved in the model
an interval is classified by its Diophantine depth; lary 13.16

a Farey-fraction family covers every interval at

the typical cost, which is optimal for all but a

vanishing fraction of the centres when L/N/6 —

00
Residue information pmod M, M < N¥7. Proposition 14.2, Corol- algorithm proved
N1/5+0() N\f=2/5; the two-axis landscape against lary 14.3 (unconditional)

Coppersmith subdivision

The start statistic on the balanced restriction: Lemmas 19.1, 19.2, 19.3  proved

> /7 along rays and equal products; > rN /4

along half-offset lines in the primitive family and

in every family retaining the constructed cells

Conditional in-model floors N°/2% and N?/'! for Proposition 19.5, Corol- conditional (Conjec-
families satisfying the hypotheses of Proposi- lary 19.7 tures 19.4, 19.6)
tion 19.5

The modulus-free statistic: lower bound cgr'/?  Theorems 20.11, 21.14, proved

with the sharp constant of the symmetric mech- 20.16

anism; upper bound 2.1 r2/3; one drift-free family

holds at most 7r!/3

The planar regime: resonant clusters > N'/'2 Theorems 21.2, 21.4, proved

at r = N'/3 (for the squarefree shell, for almost 21.3, 21.13

all N); upper bound 6N?/?
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Table 2: The further results of Parts 4-6, with status and location.

result where status

A common factor ¢ = NY of p—1 and ¢ — 1: Lemma 26.2, Corol- proved

for g < (p — 1)%/4/(log N)3, deterministic fac- lary  27.1, Proposi-

toring from N alone in N'/4=7/2+0(1) (McKee- tion 28.2

Pinch’s expected-time exponent made determin-

istic; beyond that bound a Burgess completion

gives Nl/(g\/g)“‘f)7 and for arbitrary g = N7 the

piecewise curve E(v) composing the progression

search with Pollard—Strassen on N —1 and order

selection, below N'/5 for every v > 1/20

A fixed list of curves factors pq iff the exposure Proposition 32.4, Ta- criterion proved; lists

labels of p and ¢ differ; separating lists for the ble 12 computed

primes of [218 219) [220 221) 222 223)

Pollard’s p — 1 succeeds on a positive proportion Proposition 35.3 proved

of nearly balanced semiprimes in N2 for every

0> 1/(2e)

NFS polynomial selection: random-root floor Propositions 38.1, 40.1; proved; heuristic;

N/(d+1)=o) and resultant floor | f||S]lgll% > Propositions 39.1, 42.1; computed
N; joint floor N(2d=D/(@*+d=1) anq the GNFS Section 37

constant as existence optimum; small-degree

enumerations

How the parts fit together. Part 1 is the base: it defines the covering model, proves that
the published algorithms belong to it, proves the three floors and their robustness, reduces the
N1/6 question to a difference-cover question, and lists what the model forbids and what is known
about each forbidden operation. Part 2 asks what changes when partial information about a
factor is available — an interval, a residue, or both — and shows that the model’s floors localise,
that a localised form of Harvey’s search attains them, and that below N3/8 the cost of an interval
depends on its position through a single Diophantine quantity. Part 3 studies the combinatorial
statistic on which the difference-cover floor depends — the additive structure of the window starts
—and is the longest part because that structure is rich: exact and approximate coincidences, their
growth laws, their upper bounds, and the envelope problem that stands between the conditional
floors and a theorem. Part 4 treats the one class of moduli that Part 1’s bisection procedure
leaves aside, and disposes of it from N alone. Parts 5 and 6 are independent of the covering model
and of each other: Part 5 proves a separation criterion for a fixed list of elliptic curves, computes
the lists that separate the primes of three dyadic ranges, and states its asymptotic consequences
as a conjecture and a heuristic; Part 6 proves two coefficient inequalities for polynomial selection
and places a heuristic counting optimum beside them, checked by exact enumeration at small
sizes.

A reader who wants the main line should read Sections 1-4 of Part 1, Section 13 of Part 2,
and Sections 19-21 of Part 3; Section 24 summarises what is proved, conditional, computed
and open across the first three parts. Each part opens with a summary and an introductory
section. Part 2 presupposes Definition 2.1 and Lemmas 3.1, 3.2; Part 3 presupposes those and
the explicit-difference representation model with Lemma 4.3 and Theorem 4.4; Part 4 refers
to Proposition 7.3 for context only; Parts 5 and 6 are self-contained. Sections and results
are numbered consecutively through the report and every cross-reference names its target; the
appendices of Parts 1 and 2 are the last sections of those parts.
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What is not claimed. No statement in this report is a lower bound on the cost of factoring.
Every rigorous floor is a theorem inside a stated model, and each part names the operations
its model forbids; a faster algorithm would have to use one of them. The heuristic optima of
Part 6 are labelled as such. Numerical statements are finite computations on stated populations,
exact or certified where the text says so, and they are evidence for the constructions and the
implementations, not for the asymptotics. Every measured or certified statement is regenerable
from the code and archives in the public repository [23], whose reproduction guide names, for
each statement, the function that produced it, the archive that holds it and the command that
regenerates it.

Part 1. Covering floors for Lehman-type deterministic factoring, and what an N1/6
algorithm would need

Summary. Harvey’s deterministic factoring algorithm runs in N/5t°(1) operations, and Harvey asks
whether the babystep-giantstep search over Lehman’s N'/3 candidates admits a full square-root speed-up
to N1/6+o(1) We define a coverage model — an oblivious family of integer-linear cells ag+ bp whose tested
integers cover the real range of the smaller factor, searched by one collision step — which contains Harvey’s
algorithm exactly and, up to factors N°(1), those of Lehman and Harvey Hittmeir, with Hittmeir’s
residue-thinned search and Hart’s one-line method as further members, and we prove its floors: at least
eN'/3 candidates, and a cost of at least ¢N'/> when the giant elements are materialised and at least
c¢NY/6 when they are free. All three floors keep their exponents for unbalanced factors p > N2/°; the
materialised-giant floor holds for nonconstant forms of every fixed degree and the candidate floor against
adaptive cell queries; and a family thinned by an enumerated residue hypothesis modulo q < N1/20 —
the mechanism of the Harvey—Hittmeir refinement — gains at most a power of loglog N, which is what
that refinement obtains. In the explicit-difference representation model an N1/6+°(1) gearch requires an
efficiently computable difference cover of the candidate set, and a lemma bounds every such cover through
an approximate-Sidon statistic of the window starts. The statistic has provable power growth in every
sub-family for which it has been determined, so a bounded statistic is impossible there, and under two
stated envelope conjectures the explicit-difference floors for the controlled families are N5/28 and N2/,
None of this is a lower bound on factoring: every floor is a theorem inside a stated model, and the part
closes with the shapes an algorithm below N'/® must take.

1. INTRODUCTION

Let N = pg with primes p < ¢ and, for a fixed constant C > 1, p € J := [\/N/C,V/N].
Lehman’s algorithm [49] finds p in N 1/3+0(1) operations by Dirichlet approximation of p/q: for a
parameter r > C' there are coprime a,b with ab < r and 0 < aq + bp — 2VabN < /N /(4rv/ab),
and (aq + bp)? — 4abN = (aq — bp)? is then a square, detected by trying the few integers in the
window. Hittmeir [40] and Harvey [31] replaced the square tests by collision searches; in Harvey’s
form, for a unit & modulo N, the unknown integer U = aq+ bp satisfies oV = a®¥*? (mod p), so
the rlog r targets a®V+b— [2VabN] and the window offsets can be matched by babystep—giantstep
with m baby steps and a product tree, and the cost N'/2/(r'/?2m) 4+ r + m is minimised at
r = m = N5 Harvey asks (Remark 3.4 of [31]) whether the full square root of Lehman’s
candidate count, N*/6, can be attained. The term that prevents it is the construction of the r
targets themselves, one per cell.

This part studies the question inside a model and determines what the model allows. The
model (Definition 2.1) contains Harvey’s search exactly and, up to factors N °(1) " Lehman’s
algorithm and the hypothesis-thinned search of Harvey—Hittmeir [32], and it has Hittmeir’s
residue-thinned search [39] and Hart’s one-line factoring [30] as further members, the latter
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where its family covers the range (Proposition 2.9); it does not encompass smoothness methods,
and its lower bounds do not apply to algorithms that exclude parts of J using information
computed from N.

1.1. Results. Write cc := (1 — C~Y/2)2/(80(C + 1)) and ¢}, := 2%/5(cc/2)?/°. The results are
stated in the notation of Sections 2-4: Yy is the number of tested integers of a family, T its
cost in the models M1 and M2, Z the multiset of its shifted tested exponents and Dy.,x the
statistic of Lemma 4.3.

e Floors (Section 3). Every oblivious covering family has Yy > (¢c/2)%/3 N'/3 tested inte-
gers; the cost is > ¢/, N''/5 with materialised giants (Theorem 3.4) and > 2(cc/2)'/3N1/6
with free giants (Theorem 3.6). Lehman’s choice r < N'/3 is optimal for every oblivious
family, and 1/5 is optimal with materialised giants. All three floors keep their exponents
for unbalanced factors p ~ N? B > 2/5 (Proposition 3.7); the materialised-giant floor
N1/5 holds for oblivious families of nonconstant integer forms of every fixed total degree,
with a weaker candidate floor N'/4 (Theorem 9.4); and the candidate floor N/ holds
against adaptive cell-membership queries (Proposition 9.5). A family that enumerates a
hypothesis on p modulo q and tests one residue class modulo g? per form — the Harvey—
Hittmeir mechanism — has, for ¢ < N%/20 cost at least ¢(¢(q)/q)* > N/> (Theorem 2.8),
which their algorithm attains up to logarithms: hypothesis thinning buys at most a
power of loglog N.

e Reduction (Section 4). If supp(Z) C B — G for explicitly computable sets B,G of
O(log N)-bit integers with |B| + |G| = NY/6+°() satisfying an order condition and a
decoding condition, there is an N/6+°(1) factoring search (Proposition 4.1). In the
explicit-difference representation model such a cover is required by definition, and Lemma
4.3 bounds its size below in terms of the approximate-Sidon statistic Dyax of the window
starts of any disjoint sub-family; Theorem 4.4 turns a uniform envelope Dpy.x < 7" into
the floor eN(=1/6G=41) " The same counting gives Pollard-Strassen’s exponent 1 /4 as the
floor of the difference-cover model for divisibility tests by polynomially bounded integers
(Proposition 4.5).

e The start set (Section 5). The starts are the integers | (vaN — v/b)?|. In the balanced
family a < b < Ca the statistic is > /r along rays (Lemma 19.1) and along pairs
of equal product (Lemma 19.2); after both are removed, half-offset lines force Dyjax >
rN~1/4/15—1 for 4TNY/* < r < N'/3 and C > 2 (Lemma 19.3), so a bounded statistic is
impossible for these families. Under an envelope hypothesis the conditional floor is N5/28
(Proposition 19.5), and under a thinned-statistic hypothesis N?/'* (Corollary 19.7).

e FEscapes (Section 7). What the model forbids is listed with its status: the product
modality (the tested product as one algebraic object) is formalised with its separation
problem and a bisection that reduces that problem to a width bound and an explicit
exceptional class of moduli (Propositions 7.2, 7.3); a strategy that evaluates pieces of
low harmonic mass separately, at a cost at least the square root of each piece’s length,
pays N1/4=°(1) (Theorem 10.1).

1.2. What is not claimed. Nothing here is a computational lower bound. Theorems 3.4-
4.4 hold within the model of Definition 2.1 and, for 4.4, the explicit-difference representation
model of Section 4.1. The conditional floors are conditional on stated conjectures. Numerical
statements are finite computations on the moduli listed in Section 6.
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1.3. Related work. The closest lower-bound and barrier results are in representation-oblivious
frameworks, and none is a lower bound for factoring. In a generic cyclic group with a prime-
order component of order £, the discrete logarithm and specified related problems require Q(\/Z)
generic group operations [75], and root extraction in a generic group of unknown order has a
generic lower bound of the same kind [19]; in the generic ring model, breaking RSA is equivalent
to factoring [2], an equivalence and not a complexity bound. Neither framework sees the bit-
level representation of N, which is exactly what Lehman-type algorithms exploit, and we have
not found a published model that formalises coverage-based divisor searches and proves a cost
floor within it. On the upper-bound side the exponent record is unchanged since [31]: the
refinement [32] improves the polylogarithmic factor, and the element of large order that every
Harvey-type search needs is now supplied for every bound D by Harvey and Hittmeir [33],
so that its selection is no bottleneck at any exponent (Section 16 gives a balanced-semiprime
proof with a different recovery step). An unrefereed note of Carella [14] claims a deterministic
O(N 1/ 6+¢) algorithm; we have not been able to verify its argument, and the present part’s floors
say only what such an algorithm would have to look like (Section 7). Difference covers at the
square-root scale are classical in other algorithmic settings — suffix-array construction [48], and
discrete logarithms in an interval [29, 8] — but we know of no prior use of difference covers, or of
the approximate-Sidon statistic of Lemma 4.3, in the design or analysis of factoring algorithms.
Partial information about the factors — an interval containing p, or p mod M — is treated in
Part 2, where the materialised-giant floor of Section 3 is localised and matched by an algorithm,
and the candidate and free-giant floors are localised.

2. THE MODEL AND ITS MEMBERS

Write Jo := [\/N/C,V/N], so that J = Jo. Throughout, log is the natural logarithm and
lg the binary one, 7(x) the number of primes up to z, ¢ Euler’s function, w(n) the number
of distinct prime factors of n, d(n) its number of divisors, v, the p-adic valuation, ¥(z,y) the

number of y-smooth integers in [1, 2], and O hides factors (log N)°O(),

Definition 2.1 (oblivious Lehman-cell BSGS algorithm). The algorithm computes from N
alone: (1) a finite set of pairwise distinct forms wu;(p,q) = a;q + b;p, integers a;,b; > 1, 1 =
1,...,P; (2) for each form a finite set T; C Z of tested integers, W; := |T;| > 1, with candidate
set S; = UneTi(n — 1,n + 1) of measure w; := |S;| € [W;,2W;]; write Xy = >, W; and
Yw = _; wi; (3) oblivious coverage: for every real p € J there is an ¢ with w;(p, N/p) € S;; (4)
a collision search between baby steps and giant elements, charged by the two cost models below:
when T; is an interval of integers, as in the standard family, the tested integers are split into
blocks of m consecutive integers with one giant element per block, which is Harvey’s realisation;
for a general tested set the cost models are stipulated as accounting axioms — a relaxation, since
a block of arbitrary integers need not be a translate of one common set of m baby offsets. A hit
is the equality of a tested integer with the true w;(p, q).

Two cost models are used, with an integer block parameter m > 1. M1 (materialised
giants): T'>m+ ) . [W;/m]. M2 (free giants): T" > m + Xy /m, the cost of a hypothetical
full square-root speed-up.

Oblivious coverage is an assumption: a non-oblivious algorithm would have to use polyloga-
rithmic information about N to exclude real sub-intervals of J containing no prime divisor of N.
No such exclusion is known: the known-bits methods [17, 42] assume the excluded region given
rather than computing it from N. A lower bound against genuinely non-oblivious algorithms
would be a computational lower bound and is out of reach.

The integer convention matters. With o, = 2v/abN and o, = VN/(4rvab) Harvey tests
Ty = {[@ap] + 7 : 0 < < Oap}, 50 Wap = [0a] > 1; at 7 = N'/3 most real windows have width
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below one, and the inequality Xy > P would be false for the real widths. The standard family
at parameter r is {(a,b) : a,b > 1, ab < r} with these windows.

2.1. Thinned families. Two published algorithms violate condition (3) as stated: Hittmeir’s
babystep—giantstep method [39] tests, for the Fermat form p+ ¢, only the integers in the residue
classes modulo 2FQ, Q = H2<Z<B ¢, compatible with pg = N (his sets Ly ,; his Theorem 5.5
gives |Ly.g| = O(Q27 ") log B)), and the refinement [32] of Harvey’s algorithm tests each of its
cells on a single residue class modulo the square of a primorial. Both discard tested integers on
the strength of arithmetic modulo small primes, not on the size of N. We make the mechanism
explicit and examine what it can change.

Definition 2.2 (thinned family). A thinned family consists of forms as in Definition 2.1, each
carrying a window W; of W; consecutive integers with candidate set S; = Unew, (n = 1,n+1)

of measure w; € [Wi, 2Wi], the candidate sets satisfying the coverage condition (3), and testing
T; = W; N A; for a union A; of residue classes modulo a common modulus q, of density 6; :=
|A; mod ql|/q; put W; := |T;], 0 := min; 0;, X5 = >, W; and Xz = >, w;. Since the tested
integers need not be consecutive, clause (4) is replaced by the cost models directly: with a block
parameter h > 1, T > h+ 3, [W;i/h] in M1 and T' > h+ Xw /b in M2. If q < W;/2 for every i,

a window of W; consecutive integers contains at least 6; (W —q) > oW, /2 > 1 members of A;,
so Yy > HEW/Q and Xy > P.

Lemma 2.3 (thinning by the classes compatible with N). Let q be squarefree and coprime to
N = pq, let (a,b) be a form with ged(a,b,q) =1, and let Ay, C Z/qZ be the set of residues of
aq' + bp' over the pairs of units (p',q") modulo q wzth p'q’ = N; it contains aqg+ bp mod q. Then
|Aas| > (q)/29@) | s0 a thinned family of such forms whose classes are the compatible ones has
density 0 > ©(q)/(q29(@) > q=¢/ 18189 for an absolute constant ¢ and q > 3. For every thinned
family with q at most half the shortest window, of density 6, the floors of Corollary 3.3 and
Theorems 3.4-3.6 below hold in the form Sy > (Occ/4)2/3NY3, T > (6cc)?°NY5 in M1 and
T > 2(0cc/4) /3NV/6 in M2; when the classes are the compatible ones and ¢ < N, § > N—°0)
and the floors hold up to a factor N°W.

Proof. For a prime ¢ | q the compatible pairs are (z,Nz™'), z € FS. If £ { ab, the map
x — aNz~! 4 bz takes each value v at most twice, at the roots of bx? — vz + alN, so its
image has at least (£ — 1)/2 elements; if ¢ divides exactly one of a,b the map is aN/z or bz,
a bijection of F,; ¢ | ged(a,b) is excluded by hypothesis. The Chinese remainder theorem
makes the image modulo g the product of the local images, giving [Aap| > [gjq(¢ — 1)/2. Since
w(q) < (14 0(1))logq/loglogq and ¢(q)/q > 1/loglogq, the density bound follows. For
the floors, Lemma 3.2 below applied to the windows’ candidate sets gives L5 > ccvV N/VP,
so X5 > ccV/N/(2VP) and, by Definition 2.2, Sy > 6ccv/N/(4V/P); with Ly > P this
gives E%Q > HCC\/N/ZL. In M1 every ceiling is at least one, so T > P, and T? > 4%y >
0ccV'N /NP > OcovV/N /T, whence T°/2 > fcc/N; in M2, T > 24/Syy. O

In the standard family the primitivity hypothesis costs nothing: if (a,b) = d(a’,’) covers a
point then so does the reduced cell (a/,b"), whose window is wider, so imprimitive cells may be
discarded. Hittmeir’s modulus 2*Q has the even part 2, to which the lemma does not apply;
it costs only a logarithmic factor.

Lemma 2.4 (the 2-adic part). For odd N and k > 4, the set Ly ox := {z+Nz~" mod 2k . 2 odd}
has at least 2874 /(k 4+ 1) elements.



FLOORS FOR DETERMINISTIC INTEGER FACTORING 11

Proof. Let f(z) := x + N2~! on the 2~! odd residues and let E be the number of ordered
pairs (z,y) with f(z) = f(y); by Cauchy-Schwarz |Ly x| > 4+=1/E. Now f(x) = f(y) iff
(zr —y)(zy — N) = 0 (mod 2¥). The diagonal contributes 2~1 pairs. For x # y let 27/ ||  — y,
1 <j<k—1,sothat 2577 | 2y — N, and write x = y + 27t with t odd. If j > k/2 the condition
reads 4> = N (mod 2*77), which holds for at most 4 - 2/ odd residues y modulo 2, and then z
ranges over at most 28771 values: at most 2°*! pairs. If j < k /2 the condition reduces modulo 2/
toy? = N (mod 27), satisfied by at most 4-2¥=7 odd y (all 2*=1 if j < 2), and then ¢ is determined
modulo 2= by 2/ty = N — y? (mod 2¥77), giving at most 27 values of x: at most 2¥+2 pairs.
Hence E < 28714+ (k—1)2842 < (k+1)28"2 and | Ly o | > 4571 /((k+1)2812) = 2874 /(k+1). O

With ged(N, Q) = 1, the Chinese remainder theorem and Lemma 2.3 for the Fermat form
give | Ly orgl > (2874/(k + 1)) ©(Q)/27B)=1 50 the 2-power costs at most a factor 16(k + 1) =
O(log N) and the density remains N~°). An exponent gain attributable to the factor 2-<(%)
would need 2@ > N¢ ie. logq >. log Nloglog N, a modulus far larger than the windows;
scanning every window integer with a membership test then costs Q(EW), and materialising
the class set by Chinese-remainder enumeration, as in [39, Algorithm 4.1], costs at least |A| >
q!=°M > N, so neither known implementation yields an exponent gain, while an output-sensitive
enumeration of W; N A; would escape this argument and is not known to us. Thinning by classes
that are not the compatible ones — a single class per form, the form being chosen to make that
class compatible with a hypothesis on p — is what [32] does; it is a member of the thinned model
with § = 1/q, for which the displayed floors are valid but weak, and Theorem 2.8 below gives
its exact floor: (p(q)/q)3/°N1/5, which their own analysis shows they attain up to logarithms
(Proposition 2.9(iv)).

2.2. Hypothesis thinning. The Harvey—Hittmeir refinement does not thin by the classes com-
patible with N: for each unit class o of p modulo a primorial q it chooses its forms so that the
value aq + bp falls into one predictable class modulo q? whenever p = o, and tests that class
alone. Its saving is ((q)/q)*°. We show that this is the most the mechanism can buy inside
the model: the requirement that one class serve every p of the hypothesis forces the forms into
a sublattice of index g, and the covering sum on a sublattice is larger by exactly the factor that
compensates the thinning.

Definition 2.5 (hypothesis-thinned family). Let q > 2 with ged(q,N) = 1. A hypothesis-
thinned family consists, for each unit class o € (Z/qZ)*, of a finite set F,, of pairwise distinct

forms, each form ¢ carrying a window W, of W; > 1 consecutive integers with candidate set
S; = (no — 1,n0 + Wi) and covered set S(i) := {p € Jo : ui(p, N/p) € S;}, such that (1) for
every o the sets S(i), i € F,, cover Jo; (2) each form tests T; := W; N A; for a single residue
class A; modulo q2, and T} # 0; (3) for every integer p’ € S(i) with p’ = ¢ (mod q) the residue
aiNp'~' + bip' mod q* lies in A;. The cost is T > h+ >, > ;cp [Wi/h] with W; := |T;] and a
shared block parameter h > 1.

The family factors N: if ¢ := p mod q, some i € F,, has aqg+bp € S; by (1), hence ag+bp € W;
as it is an integer; p is a unit modulo q, so ¢ = Np~! (mod g?) and (3) puts ag+bp in A;, i.e. in
T;. Condition (2) excludes forms that cover reals but test nothing, without which the window
coverage would be vacuous. Algorithm 4.3 of [32] is such a family: its forms satisfy b = aNo 2
(mod q) by construction (their (3.4)), which makes the residue of (3) constant along p’ = o, its
windows cover every real p of their interval (their (3.3)), and its babysteps 89°¢ are shared by all
forms; the accounting of Definition 2.5 charges one giant per form, as their Algorithm 4.3 does.
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Lemma 2.6 (alignment). If S(i) contains two integers p' and p' +q both congruent to o modulo
q, then b; = a;No~=2 (mod q). A form that is not aligned in this sense has |S(i)| < 4q.

Proof. Write p' = o+qt with o a unit modulo q2. Since (0 +qt)(c™! —qtoc=2) =1 (mod g?), one
has a;Np'~' 4+ b;p' = (a;No~! + b;o) + qt(b; — a;No~=2) (mod q?), and likewise with ¢ + 1; both
residues lie in the single class A;, so q(b; — a;No=2) = 0 (mod q?). For the second statement,

S (7) is the preimage of an interval under the strictly convex g;, hence has at most two connected
components; a component of length > 2q contains two integers p’, p’ +q of the class ¢ and would
make the form aligned, so each component has length < 2q. ([l

Lemma 2.7 (covering sum on a sublattice). Let v be a residue modulo q, and let P pairwise
distinct forms (a;,b;) with b; = va; (mod q), with measurable candidate sets of total measure
Yw, cover a measurable E C Jo of measure M Jc|, 0 < X < 1. Then

)\2|JC‘2
> Apg =2/ (C —1)P/q+31In(4Pq) + C + 5.
16\/NAp’q Pgq ( )P/q (4Pq)

Proof. As in Lemma 3.2, with L := |J¢|: the monotone forms cover at most w; each and
the wide ones at most 2\/wi\/ﬁ /a;, so either ¥,, > AL/2, which exceeds the claimed bound

because L < /N and Apgq > 8, or Y . Vwi/a; > )\LN*1/4/4 and Cauchy-Schwarz gives
Y > NL2N"V2/(16 :4.1/ai). For fixed a the wide forms of the family have b among
the [Cal —a+1 < (C — 1)a + 2 integers of [a, [Cal] lying in one class modulo q, so at most
(C—1)a/q+3 of them; hence for every integer A > 1, >" ... 1/a; < (C—1)A/q+3(1+In A)+P/A.
If (C—1)P < qtake A := P: the sum is at most 5+3In P < Apq4. Otherwise /Pq/(C —1) < P;
take A := [{/Pq/(C —1)] < P, so that (C —1)A4/q < /(C—-1)P/q+ (C —1)/q, P/A <

(C—1)P/qand In A <In P, whence ) .4, 1/a; < Apg. O

w

Primitivity is not assumed and must not be arranged: dividing an aligned form by a common
factor of its coordinates that is not a unit modulo q can destroy the alignment, and the lemma
only uses distinctness.

Theorem 2.8 (hypothesis thinning). Fiz C > 1. There are cg = cy(C) > 0 and No(C) such
that for N > No(C) and every q with 2 < q < NY20 and ged(q, N) = 1, every hypothesis-thinned

family has
T > cH(L(q)>3/5N1/5.
N q
Since ¢(q)/q > 1/loglog(3q), hypothesis thinning saves at most a factor O((loglog N)3/5) over
Theorem 3.4; for the primorials q € (NY/2', N1/20) of [32], their algorithm attains the floor up
to a factor (log N)O().

Proof. Put Py := |F,|, Pt := Y., Pr, ¢ :=(q), L := |Jc|, c3 := (1-C~Y/2)2/(512¢/C — 1) and
cy = cg/‘:’, and let T* := cH(go/q)3/5N1/5. Since T' > Pio; we may assume Py < T* < e N1/5.
Fix o. By Lemma 2.6 the non-aligned forms of F}, cover at most 4qP, < ey NVA < L/2for N >
No(C), so the aligned forms of F, — distinct forms in the sublattice b = No~2a (mod q) — cover
a set of measure at least /2, and Lemma 2.7 with A = 1/2 gives ;. w; > L2/(64V/NAp, 4),
where w; = Wl + 1 is the measure of the window’s candidate set. A window of WN/Z consecutive
integers contains at least LWZ /q?| members of any class modulo q?, and W; > 1 by (2), so
W; > max(1, W;/q? — 1) > W;/(292) > @;/(4q2). Hence
2 2
> L Z 1 > L* o 7
256 2V'N <~ Ap,q ~ 25692V N Ap,, /o q
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by Jensen, x — 1/A, 4 being convex (A is positive, increasing and concave). With P < T the
square-root term of Ap,  /, o is at most X :=2y/C — 1 0}1{24p—1/5q—4/5N1/10 >2/C -1 02/2N1/20
(as ©/°q*5 < q < N'/20) while its remaining terms are 3In(4P1q/¢) + C + 5 = Oc(log N);
80 Ap,../pq < (1+0(1))X and

Sw > (1—o(1) (1—C~Y2)2N _ (1_0(1))03(:;[1/2(?)6/5]\72/5

256 9>V N X ’
using L? = (1 — C~Y2)2N. Therefore T > 2/Sy > (1 — o(1)) 20;,/20;[1/4(<p/q)3/5]\f1/5, and
26;’/201__[1/4 = 20§/2_1/10 = 2cp, s0 T > T* for N > Ny(C). O

The theorem prices the mechanism, not the enumeration: the ¢(q) hypotheses enter only
through the form count Py, which is what [32] pay. Thinning by arbitrary classes of density
q~2, without the hypothesis condition, is bounded by Lemma 2.3 only by (q*2)2/5N1/5; the
sublattice forced by Lemma 2.6 is what raises the covering sum by ,/q and returns the exponent
of the saving to (¢(q)/q)%/®.

2.3. Members.

Proposition 2.9 (members of the model). (i) Lehman’s algorithm [49] is simulated by an
oblivious Lehman-cell BSGS algorithm with m = 1 whose candidate count exceeds Lehman’s by
at most the factor maxg<, d(k) = r°M): Lehman tests, for each product k < r, the integers U of
the standard window of k for the square property of U?> —4kN ; assigning each such test to every
divisor pair (a,b) of k gives the standard family at v = [N'/3], which covers Jo by Harvey’s
covering lemma [31, Lemma 3.3, proved for every real & = p/q with (N/r)'/? < p < N/2;
the square test succeeds in particular at U = aq + bp, which is the hit of clause (4), and its
other successes yield divisors of 4kN that Lehman’s algorithm tests by a gcd. Hart’s one-line
factoring [30] tests the single integer 2[VEN] per product k and is the sub-family with that
tested integer, assigned to the divisor pairs of k; Hart proves coverage for a restricted class
of N, so it is a member of the model to the extent that its family covers Jo. (ii) Harvey’s
Algorithm 4.2 [31] with parameters (r,m) is an oblivious Lehman-cell BSGS algorithm with
materialised giants: its Step (2) forms one giant per block of m consecutive tested integers of
each standard cell, its Steps (1), (3) and (4) realise the collision search, and its bit cost is the
M1 cost up to (log N)°M) [31, Proposition 4.2]; at r = m = N'/5 it attains Theorem 3.4 up
to logarithms. (iii) Hittmeir’s Algorithm 8.1 [39, Theorems 7.1 and 8.3] is a thinned family in
the sense of Definition 2.2 with one form, the Fermat form p + q, whose window is the interval
[2v/ N, N'/24 N/A] of candidates for p+q once his Strassen step has excluded the factors p < A
(for his parameter A € [N?/5, NV/2); the interval has length below N/A) and whose tested set is
the intersection of that window with the classes Ly orq compatible with N, and for A < \/N/C
that window covers Jo. Here Q = [y pcpl with B = %logT for his bound T on p + q, so

that Q = T2t gnd 29(Q) = N°O) | and k is the least integer with 28Q at least the window
length, so that the modulus lies between the window length and twice it and each class has at
most one representative in the window. By Lemmas 2.3 and 2.4 the compatible classes have
density N=°) modulo 2°Q; but the hypothesis q < W/Q under which Definition 2.2 converts
that density into a count of tested integers is not met, so the floors of Lemma 2.3 are not
asserted for this member. Its cost is N2/9t0(1) [39, Theorem 8.3], above every floor proved here.
(iv) The Harvey—Hittmeir refinement, Algorithm 4.3 of [32] with its Propositions 3.3 and 4.4, is
a thinned family with materialised giants: for a primorial m coprime to N, an integer mg, each
unit class o modulo m and each interval [og, (1 4+ 1/mg)og) of a geometric progression covering
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[1,N1/2), their Proposition 3.3 computes from N alone, by two-dimensional lattice reduction,
a form (a,b) such that aq + bp lies within 4]\71/2m1/2/mg/2 of aN /oy + bog for every real p of
the interval (their (3.3), which does not use the class hypothesis), and such that aq + bp lies
in one prescribed class modulo m? whenever p = o (mod m) (their (3.4)); the window of the
form, is the interval of 2Am? consecutive integers around aN/oy + bog, A = [AN/2 /(mmg)3/?],
the tested set is its intersection with that single class (6; = m=2, W; = 2\ + 1), the 2\ + 1
babysteps BmZi are shared by all forms and one giant BNT0=I is formed per form, so that the
block parameter is h = 2\ + 1 and the family has P = @(m) - O(mgylog N) forms; coverage of
Jo holds because for every real p the o(m) windows of p’s interval all contain aq + bp; and
the bit cost is the M1 cost h + P up to (log N)°W) (their Proposition 4.4, whose bound is
O(mlg N(lglg N)? +@(m)mglg* N + N'/21g% N/(mmg)®/?)). The thinning is by an enumerated
hypothesis on p modulo m, not by the classes compatible with N, so Lemma 2.3’s density bound
does not describe it; the floors of Lemma 2.3 hold with 8 = m~—2, and their own cost bound shows
that the saving over Harvey’s algorithm is the factor (p(m)/m)3/% < (loglog N)=3/5 for every
admissible choice of m: the exponent does not move, and Theorem 2.8 shows that no hypothesis-
thinned family does better than this saving up to constants. (v) Hittmeir’s time—space tradeoff
[40] is not classified here. Pollard—Strassen [68, 78] is not a cell algorithm: it tests divisibility
rather than a linear form; it belongs to the explicit difference-cover model of Section 4 through
the additive mechanism, and Proposition 4.5 gives it the floor N'/* there.

Proof. (i) and (ii) restate the algorithms: Lehman’s window at r and Harvey’s tested set T, are
the standard windows; coverage of every real p in the range is the content of Harvey’s Lemma 3.3
(Lehman’s original lemma covers the same range); if U = aq + bp then U? — 4abN = (aq — bp)?;
the multiplicity of the assignment is the divisor function of k, whose maximum over k < 7 is
r°(); Harvey’s Step (2) computes [We,/m] giants per cell and Step (1) the m babies, which
is M1. (iii) Hittmeir’s Algorithm 8.1 first excludes the factors p < A by Strassen’s method, so
that p+¢q < N2 4 N/A, and then applies his Theorem 7.1 to the candidates s for p + ¢ in
[2v/N, N2 N/A| that lie in L ok, testing each by his Lemma 2.1; the window is that interval,
the tested set its intersection with the compatible classes, and the parameters B = %logT and
2F-1Q < a+1 < 2FQ, with a+ 1 the window length, are those of his proof of Theorem 7.1; Q =
e?(B) /9 = T1/2+o(1) by the prime number theorem, and w(Q) = 7(B) — 1 = O(log N/ loglog N).
(iv) is read off the cited statements as described; the coverage claim is their (3.3), which is
proved from (3.1) alone. (v) is Proposition 4.5. O

Which step of the lower bound is not definitional. The cost models charge what the algorithms
do: m babies and one giant per block in M1, which is Harvey’s Step (2); the stipulated m+Xy /m
in M2. The content of the floors is elsewhere: Lemma 3.1 bounds the measure of real p covered
by one cell in terms of the measure of its tested set, and the coverage clause (3) forces the tested
sets to exhaust Jo; that geometry, not the accounting, yields the candidate floor Sy > N1/3,
and the two cost floors are its consequences.

3. THE FLOORS

Lemma 3.1 (coverage of one cell). Let g(p) = aN/p + bp with a,b > 1 and let J' C (0,+/N]
be an interval. Then ¢" = 2aN/p* > p = 2a/v/N on J', and for every measurable S C R of

{peJ :g(p) e SY < 2v/2w/p = 2\/wVN/a.

Proof. Split J' at the critical point p* = y/aN/b if it lies in J'; on each piece J; the restriction
h = g|;; is strictly monotone onto an interval h(J;) with left endpoint ug. The p-measure
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of {h € S} is [gp with p(u) = 1/|W'(h~ (u))| on h(J;) and 0 outside. Since g” > 0, [I/|
increases along the direction of travel on each piece, so p is non-increasing in v on [ug, 00), and
Jsp < f[uo,qurw) p, which is the length ¢ of {p € J; : up < h(p) < up + w}, an interval starting
at the endpoint zg of J; where h = ug. Taylor’s theorem, with 2" > p and h'(z¢) pointing in
the direction of travel, gives w > |h(zg & £) — h(zo)| > ul?/2, so £ < \/2w/p; sum over the at
most two pieces. ]

The factor 2 is sharp: it is approached when the critical point p* = y/aN/b lies inside J’ and
S is an interval at the minimum of g, both pieces then contributing equally. If b > [Ca] + 1
or b <a—1then |[¢'| > 1 on J and the coverage is < w (the monotone bound). Both bounds
hold for every measurable .S, not only for unions of unit intervals around integers; this is used
in Section 9.

Lemma 3.2 (covering sum). For an oblivious covering family of P > 1 distinct forms, ¥, >
ccV'N/VP. More generally, if the forms’ measurable candidate sets S; cover a measurable
E C Jo of measure A|Jc|, 0 < XA < 1, then Xy, > NcovV/N/V/P.

Proof. Call a form wide if a < b < [Ca| and monotone otherwise; the monotone bound covers
the latter and Lemma 3.1 every form. With L = |J| = v/ N(1 — C~%/2), coverage gives L <

3 on Wit e 21/ wiv'N Ja;. If the first sum is > L/2 we are done. Otherwise > ., v/wi/a; >
LN~Y4/4, and by Cauchy-Schwarz this is < v/Zu/> wiqe 1/ai- For each a there are r, :=
[(C—1)a]+1 < (C+1)a wide forms; with n, < K, of them present, >, n, < P and any integer
A>1,3 e l/ai <Y pcaka/a+P/A < (C+1)A+P/A. If P > C+1take A= [\/P/(C +1)],
so the sum is < 3,/(C + 1)P and %,, > L?/(48/C + 1V/NP) > ccvV/N/VP; if P < C + 1 take
A =1, so the sum is < 2(C + 1) and %, > L?/(32(C + 1)V/N) > ccV'N > ccvV/'N/V/P. The

general statement is the same argument with L replaced by AL, every bound being quadratic in
L. 0

Discarding forms whose coverage misses Jo from a family covering a larger Jov leaves a
covering family of Jo with no more forms or candidates, so the bounds below, proved for a fixed
C, apply to every algorithm covering any larger range, in particular to Harvey’s [y/N/r, v N]
with r — oo.

Corollary 3.3 (candidate-count floor). Ly > max(P, (cc/2)vV'N/VP) > (cc/2)?/3N/3.
Proof. Sy > %,/2 and By > P; the maximum is minimised at P32 = (¢¢/2)vV/N. O

This is the converse of Harvey’s Remark 3.4: Lehman’s parameter choice is optimal for every
oblivious covering family.

Theorem 3.4 (M1). Every oblivious Lehman-cell BSGS algorithm with materialised giants has
T > NV with ¢, = 245 (e /2)%/°.

Proof. T > max(P,m+Xy /m) > max(P,2v/Zw) > max(P,2/cc/2 NY/4*P~1/4%); the two terms
cross at P%/* = 2,/cc/2 N4, O

Harvey’s r = m = N/ attains this up to logarithms: within the materialised-giant model,
1/5 is optimal. Chunked babystep—giantstep is covered, since ) 2v/W. > 2y/Xw and the
non-empty first block of every form still gives T' > P.

Remark 3.5 (randomised coverage). If the family is sampled from a distribution such that every
real p € J is covered with probability > §, then by Fubini the covered set has expected measure
> 0L, the event that it has measure > §L /2 has probability > 6/2, and on that event the proofs
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above go through with L replaced by §L/2 (Lemma 3.2 scales as 62). Hence the expected cost
of the whole sampled family is > ¢(6/2)%° N5 in M1 and > ¢(6/2)%/3N'/6 in M2: randomness
inside the covering paradigm does not change the exponent. The bound charges the full family,
not the stopping time of a sequential search.

Theorem 3.6 (M2, the N'/6 floor). Even with free giants, T > 2v/Sy > 2(cc/2)Y/3N1/6,

Taking > N3 does not help, since then Xy > P 2 r. The floor is exactly the square root
of the minimum candidate count.

3.1. Unbalanced factors.

Proposition 3.7 (unbalanced factors). Fiz 8 € (0,1/2) and let Js = [z, 2z] with  :== N”, so
that a factor p € Jz of N = pq has q/p € [N1=28 /4, N1=25]. For every oblivious covering family
of Jg with P forms, and N large,

Nl—ﬂ N1/2
512 P 1340v/P
whenever the monotone forms cover less than half of Jg; if instead they cover at least half, then
Sw > max(NP/4, 3N'=P/64). Consequently Sy > N™2x(1/3,(0=F)/2) - with materialised giants
T > Nwax(1/5,(A=B)/3) - with free giants T > N™ax(1/6,(1=6)/4) " For g > 2/5 the three floors are
those of Corollary 3.3 and Theorems 3.4, 3.6; the materialised-giant floor rises below B = 2/5,
the candidate-count and free-giant floors below = 1/3.

Proof. On Jg we have ¢" = 2aN/p® > aN/(423), so the argument of Lemma 3.1 bounds the
coverage of every form by 4v/2/wa3/(aN). Put H := N/z*> = N'728 > 1. A form with
critical point p* = /aN/b ¢ [x/+/2,4z] is monotone on Jz with |¢/| > 1: if p* < x/v/2 then
b > 2aH and ¢'(p) > b—aH > aH > H > 1; if p* > 4x then b < aH/16, which with
b > 1 forces aH > 16, and —¢'(p) > aH/4 — b > 3aH/16 > 3. So every monotone form
has coverage at most both w and 16w/(3H) (the latter from |¢'| > 3aH/16 > 3H/16 in the
second case and |¢’| > H in the first), and if the monotone forms cover at least x/2 then
Sw > x/4 and Sy > 3zH/64 = 3N'78/64, which exceeds every floor below. Otherwise
the wide forms cover at least x/2; they have b/a € [H/16,2H]|, at most x, < 3aN'=%8 of
them for each a, and 3" ... /wi/a; > /N/x/(8v/2) = NU=5)/2/(8y/2); CauchySchwarz gives
N > NYA/(1283 o 1/a), with 31 1/a; < min(P,3N17284) 4+ P/A for every integer
A > 1. A =1gives < 2P, and for P > 3N'"2% the choice A = [\/P/(3N1-25)] gives
< 3V3N1-26P whence ¥,, > N/2/(666v/P). With Sy > max(P, X,,/2) this is the display. In
the range P < 3H the candidate count is least at P = N(1=/2/{/512, admissible for 3 < 1/3;
if 3> 1/3, every P < 3H has Sy > N'78/(1536 H) = N#/1536 > N'/3/1536. In the range
P > 3H the unconstrained balance P = 1340~%/3N1/3 is admissible for § > 1/3; if 3 < 1/3
then P > 3H > 3NU-A)/2 Hence YXwo> Nmax(1/3,(1-5)/2)  For materialised giants, T >
max(P,2y/Sw): in the first range T > max(P, N=A/2Pp~1/2/12), balanced at P =< N1-5)/3,
admissible for 3 < 2/5, while for § > 2/5 and P < 3H one has T > NA/2/21 > N'/5/21; in the
second range T > max(P, 2N1/4P_1/4/\/ 1340), balanced at P =< N1/ admissible for 8 > 2/5,
while for § < 2/5 one has T'> P > 3H > 3N=8)/3 Hence T > Nmax(1/5,(1-5)/3)  Free giants
give T > 2¢/Syy > Nmax(1/6,(1=5)/4), O

The balanced range itself is Section 3’s J, and the proposition is stated for 8 < 1/2 because
[V/N, 2v/N] contains no smaller factor. Thus the exponent 1/5 is not an artefact of balance: the
floors are the same for every 8 > 2/5, which is exactly the range in which Harvey’s algorithm is
the record (for smaller 3, Pollard-Strassen finds a factor p < 2N in N B/2+o(1) gperations, and

Sy > max(P, ) ifP<3N'"26 3y, > max(P, ) if P> 3N1"28




FLOORS FOR DETERMINISTIC INTEGER FACTORING 17

for the standard family a wide cell must have b/a < N'=2% hence r > N'=28  so materialising
the full hyperbolic family costs N1=26+o() which Pollard—Strassen beats exactly when 8 < 2 /5).
In the gap 1/3 < 8 < 2/5 the model’s floor N(1=5)/3 lies below the cost N1=2# of the standard
family, and the optimal exponent within the materialised-cell paradigm is not known there. Two
further robustness statements are proved in Section 9: the M1 floor N'/5 holds for oblivious
families of nonconstant integer forms of every fixed total degree (Theorem 9.4), and the candidate
floor holds against adaptive cell-membership queries (Proposition 9.5).

4. DIFFERENCE COVERS

4.1. The reduction. Fix o € (Z/NZ)*, and write ordy(«) for its multiplicative order modulo
N. At r= N3, m = NY6 let ¢y = [2vVabN'] and let U € Ty, be a tested integer. The true
cell satisfies oV = a®N** (mod p), i.e. o = 1 (mod p) with z := U —aN — b. Let Z be the
multiset {U — aN — b} over all cells and tested integers, of size Xy = N/3t°(1) and supp(Z2)
its support; its elements have O(log N) bits.

Proposition 4.1 (sufficiency). Suppose that supp(Z) C B — G for sets B,G C Z of integers
of O(log N) bits, computable in O(|B| + |G|) operations, that the elements of B are pairwise
distinct modulo ordy (), and that every integer z can be decoded in O(log N') operations into
the O(1) triples (a,b,U) with z =U — aN — b, U € Ty, that z may represent. Then there is a
factoring search of cost O(|B| + |G|).

Proof. The modular distinctness of B is a hypothesis; in the usual situation in which B lies in
an interval of length < N/3 it follows from an element of order > N'/3, which the large-order
routine of Harvey and Hittmeir [33, Theorem 1.1] supplies, or factors N, with D = N 1/3 at cost
N/6+e(1)  Decoding holds for the Lehman set: writing z = —aN 4 (U —b) with 0 < U —b < N/2
determines a = [—z/N] and s = U —b; for fixed a the map b — ¢y, — b is strictly increasing with
increments > /N/(2r) — 2, larger than the window width Wy, < N1/6/4+ 1 for N > 10?, so at
most one b is compatible with s and is found by binary search. Compute the babies {a} 8eB
and the giants {a"},eq, each by one modular exponentiation with an O(log N)-bit exponent.
Sort and match them: since the babies are pairwise distinct modulo N, each giant matches at
most one baby, so there are at most |G| exact matches modulo N; decode each as z = 5 — v
and test the resulting triples by checking that U? — 4abN is a perfect square. A matched giant
may not simply be discarded: writing x5 := o, a giant v equal to xg, modulo N can still agree
modulo p alone with a different baby xg, and that agreement may be the one representing the
true cell (for N = 15, a = 2, B = {0,2}, G = {0} the giant 1 equals the baby z¢ and agrees
with 22 = 4 modulo 3). So, with F(X) := [[5cp(X — 73), compute for every matched baby

h = ged(F'(zp,),N) = gcd( H (zg, — x3), N);
BB~
the values F’(z) at all babies come from the product tree of F' and one multipoint evaluation
of F', in O(]B|) If 1 <h < N, return h. If h = N, scan the differences xg, — x3, 8 # fs:
each is nonzero modulo N by distinctness, so none has gcd N with NV, and since their product
is divisible by N not all have ged 1, so the scan returns a proper factor in O(|B|) geds. If
h =1, no baby other than xg, agrees with v modulo p or modulo ¢, and the giant is removed.
(The test is what a baby set certified distinct modulo N alone needs. In Harvey’s Algorithm
4.1 the babies are the consecutive powers o, ..., a™ ! and its Step (1) either finds a factor or
certifies ord,(c),ord,(cr) > m [31], so the babies are pairwise distinct modulo each prime and
a second, one-sided agreement cannot occur; the order-selection lemma for explicit baby sets in
Part 2 secures the same separation modulo both primes.) Run Harvey’s collision algorithm [31,
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Algorithm 4.1, Proposition 4.1] on the babies and the remaining giants: it forms the product
tree of the babies, evaluates it at every giant, and, whenever a value has a nontrivial gcd with N,
returns a factor — directly if the ged is proper, and otherwise by scanning the babies once, since
a giant that equals no baby modulo N but agrees with some baby modulo p has gcd exactly p
with that baby. The total cost is O(|B| + |G|). The pair representing zy = (aq + bp) — aN — b
for the true cell either matched exactly and was decoded, or its giant was matched exactly by
another baby and the derivative test returned a factor, or its giant survived to the collision
algorithm and agrees with its baby modulo p, yielding a ged. 0

Definition 4.2 (explicit-difference representation model). The algorithm tests the candidates Z’
of an oblivious covering family by materialising lists B, G and supplying, for every z € supp(Z’),
a pair (8;,7:) € B x G with z = 8, — ,; correctness is certified through these represented
differences, and the cost is > |B| + |G|.

In this model supp(Z’) € B—G by definition. Minimal oblivious coverage alone does not imply
the containment (a spurious collision § —~ =0 (mod ord, o) may certify a candidate without
representing it), and Corollary 3.3 bounds the multiset size, not the support. Counting alone
gives only |B||G| > |supp(Z’)|, which at |B|,|G| =< +/|supp Z’| says nothing; the obstruction
below uses the approximate differences among the window starts.

4.2. The main lemma. Let Z' = | |;.zI be a disjoint union of R’ integer windows I =
[s1,s1 + Wr)NZ with 1 < Wy < W, n' :== >, Wy, and suppose Z' C B — G with |B| = Kj,
|G| = Ks. Define the approzimate-Sidon statistic
Duax(F, W) := max #{(I,I')€F?:T#1T, |s;—sp—t|<W}.
teZ\{0}

Throughout, |F| > 2; the windows being disjoint, their starts are distinct, so Dyax(F, W) > 1.
We call Dyax(F, 1), the largest multiplicity of a nonzero difference among the starts, the exact
statistic of F, and Dpax(F, W) for the family’s own window length its tolerance statistic.

Lemma 4.3 (the cover lemma). If K1 < n'/(2W) then K1 K3 > n/?/(4W Dpayx); if Ko <
n'/(2W) then KoK? > n/? /(AW Dpax). Consequently

Bl+16] > min(20, 2( ).

2W 7 “\AW Dipayx
Proof. Choose for every z € Z' one representation z = 3, — 7, and form the bipartite graph H
on B U G with the n' edges {3.,7.} (H is simple since an edge (3,7) determines the unique
difference z =  — ). Call a pair of distinct edges at a common baby 5 an overlap. By Jensen,

>8 (df) > n2/(2K1) — n'/2. An overlap whose edges lie in the same window I pairs two

elements of I through one baby, so these number at most ), (Vg’ ) < (W —1)n//2. An overlap
with edges in I # I’ and giants v # +' has 8 € (I ++) N (I’ ++'), which is non-empty only if
lsr — sy — (7 — )| < W and then has at most W elements; hence the cross-window overlaps
number at most W K3 Dyay. Altogether n'2/(2K1) —Wn'/2 < W K32 Dyax, and if K1 < n'//(2W)
the left side is > n/?/(4K1). The second statement is the same count at the giants (two edges at
a common giant have distinct babies, and v € (8 — I) N (8’ — I')); negating Z’' does not reduce
one case to the other, because the start differences change by Wy — W; when the widths vary.
If both K1, Ko < n'/(2W), multiply the two inequalities and use Ky + Ko > 2/K1 K. O

Harvey’s cover (B an interval of length m, G the window starts plus multiples of m) satisfies
the lemma with room; the bound bites when a cover uses fewer giants than windows, which
forces approximate coincidences among the starts. We refer to the right side of the lemma as
the bound of Lemma 4.3 for the sub-family F; its second branch is the Sidon branch.
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4.3. From an envelope to a floor. For the cells (1, k) write s = [2VkN]— N —k for the first
tested exponent, Fi(r) = {(1,k) : r/2 < k < r} for the full a = 1 shell, F(r) for its squarefree
members, and W(N, p) := max, /o<, Wix = [Wieal(p)(1 + O(1/p))] for the lemma’s window
on the shell at p, with

VN

Wrea = = a0
1(10) 2\/5[)3/2
we write W for W (N, r) and Wiea) for Wieai(r) when r is fixed.

Theorem 4.4 (envelope to floor). In the explicit-difference representation model, for the stan-
dard family at parameter r and all sufficiently large N, writing D, := Dmax(}'lm(p), W (N, p)):
(1) ’LfT‘ < N1/5.' ’B| 4 |G‘ > 2—1/2N1/4,r,—1/4 > 2_1/2N1/5;
(2) if NY5 < < N'3: |B| + |G| > min((3/(472) — o(1))r, (0.253 — o(1))NV/6r1/6 D7 /3)
(3) if r > NY3: |B|+|G| > (0.569 — o(1))u2/3Dy*/* with u = [ N/3], hence > N?°Dg*/3.
If D, < 2" for all NY/® < x < N3 with a fived 0 < n < 1/2, then |B| + |G| > ¢ NO—n/6G—4n)
for every r.

Proof. In the shell {(1,k) : u/2 < k < u} consecutive starts differ by ~ /N/k > W for
u < N'/3_ 50 the windows are disjoint and | B||G| > n’ for each sub-family. (i) The shell at u = r
has > /2 cells with Wiy > V/N/(4r\/r), so n' > VN/(8/r) and |B| + |G| > 2v/n/. (ii) F2(r)
has R’ = (3/7% + o(1))r windows of integer widths > W/2, so n’ > R'W/2; Lemma 4.3 gives
n'/(2W) > R'/4 and 2(n2/(4W D,))/3 > 2(R?W/(16D,))"/3 > (0.253 + o(1))NV/671/6 D, /3
using W > (1 — O(1/7))Wiear. (ili) The fixed shell at w is contained in the family and has
all windows of width 1 at parameter r > w, i.e. W(N,u) = 1; its start differences do not
depend on r; Lemma 4.3 with W = 1, n’ = R = (3/7% + o(1))u gives 2(R?/(4D,))'/? =
(21/3(3/72)?/3 + 0(1))u2/3D;1/3, and this is the smaller branch of the minimum, since D,, > 1
gives 2(R"?/4)'/3 < R'/2 as soon as R’ > 16. For the consequence, the counting bound of (i)
holds for every » < N'/3. In (ii) the envelope gives the Sidon branch > N1/6;(1=21/6 and the
other branch of the minimum, > r, is also > NY6r(1=20/6 for - > N5 and 5 > 0, so (ii)
gives |B| + |G| > NY/6,r(1=21/6  This and the counting bound cross at = N¥/G=41) where
both have order N(1=m/(5=41) and case (iii), under the envelope at = = u, is > N@=m/9 which
exceeds that exponent by (1 — 2n)%/(9(5 — 4n)) > 0. O

The exponent is 1/5 at n =0, 2/11 at n = 1/3 and the floor 1/6 at n = 1/2. The sub-family
to which Lemma 4.3 is applied is a free choice: thinning by a factor f costs f2/3 in the Sidon
branch, so a polylogarithmic thinning costs N o) and the exponent obtained is a supremum
over admissible sub-families.

4.4. The additive mechanism. The same incidence count applies to divisibility tests, and
shows that Pollard—Strassen is optimal in the difference-cover model for them: the tested set is
polynomially bounded, contains a multiple of every prime in J¢, is represented inside a difference
set Y — D as in Pollard-Strassen, and is charged cost at least Y| + |D].

Proposition 4.5 (the additive mechanism). Fiz C > 1 and K > 1. Let H C [1, N¥X] be a set
of integers such that every prime p € Jo divides some element of H, and suppose H CY — D
for finite sets Y, D C Z. Then

(1—-C~12-0(1))2VN
(2K 4+ 1)log N ’

Y[+[D] = 2vIH|,  |H] =

so that |Y| 4 |D| >c.x NY*/\/log N.
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Proof. For h € H let Q. (h) == 3" c ;. prime Up(h). Since every prime in Je is at least \/N/C,
(N/C)eMW/2 < b < NK hence Q. (h) < 2K/(1—1logC/log N) < 2K +1 for all N sufficiently
large in terms of C' and K. Count the incidences Z := {(p,h) : p € Jo prime, h € H, p | h}:
every prime of Jo occurs in at least one, and each h occurs with at most 2K + 1 distinct primes
of Jo, so n(Jo) < |Z| < (2K + 1)|H|. By the prime number theorem 7(J¢) = (1 — C~1/2 +
0(1))2v/N/log N, which gives the bound on |H|. Finally H C Y — D implies |H| < |Y||D|, and
Y|+ D] = 2/[VT[D] = 2/[H]. .

Put ko := [V/N]. Pollard-Strassen takes an integer B < NY4 H = {1,... ky}, D =
{0,...,B—=1}and Y = {jB:1<j < [ko/B|}; then H CY —D, and [[;.p(y—d) = Pp(y—B)
with Pp(X) := [[,g(X + 1), so the |Y| block products are the values of one fixed polynomial,
computed by multipoint evaluation in O(|Y| + |D|) ring operations. The proposition concerns
divisibility by integers of polynomial size; a test of the form p | o™ — 1, whose integer is
exponentially large, is outside it (Section 7). The two mechanisms differ in their coverage: a
divisibility test p | h with h < N K accounts for at most 2K +1 primes of J¢, whereas Lemma 3.1

allows a cell with tested-set measure w to cover p-measure up to 24/ wvN /a; this square-root
gain in coverage, after balancing the number of cells against the materialised-giant cost, is the
source of the improvement from exponent 1/4 to exponent 1/5. In both, the realisation cost is a
difference-cover cost, and the only unpriced lever is the algebraic evaluation of the product over
the tested set as a single object (Section 7).

5. THE START SET

Since aN + b is an integer,
aN +b—[2VabN]| = [aN +b—2VabN| = | (VaN — Vb)?| :

the (negated) start exponents of the standard family are the floors of squared coordinate dif-
ferences between the two square-root grids, the window offsets adding integers. Simultaneous
negation of all starts does not change Dy, .y, since it sends the parameter ¢ to —t. The statistic
of Lemma 4.3 on the natural families is the subject of Part 3. Its conclusions, which the results
list of Section 1 quotes, are these. In the balanced family a < b < Ca the statistic is > /r along
rays (Lemma 19.1) and along pairs of equal product (Lemma 19.2); after both are excised by
keeping one cell per product, half-offset lines force Dyax > ’I“N_l/4/15— 1 for ATNYV4 < < NV/3
and C' > 2 in every family retaining the constructed cells (Lemma 19.3), so a bounded statis-
tic is impossible for these families; under an envelope hypothesis the conditional floor is N%/23
(Conjecture 19.4, Proposition 19.5) and under a thinned-statistic hypothesis NV 2/11 (Conjecture
19.6, Corollary 19.7). For the a = 1 shell, whose starts are points moving linearly in u = 2v/'N,
the statistic is bounded below by a multiple of /3 in the modulus-free range r < N/5¢ and
by a multiple of N'/12 at + = | N'/3] (for the squarefree shell, for almost all N), and above by
2.17%/3 and 6N?/9 (Sections 20 and 21); a return to N'/5 within the method must come from a
thinner sub-family, whose statistic is not controlled.

6. MEASUREMENTS

The direct cover search of Section 23.5 and the balanced census of Section 23.6, both in
Part 3, are exact integer computations on the moduli of Table 3: balanced semiprimes N = pq
with ¢/p < v/2 generated by rejection sampling of two random primes from a seeded generator
(seed 7 for the cover search, seed 5 for the balanced census). The product-modality sample of
Section 7.1 uses 80 further moduli of 34 bits from seed 21. The exactness status of every other
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computation of Part 3 — floating-point sweeps, boundary brackets and 200-bit recomputations
among them — is stated where it is reported. The data and the code that regenerate every
number are in the repository [23].

bits N (Section 23.5) bits N (Section 23.6)

22 3302401 30 880634 351; 964 728 493

24 10142569 32 3722008519; 3601086119

26 46450753 34 16577631001; 14048619 007

28 164541959 36 46 551225037; 51465965107

30 713555207 38 197762968 751; 187452546 833

32 3032841269 40 876190896 151; 680093 802697

34 11085944759 42 3890830613 443; 3072789281 321
36 42281311687 44 11427345574 369; 16 247581 009 873

46 55862770399 391; 46 686 914 783 221
48 176552314063 291

TABLE 3. The moduli of the direct cover search and of the balanced census.
Where two moduli are listed they are reported in that order throughout.

The cover search on the a = 1 shell and the census of the balanced sub-family are reported
in Sections 23.5 and 23.6 of Part 3; the sample of Section 7.1 is reported there.

7. ESCAPES

None of the floors above is a lower bound on factoring; each is a theorem inside a stated
model, and any faster algorithm must leave the model of whichever floor it evades. Table 4 lists
the operations the models forbid, why, and what is known about each.



22 SEAN WARD AND MAESTRO

excluded operation why the floor does not apply  status
non-oblivious exclusion violates coverage clause (3) no such exclusion known; thinning by the
of parts of Jo from N classes compatible with N is worth N°(1)

(Lemma 2.3), and thinning by an enu-
merated hypothesis on p modulo q at
most (#(q)/q)*® = O((loglog N)~3/%)
(Theorem 2.8), which [32] attain; exclud-
ing an interval is worth exactly what
knowing its complement’s leading bits
is worth (Part 2), and an arbitrary ex-
cluded set is not priced

non-linear or non- the model has linear forms fixed total degree: same M1 floor (The-
polynomial tests orem 9.4); smoothness tests are outside
the model
free giants without an M2 stipulates m + Xy /m; an implicit exact-product evaluation
explicit cover Lemma 4.3 prices explicit cov- (Proposition 7.2) would leave both; no
ers only evaluator of exponent < 3/5 is known
shared computation Theorem 10.1 charges pieces open; separately evaluated chirp chains,
across pieces separately rays and square arrays cost N1/4—°(1)
Coppersmith-type lat- outside the model the univariate method [17, 42] runs in
tice methods polynomial time once one factor is lo-

cated in an interval of length O(N'/4),

i.e. once about % logy N of its leading bits

are known; no necessity is proved
divisibility tests by in- tested objects are divisors, not Pollard—Strassen is optimal in the

tegers of polynomial linear forms difference-cover model for them (Propo-

size sition 4.5)

smooth-order and test p | o™ — 1, an exponen- outside the covering and explicit-

elliptic-curve methods  tially large integer, or a group difference models of Part 1 (fixed-list
order elliptic curves are treated in Part 5); no

floor is proved; the algebraic evaluation
of [, (X + i) below exponent 1/2 is
open

TABLE 4. What the models forbid, and what is known about each escape.

7.1. The product modality. Difference covers are not the only way to batch the cells. For a
cell (a,b) put cqp := [2VabN| and T,y := {cap + 7 : 0 < i < Wyp}. If the true value U = aq + bp
belongs to Ty then, for every o € (Z/NZ)*, aV = a®N*? (mod p). Hence the standard family
at radius r gives the batched product

Il (o) = H H (afartt — q*NFP) mod N,

ab<r 0<i<Wgy

and p | II,(«) whenever the family covers p. If supp(7) C B — G for the multiset 7 of shifted
exponents, the Cartesian-product overproduct Qp g := [[;c B, geG(ab*g — 1) is computable in

O(|B | + |G|) ring operations by a product tree and multipoint evaluation, and contains the
collision factors; this overproduct realisation is what Lemma 4.3 and Theorem 4.4 concern. But
IT, («) is an element of Z/NZ with a definite algebraic description, and any straight-line program
for it is a batching that is not a cover. Its evaluation faces a structural obstacle.
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Lemma 7.1 (mirror symmetry). The standard family is invariant under (a,b) — (b,a), and
Caby Wap depend only on ab. For every a, a™t% = o*N*b (mod q), and the window of (a,b)
contains ap + bq iff the cell (b,a) covers p. Consequently, if the full standard family covers p
then N | I, («); in particular, if p € Jo, p < q and r > C, then ged(Il, (), N) = N.

Proof. Fermat’s congruence gives a? = o (mod q), so a1 = q@®+0 = 2N+t (mod ¢). The
tested windows of (a,b) and (b, a) coincide, and ap + bg is the value of the cell (b, a); if an off-
diagonal cell (a,b) covers p, its factor vanishes modulo p and the corresponding factor of (b, a)
vanishes modulo ¢, while a diagonal cell’s own factor vanishes modulo both. For p € Jo and
r > (C, Harvey’s Lemma 3.3 guarantees coverage. O

For the product modality we therefore use the half-family a < b. If a standard cell (a, b) covers
patr=|N'3| > 2 then with m := |ag — bp| one has m? < 6N/r and |a/b—p/q| < 3/(b\/7) by
Proposition 11.2(i); so a covering cell with a > b forces ¢ —p < 3q/+/r, and the half-family covers
every p € Jo with ¢ —p > 3¢/+/r; the excluded moduli satisfy (/g —/p)? < (3C%2 +0(1))N/6
and are found by O¢(N'/6) Fermat square tests. Any remaining mod-q zero of the half-family
product ITS(«) is a non-mirrored coincidence. In a sample of 80 balanced 34-bit semiprimes
(q/p < V2, seed 21) with a = 2 and r = [ N'/3], call a factor a geometric hit when its tested
integer equals aq + bp, a mirrored hit when it equals ap + bg (a zero modulo ¢ by Lemma 7.1),
and every other zero modulo p or ¢ coincidental. The full family (mean 19396 factors) had
equal numbers of geometric and mirrored hits in every modulus (mean 2.53), on average 4.78
coincidental zeros modulo p and 2.55 modulo ¢, and gcd = N throughout. The half-family (mean
9658 factors) had ged = p in 53 moduli and ged = N in 20 — there through its coincidental zeros
modulo ¢, of which it has 1.24 per modulus on average over all 80, 4.85 on average over those
20, and at most 34 — and no zero modulo p in 7, the moduli with ¢ — p € [626,2070], which are
inputs for the Fermat preprocessing.

Say that the half-family products have uniform evaluation exponent at most ~y if, for each N,
a deterministic generator given N streams a division-free straight-line program Ay, with one

ring input X, the constants 0,+1 and the operations +, —, X, such that Ay (z) = Hle/?’J (z) in

Zg‘jo(l), and the generator runs in that length times

Z/NZ for every x, the program length is
(log N)°M bit operations.

Proposition 7.2 (the product dial). Fiz C > 1, let N = pq with primes p < q and p € Jo, and
put r = LN1/3J. Suppose the half-family products have uniform evaluation exponent at most 7.
Run OC(Nl/ﬁ) Fermat square tests, which factor every modulus with ¢—p < 3q/\/r. Suppose the
input survives, and that an element « is given or computed at cost T, with 1 < ged(II5(a), N) <
N. Then N is factored with NV/3+°() ring operations, plus T, the uniformity overhead and
one ged; in all Og(NY6to() 1 Nv/3+0() L T ). Subject to the separation hypothesis, v = 1/2
gives an NY/6+t°) qlgorithm and v = 1 the Lehman ezponent.

Proof. If the preprocessing does not factor N, some cell with a < b covers p, so p | IL<(«); the
half-family has Sy = N/3+°() factors and the program evaluates its product in N7/3t°(1) ring
operations, so a proper gcd yields p. O

The separation hypothesis is the proposition’s weakest point. It reduces to an evaluation
hypothesis for sub-products, a width factor, and an explicit exceptional class of moduli.

Proposition 7.3 (isolation by bisection). Order the factors of 115 (X) with the cells lexi-
cographic and the tested exponents increasing within a cell, and suppose that interval sub-
products have uniform evaluation exponent at most v: for every interval J of this order a
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deterministic generator streams a division-free straight-line program of length |J ]7+0(1) comput-
ing H(a’hU)eJ(XU — XN+ Let N = pq with p € Jo, N > No(C), survive the Fermat
preprocessing, and let (ag,bg) be a cell furnished by Harvey’s Lemma 3.3, so that ag < by; put
Ho = {z € F; : g(P=Da0a=bo) = 1} of order ged((p — 1)(ao — bo),q — 1). For every unit
o ¢ Hy, breadth-first bisection of the interval sub-products factors N in (1 + Z,)NV/3+t0() ring
operations, where Z,, is the number of factors of I () vanishing modulo p or modulo q. Unless
N5/24
ged(p—1,¢—1) > T (g V)P

some o < (log N)* lies outside Hg, so trying o = 2,3, ... factors N within (log N)* candidates
at total cost (14 Z,)NV/3+t°) where Z, := max Z, over the units a < (log N)* that are tried.
The subgroup Hy depends on the unknown p, q, ag, by and is not available to the algorithm.

Proof. For an interval J write I1; := [[;(a¥ — a®¥*?); then ged(Il;, N) is p if J contains a
factor vanishing modulo p and none vanishing modulo ¢, ¢ symmetrically, N if both kinds occur,
and 1 if neither. Explore the binary subdivision of the full order breadth first, computing at
each node the ged of its product, and stop as soon as a node has ged p or ¢. Every node retained
for subdivision has gcd NV and hence contains a vanishing factor; retained nodes at one level are
disjoint, so at most Z, are retained and at most 27, children are evaluated at the next level; the
depth is O(log N) and every interval has length at most Sy = N/3+°(1) 50 all evaluations cost
(14 Zo)N7/3+°(D)_If the exploration ends without a proper gcd, every vanishing factor vanishes
modulo both primes; in particular the true factor a®9t%P — qN+bo vanishes modulo g, i.e.
aP~N(@0a=bo) = 1 (mod ¢), since agN + by — agqg — bop = (p — 1)(agq — by); that is o € H, and
|Ho| = ged((p—1)(apg—bo),q—1) = ged((p—1)(ap—bp), g— 1) because apg = ap (mod g—1). If
every a < y := (log N)* lies in Hg then every y-smooth integer below ¢ does, so ¥(q—1,y) < |Ho|,
while ¥(g—1,y) > (¢—1)%/*/(log N)3 for N large (the products of u := |log(q—1)/logy| distinct
primes < y are distinct y-smooth integers below ¢, and (“S?) > (n(y)/u)* > (log N)3* >
(g—1)3/*/(log N)?); hence some o < y lies outside Ho unless |Ho| > (¢—1)3/*/(log N)?. In that
case |Ho| < ged(p — 1,9 — 1) |ag — bo| < ged(p — 1,9 — 1) by, and Proposition 11.2(ii) (Section
11), applied to the Lemma 3.3 cell, gives by < \/rq/p+ C4/(2r'/4) +1/(8r) < V/Cr +1 for N
large; so with = [N'/3] and ¢ > V/N,

(q _ 1)3/4 - (\/N _ 1)3/4 - N5/24
bo(log N)3 = (VO N6 +1)(logN)3 ~— 2v/C (logN)3
for N large. u

ged(p—1,¢—1) >

In the sample above the half-family had on average about six zeros modulo p or ¢ per modulus
for a = 2, the coincidental zeros modulo ¢ numbering at most 34; nothing deterministic is proved
about Z, beyond Z, < Y. The exceptional common-factor class is handled below N 1/5 from N
alone by a separate argument: every balanced N with ged(p —1,¢—1) > N%/24/(2y/C(log N)?)
is factored in N7/48+°(1) operations up to ged(p — 1,q — 1) < (p — 1)*/*/(log N)?3, by a collision
search on N1, and in N/ (8Ve)+e beyond, by Burgess’s bound on the least element outside
a proper subgroup (Lemma 26.2 and Corollary 27.1 of Part 4). The conditional part of the
product En)odality is thereby narrowed to the interval-evaluation hypothesis and the width bound
Z, = N°W,

The same square-root pattern appears in Pollard—Strassen, where the batched object is the
rising factorial Py (X) = [[;~,(X +1): a uniform division-free straight-line evaluation of P, with

exponent v would factor a semiprime in N7/2+°(1) ring operations by one evaluation at 0 and one
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ged, so that v = 1/3 would give N 1/6+0(1). the best known evaluator has exponent 1 /2 (Strassen;
see [15] for the record), no evaluator of exponent 1/2 — ¢ is known, and no unconditional lower
bound above polylogarithmic size is known for the complexity of k! or of Py [52, 76, 12, 46].
The 7-conjecture of Shub and Smale, if it holds with exponent ¢, forces v > 1/c¢, since Py has
k distinct integer roots; with ¢ = 2 it would make Strassen’s exponent optimal. We record the
problem, not an approach to it.

7.2. Piecewise evaluation. One might hope to evaluate the tested product piece by piece along
structured sub-families — chirp chains (u, vm?), whose exponents are quadratic-plus-Beatty in m
and admit sub-linear evaluators in the bit model, rays, or square arrays. Theorem 10.1 (Section
10) shows that a strategy which evaluates the pieces separately, at cost at least the square root
of each piece’s length, pays at least (1 — C~/2)N'/4/(4/H) where H is the largest harmonic
mass y_ .. 1/a; of a piece; chirp chains, rays and square arrays all have H < Vv (I1+log N)+2,
so such decompositions cost N1/4=°()  above Harvey’s N'/°. To come below N1/5 some piece
must have harmonic mass >¢ N0, hence contain ¢ N/5 cells spanning >¢c N 1/10 distinct
values of a: a genuinely two-dimensional set whose exponents |(vaN — v/b)?| carry the square
root in both parameters.

8. WHAT AN ALGORITHM BELOW N1/> WOULD NEED

The picture inside the model is as follows. Lehman’s N1/3 candidates are forced by coverage
(Corollary 3.3); Harvey’s N 1/5 is optimal when giants are materialised (Theorem 3.4), also for
unbalanced factors down to p ~ N2/> and for forms of every fixed degree, and the candidate
floor holds against adaptive cell queries; an N6 search follows from a difference cover of the
candidate support, subject to the order and decoding conditions of Proposition 4.1, and in
the explicit-difference representation model any such cover is bounded below in terms of the
approximate-Sidon statistic of the window starts of a sub-family (Lemma 4.3, Theorem 4.4).
The statistic has positive power growth in every sub-family for which it has been determined
— /r along rays and equal products, rN~1/4 along half-offset lines after both are removed (for
C > 2), and at least of order 77/% and N'/12 in the a = 1 shell — so a bounded statistic is
impossible for those sub-families, and the conditional floors for the unique-product family are
N5/28 ynder Conjecture 19.4 and N2/ under Conjecture 19.6. Under those conjectures and
the family hypotheses of Proposition 19.5, the gain conceivable within the babystep—giantstep
paradigm is therefore bounded: the materialised-giant cost is IV 1/5 and the conditional explicit-
cover floors are N°/28 and N2/11. A cover attaining the bound of Lemma 4.3 would need the
start differences to be spread over =< |B| values each of multiplicity = /3, a heuristic reading
of the lemma’s equality case, whereas in every computation of Section 6 the maximal cluster is
carried by a single family and the direct search found no compression beyond that of a random
set. The tested set is plausibly incompressible, in which case the true cover floor for the standard
family is NV 1/5. proving that would require an incompressibility theorem beyond Lemma 4.3, and
disproving it a cover exploiting a structure the computations do not show.

Subject to the qualifications stated, each of the following would give a deterministic exponent
below 1/5 on every balanced semiprime, and none is excluded by the floors of this part, which
price materialised giants (M1), the free-giant BSGS implementation (M2) and explicit difference
representations (Theorem 4.4), and are not lower bounds for arbitrary exact-product identities
or for factoring in general:

(i) a uniform division-free straight-line evaluation of the rising factorial P, with exponent
below 2/5;
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(ii) a uniform evaluation of every interval sub-product of the half-family Lehman product
with exponent v < 3/5, together with the width bound Z, = N°) (Propositions 7.2
and 7.3): the bisection then costs (1+ Z,)N?/3+°(1) the Fermat preprocessing N'/6+o(1),
and the common-factor exception is handled below N1/> by Part 4;

(iii) an explicitly computable difference representation supp(Z) C B — G with |B| + |G| =
N1/5=% satisfying the decoding condition of Proposition 4.1 and its order condition —
which [33] supplies when B lies in an interval of length D at cost DY2+o(1) " and which
Lemma 16.2 supplies for an explicitly given set B of O(log N)-bit integers of spread
S < N at cost O(|B| +V/S), subordinate exactly when v/S < N'/5=%; for the standard
family Theorem 4.4 permits this only if the tolerance statistic of the squarefree a = 1
shell is large enough for the theorem’s Sidon branch to fall below N/5=% a quantitative
condition on its growth, which Section 5 bounds from both sides;

(iv) a covering family of total tested multiplicity N''/3t°(1) whose tested product is a product
of N°) pieces, each uniformly evaluable with exponent below 3/5, together with a
separation mechanism — a way to obtain a proper gcd from the pieces’ values, which
the bisection of Proposition 7.3 provides under its width hypothesis — for which no
proposition is proved here: this is a direction, not a result; for any strategy with per-
piece cost at least the square root of the piece’s length, Theorem 10.1 forces some piece
to have harmonic mass >¢ N!0 50 no decomposition entirely into chirp chains, rays
or square arrays achieves it;

(v) a deterministic algorithm of exponent below 1/5 outside the cell model — Coppersmith’s
method needs a quarter of the bits of one factor, thinning by the classes compatible
with N modulo a squarefree modulus below half the windows changes only N°() factors
(Lemma 2.3), and thinning by an enumerated residue hypothesis at most a power of
loglog N (Theorem 2.8), so none of these yields such an algorithm on its own.

9. APPENDIX TO PART 1: FORMS OF BOUNDED DEGREE AND ADAPTIVE QUERIES

Definition 2.1 admits only the linear forms ag+bp. Any integer polynomial u(p, ¢) is admissible
for the Fermat identity o*®9 = o*UN) (mod p), and one may ask whether a covering family
of non-linear forms escapes the floors. For nonconstant forms of every fixed total degree the
answer is no in the materialised-giant model.

Lemma 9.1 (measure lemma). Let I be an interval, k > 1, f € C*(I) with |[f®)| > X > 0
on I, and S C R measurable. Then |{t € I : f(t) € S} < Cr (|S|/N)V* with C; = 1 and
Cr=2+42C;_;.

Proof. For k =1, f is strictly monotone and |{f € S}| = mef(I) |f/(f~H(w))| " du < |S|/A. For

k> 2and n > 0, f*=1) is strictly monotone, so E := {t € I : [f*=D(¢)| < 5} is an interval
of length at most 2n/\ by the case k = 1, and I \ E consists of at most two intervals on which
|f%*=1| > n: by induction each contributes at most Cj_; (|S|/n)"/#=1D. If 0 < |S| < oo, choosing
n = AE=D/k|S|1/k makes both 17/ and (|S|/n)/*~1) equal to (|S|/A)Y/*, giving Cy, = 242Ck_1;
if |S| =0 let n | 0, and if |S| = oo there is nothing to prove. O

Every integer form u(p, ¢) of total degree at most e restricts on pg = N to g(p) = > v, _; (Cmp™+
Bm(N/p)™) + ap with integer coefficients, since p'q? = NJp*~J for i > j, N'¢?~" for j > i and
N for i = j; the restriction is nonconstant iff some o, or 8,, with m > 1 is nonzero, and
M = max{m > 1 : (am,Bm) # (0,0)} is its effective degree. Constant restrictions must be
excluded: a single such form with one tested integer covers every real p, and its hit carries no
information.
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Lemma 9.2 (uniform derivative bound). Fiz C > 1 and M > 1. There is cpr = cp(C) > 0 such
that for every h(t) = 3 o |mj<ns Umt™ with real coefficients satisfying max(|va|, [v-ml) > 1, and

every t € I = [C~Y2,1], maxi<p<ans |BF) (1) > cpr.

Proof. (K (t),...,hBMNT = W(t) v with W(t)jm = m(m —1)--- (m — k+ 1) t™*. The rows
are the derivatives of orders 0, . .., 2M —1 of the 2M functions f,,(¢) := mt™ !, nonzero multiples
of powers with pairwise distinct exponents; the Wronskian of distinct powers t¢1, ..., t°" equals
[Lic;(ej —€i) toei—n(n=1/2 oL () for t > 0, so det W(t) # 0 on Ic. The least singular value o (t)
of W(t) is continuous and positive on the compact I¢; with g := ming, o > 0, max;, |hF)(¢)| >

IW(t)olla/ V2D > aollv]la/ VM > o0/v/2M = e O

Lemma 9.3 (coverage of a cell of effective degree M). Fiz C > 1, M > 1. There is Ky =
Ky (C) such that for every nonconstant restriction g of effective degree M and every measurable
S of measure w < (car/2)NM/2, |{p € Jo : g(p) € S} < Kpp w!/CMIN/A,

Proof. With p = VN t, g(p) = N™/2h(t)+aqg where h(t) = 20<m|<m Umt™, Um = N (m=M)/2.
Vo = B N™=MI2: thus (vpr,v_p) = (aar, Bar) € 22\ {0} and Lemma 9.2 applies. Put
S = (S — ap)/NM2 |S'| = wN~M/2 < ¢)1/2, and Uy, := {t € Ic : |hB(t)| > cpr/2} for
1 < k < 2M; by Lemma 9.2, Ic = |J, Uy. For either sign, Py 1 (t) := tMTR(hF) () + cpr/2) is
a real polynomial with at most 2M + 1 nonzero monomials; if it is not identically zero it has
at most 2M positive roots (Descartes), and if one of Pyt vanishes identically then Uy = 0. So
Ui, has at most 4M + 2 components, on each of which [h*)| > ¢5;/2. By Lemma 9.1, since
2|8"|/ens < 1 and Cp < Capy, each component contributes at most Copr(2]S"|/car)Y M) so
[{t € Ic : h(t) € S'}| < 2M (4M + 2) Copr (2w / (cpr NM/2))V/ M) “and multiplying by v/N gives
the claim with Kps := 2M (4M + 2)Copr(2/car) Y/ M. O

Theorem 9.4 (forms of bounded total degree). Fiz e > 1 and C > 1. There are ¢,d >
0 depending only on e and C such that every oblivious covering family of pairwise distinct

integer forms of total degree at most e with nonconstant restrictions, covering Jo in the sense
of Definition 2.1(3), satisfies Yy > ¢ NY* and T > ¢ N'/5 in the model M1.

Proof. Group the forms by effective degree M € {1,...,e}. The set covered by each class
is measurable (a finite union of preimages of measurable sets under continuous maps), and
the e classes together cover Jo, so some class covers a measurable Eyy C Jo with |Ep| >
Lle, L = (1 —C~'2?)/N. Case M = 1. Each restriction is g;(p) = 6;N/p + eip + k; with
integers (6;,e;) # (0,0). If &;g; < 0 then |gf| = |&; — &:;N/p?| > 1 on Jo, the two terms
having the same sign or one of them vanishing, so the monotone bound gives coverage at most
wj. Otherwise write (0;,&;) = o04d;(a;,b;) with o; = £1, d; > 1 and coprime a;,b; > 1; then
{p:gip) € Si} ={p: aiN/p+bp € S/} with S| := 0,(S; — ki)/d;, a measurable set of
measure w;/d; < w;. Group these forms by their normalised pair (a,b), and give the pair the
measurable tested set SEa,b) :=J S} over the forms of the group, of measure at most the sum of
their w;. This is a family of R < P; distinct pairs with measurable tested sets which, together
with the monotone forms, covers Fq; Lemma 3.1 and the monotone bound hold for measurable
sets, so the proof of Lemma 3.2 applies verbatim and gives ¥, > e 2ccV N / VR, the total
measure of the transformed sets being at most ¥,,. Hence Yy > 3,,/2 >c. VN / V'R, while
Yw > P, > Rand, in M1, T > P, > R and T > 2/Zy; optimising in R as in Corollary
3.3 and Theorem 3.4 gives Sy > NY3 and T > N5, Case M > 2. Let the class have Py,
forms. If some cell has w; > (cpr/2)NM/? then ¥, > (car/2) NM/2; otherwise Lemma 9.3 and

Holder’s inequality 3 w!/ M) < pLV/CM) (520, 1/@M) give [Je < |y NV/APL YV EMIpl/@M)
ie. Xy > /{MNM/QPJQ@M_I) with k== (1 — C~Y2)/(eKp))*M < epr/2, so the same bound
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holds in both cases. Hence Yy > max{Pys, kas NM/2/(2P2M~ 1) (kar/2)YCMINYA and in

¥
M1, T > max{ Py, 2v/Sw} > max{ Py, v/Zrpy NM/APEMD/2Y 5 (9, )1/ (@MA1) M/ (4M+2)
and M/(4M +2) > 1/5 for M > 2. O

>
>

For M = 1 the crude argument would give only N/6 in M1, which is why the linear class
is routed through Lemma 3.2. The candidate floor N/* is weaker than the N'/3 of Corollary
3.3 because no bound on the number of forms with degenerate critical points in J¢ is used; the
materialised-giant floor does not move. This is a model-relative bound: it says nothing about
algorithms that share work between algebraically related forms outside M1.

Proposition 9.5 (adaptive cell queries). Fiz C > 1. Let a deterministic algorithm, knowing N,
learn about a real parameter p € Jo only through an oracle which, on a query (a,b,n) € ZQ>1 X 7,
answers whether |aN/p 4+ bp — n| < 1. Suppose that for every real p € Jo the execution against
the oracle determined by (p, N/p) eventually receives an affirmative answer. Then for every N
there is a real p € Jo against which the algorithm makes at least (cc/2)%/>NY3 queries.

Proof. Follow the all-negative transcript for as long as the algorithm issues queries, and denote
its successive queries by Q; = (aj,b;,n;). Let H; := {p € Jo : |a;N/p + bjp — n;| < 1}
and Uy := |, i< a Hj: each Hj is relatively open in the compact interval Jo. Some finite Uy,
contains J¢: if the all-negative execution issues only finitely many queries, say L, and Uy, # J¢,
then any p € Jo \ Ur, produces exactly that execution and never receives an affirmative answer,
contrary to the hypothesis; if it issues infinitely many and no finite Uys contains J¢, then either
Uy Um # Jo and a point outside the union is answered negatively forever, or (J,; Un = Jo
and compactness gives a finite subcover — a contradiction either way. Let M be least with
Un 2 Je. Group Q1,...,Qu by the form (a,b) and put T, := {n; : j < M, (aj,b;) = (a,b)}.
These data satisfy conditions (1)-(3) of Definition 2.1, which are all that Corollary 3.3 uses,
with Yy < M (repeated queries only reduce the count); hence M > (c¢¢/2)*/3N1/3. Since M is
least, Jo \ Upr—1 # 0; against the oracle of any p in that set the first M — 1 answers are negative,
so determinism forces the algorithm to issue its M-th query. O

The proposition bounds the number of singleton cell-membership queries, i.e. the candidate
count; it is not a bound in M1 or M2 for adaptive batched searches. If a query may name a
finite block of integers and is answered affirmatively when any member hits, the number of oracle
queries can be smaller; expanding the blocks into their tested integers still gives the candidate-
count floor, and the cost is governed by M1 or M2 only when the blocks are implemented by
the batching mechanisms those models specify. A test of the form “does p divide o™ — 1”7 is
answered by a single gcd and eliminates every p whose order divides m; that is the smooth-order
paradigm of Pollard’s p — 1 method [68], not a cell query, and we have no lower bound for it.

10. APPENDIX TO PART 1: PIECEWISE EVALUATION

Theorem 10.1 (piecewise evaluation). Let a family of cells (a;,b;), with tested sets T; and
candidate sets S; as in Definition 2.1, cover Jo, and write W; = |T;| > 1 and w; := |S;| €
(Wi, 2W;].  Partition the cells, with their tested integers, into nonempty pieces I,...,Ip, and
put Wj = Zz‘elj W;. Call a cell near if a; < b; < [Ca;|, and define the harmonic mass of a
piece and its mazximum by

1
Hj = Z —, H::max{l,mjaxHj}.

i€l; near
Consider a strategy that evaluates the sub-products of the pieces separately, with additive charged
operation counts, the sub-product of piece j costing at least W] ring operations for a fized v >



FLOORS FOR DETERMINISTIC INTEGER FACTORING 29

1/2. Then its total charged cost is at least (1 — C™Y2)NY/4/(4v/H). Moreover H; < (C + 1)A;
and Hy < 2,/(C + 1)P;, where A;j is the number of distinct values of a; in piece j and Pj := |I}]|.
Chirp chains (u,vm?) and (um?,v), rays m(ag,bo) and square arrays (s*u,t>v) with a; < N all

satisfy H; < vVC(1+log N) + 2.

Proof. Put z := 1 — C~'/2, s0 |Jg| = 2v/N, and ¥ := >_j VWj. A cell that is not near has
b < a;—1or b > [Ca;] + 1, and the monotone bound gives coverage at most w; < 2W;; a

near cell covers, by Lemma 3.1, at most 2\/w¢\/ﬁ/ai < 2V/2 N1/4\/I/V,-/ai. As the covered sets

exhaust Jg,

x\F<QZW +2v2NAY N \/><222+2\TN1/4\F2

j i€l; near

by Cauchy-Schwarz within each piece and }; W; < Y2 If ¥ < aNY4/(4V/H), the right side
is less than 2v/N(z/(8H) 4+ 1/v/2) < xv/N, a contradiction; so ¥ > zN*/(4v/H). Every
piece is nonempty, so W] > le/ 2, and the total charged cost is at least X. For fixed a the
near cells have b € [a, [Cal], at most Ca + 1 values, contributing at most C' + 1 to Hj; hence
H; < (C+1)A;. For real Ag > 1 the near cells with a; < A contribute at most (C' 4 1)Ag
and those with a; > Ag at most P;/Ap; if P; > C + 1, take Ay = /P;/(C + 1), and otherwise
H; < P; <2,/(C +1)P;. For a chain (u,vm?) a near cell has vm? < Cu+ 1, so H; < /C + 1;
for (um v), Hj < /6 for a ray, H; < 1+ log N; for an array (su,t*v) a near cell has
t2v§Csu+1,soH Sf(1+log5)+ﬂ2/6w1th5§f. O

11. APPENDIX TO PART 1: HITS ARE CONVERGENTS OR INTERMEDIATE FRACTIONS

The bisection of Proposition 7.3 needs a bound on the denominator of a covering cell. Every
Lehman hit is a convergent or an intermediate fraction of p/g; the natural route — Fatou’s
theorem, which classifies a/b with |¢€ —a/b| < 1/b% — falls short by a factor 1+ O(1/r) at the top
of the shell (hits with b%|¢ —a/b| € (1,1.0002) exist), and the right threshold is the Stern-Brocot
one.

Lemma 11.1 (Stern—Brocot parent criterion). Let & > 0 and let a/b be in lowest terms with
b>2. If|€—a/bl <1/(b(b—1)) then a/b is a convergent or an intermediate fraction of £.

Proof. In the Stern—Brocot tree [28, §4.5] every reduced a/b with b > 2 is the mediant of its
two parents aj /b1 < a/b < ag/ba, with a = a1 + aa, b = by + by and azb; — a1be = 1; hence
a/b—ai/by = 1/(bb1) and a2/bs — a/b = 1/(bb2), both at least 1/(b(b — 1)). So the hypothesis
places & strictly between the parents of a/b, i.e. a/b lies on the Stern—Brocot path to &, and the
fractions on that path are exactly the convergents and intermediate fractions [28, §4.5], [44, §§6,
15). O

Proposition 11.2 (hits are convergents or intermediate fractions). Let N = pq with primes
p<q<Cp, C>1,letr >16C, and let (a,b) with a,b > 1, ab < r be a hit: 0 < aq + bp —
2vVabN < W :=+/N/(4rvab). Put m = |aq — bp| and & :=p/q. Then

1/4 1

N
(i)m2<7+W2, (i1) b < /+C + 5 (iii) m(b— 1) < g,

21/4
so|€—a/bl <1/(b(b—1)) forb>2, and a/b is a convergent or an intermediate fraction of p/q.

Proof. Write z = aq, y = bp, so the hit is (vz — \/y)? < W and m = |z — /y|(vVZ + /y). (i)
Vz+y)? = (Ve — 1) +4/7y < W +4VabN, and W -4v/abN = N/r, so m* < W2+ N/r.
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(i) From |z — /g < VW and bp > p > \/N/C > W we get /2 > /§ — VW > 0, hence
ag > bp — 2/bpW, and with ab < r, b%*p — 2b\/BpW < rq, ie. (by/p — VOW)? < rq + bW,
so by/p < VBW + /g + bW/(2,/rq). Since a > 1 and b < r, bW < +/N/(4y/r); dividing by
VP > (N/C)V4 gives (ii). (iii) By (i), m < /N/r (1 + 1/(32r)); by (ii), b — 1 < \/rq/p (1 —
(1 —e)\/p/(rq)) with € := CY*4/(2rY/*) + 1/(8r) < 1/2 for r > 16C; and \/N/r\/rq/p = q.
Hence m(b — 1) < ¢ (1 + 1/(32r))(1 — &) with & > 1/(2v/Cr), and (1 + 1/(32r))(1 — 6) < 1.
For b > 2, |£ —a/bl = m/(bq) < 1/(b(b—1)); with ¢ = ged(a,b), a’ = a/g, b =b/g, if b/ > 2
then | —d/V/| < 1/(b'(V/ — 1)) and Lemma 11.1 applies, and if ' = 1 the estimate < 1/2
with 0 < £ < 1 forces o’ =1 and £ > 1/2, so 1/1 is the convergent hy/ki. For b = 1: by (i),
m/q < +/p/(rq)(1+1/(32r)) <1/2,s0 a =1 and again 1/1 is the convergent hq/kj. O

Part 2. Partial information: sharp floors and matching algorithms

Summary. Harvey’s deterministic factoring algorithm runs in N'/5+°(1) operations. We ask what changes
when partial information about the smaller factor p of a balanced semiprime N = pq is available — an
interval of length L = N containing p, the residue p mod M with M = N, or both — within the
covering model of Part 1, which contains Harvey’s algorithm. Given the interval, a localised version of
Harvey’s search factors N deterministically in N°(1) L3/5 N—1/10 gperations for L > N3/%, matching the
model’s floor there and lying below N'/5 for every L < N'/2; below N3/ the floor’s exponent A — 1/4
is that of Coppersmith subdivision, which lies outside the model, while inside it, for N1/¢ « L < N3/8,
the cost of an interval is classified up to constants by one Diophantine quantity, its depth ©(I) (the
effective denominator of the best single form): 7'(I) =< min{/®(I) LN~Y/* L3/5N~1/10}  the second
scale — attained for every interval by a family built from Farey fractions — being the cost of all but a
vanishing fraction of the intervals. With the residue known the same localisation gives N1/5+o(1) pr—2/5
for M < N'/7, and with both kinds of information the cells beat Coppersmith subdivision exactly on
the region 8(1/2 — \) + 124 < 1. The element of large order that the search needs is supplied for every
bound by a recent theorem of Harvey and Hittmeir. The algorithms are deterministic and unconditional;
the floors are statements about the covering model and are labelled as such.

12. INTRODUCTION

Let N = pq with primes p < ¢ and, for a fixed C > 1, p € Jo := [\/N/C,V/'N]. The
best deterministic factoring algorithm known runs in N 1/5+0(1) bit operations [31, 32]; it is
a babystep—giantstep search over Lehman’s cells ag + bp [49], and Part 1 proves that within
a model containing Harvey’s algorithm and, up to factors N°), Lehman’s (and Hart’s [30]
where its family covers the range), its exponent cannot be improved when giant elements are
materialised. Here we ask how the picture changes when partial information about p is available:
an interval I > p of length L = N* (the leading bits of p), or the residue p mod M with M = N#
(the trailing bits), or both. Coppersmith’s method [17, 42] factors N in polynomial time once
L/M < N 1/4 i e. once about half of the bits of p are known; between that threshold and no
information, we have found in the literature only Coppersmith subdivision, of cost NA—#—1/4,
and Hittmeir’s Strassen-type search on a residue class [39], of cost N'/4/v/M.

Our results are as follows. The covering model and its floors are those of Part 1 (Definition
2.1, Lemmas 3.1 and 3.2, Corollary 3.3, Theorems 3.4 and 3.6); the covering-floor arguments
below rest on the two lemmas. Section 13 proves the floors under localisation (Proposition 13.1
and the sharp Theorem 13.2), constructs the localised search (Lemmas 13.3, 13.4, 13.5 and
Theorem 13.6), recalls the theorem of Harvey and Hittmeir that supplies the element of large
order on which every Harvey-type search rests, for every bound D (Section 13.2; Section 16 gives
a balanced-semiprime proof with a different recovery step, and its variant for explicit baby sets),
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and assembles the unconditional landscape (Corollaries 13.8 and 13.9): min{\ — 1/4,3)\/5 —
1/10}, at the exponent level a floor in the model at every A (Theorem 13.2 carries a logarithmic
loss in its first branch, which Theorem 13.15 removes for cg N 1/6 <L<N 3/ 8), attained inside
the model for A > 3/8 and, for A < 3/8, by Coppersmith subdivision outside it. Section 13.4
then shows that below N3/% the in-model cost depends on the position of the interval and not
only on its length (Theorem 13.15): it is determined up to constants by a single Diophantine
quantity, the depth of the interval; the floor LN ~1/4 holds without logarithmic loss and is the
cost of the intervals of bounded depth, and a family built from Farey fractions covers every
interval at cost O(L*°N~Y19) which is also the floor for all but a vanishing fraction of the
centres. Section 14 treats arithmetic thinning of the tested set with genuine side information:
starting from the thinned families of Part 1 (Definition 2.2, Lemmas 2.3 and 2.4), it gives the
floors for thinned families (Proposition 14.1), constructs the residue-class variant of Harvey’s
search, of cost N1/5Te(Mpr=2/5 for M < N7 (Proposition 14.2), and the two-axis landscape,
on which the cells beat Coppersmith subdivision exactly when 8(1/2 — A) + 12u < 1 (Corollary
14.3), and records that two per-cell lattice methods do not improve the Coppersmith branch.
Section 15 places the results against the literature and says what in them is more than running
Harvey’s search on a shorter range.

Every algorithm and theorem stated here is deterministic and unconditional, and every model-
relative statement says so. The measurements reported are finite checks of implementations, not
evidence for the asymptotics. The notation and the model are those of Part 1; throughout, w(n)
is the number of distinct prime factors of n, m(z) the number of primes up to z, ¢ Euler’s
function, d(n) the number of divisors, log the natural logarithm and O hides factors (log N)°(M).
Harvey’s algorithm is cited by its numbered steps [31, Algorithms 4.1-4.3], Hittmeir’s by [39,
Section 6]. Moduli whose factors satisfy a structural rather than a partial-information hypothesis
— a large common factor of p — 1 and ¢ — 1 — are treated in Part 4.

13. FLOORS UNDER PARTIAL INFORMATION

Nothing in the proof of Lemma 3.2 uses that the set to be covered is the whole of Jo: Lemma
3.1 bounds the coverage of any measurable set by that of the interval containing it, and the two
cases of Lemma 3.2 only use the total measure L to be covered. This bounds from below, within
the model, what a non-oblivious algorithm — one that uses polylogarithmic information about
N to exclude parts of Jo — would gain.

In this section the localising set or interval is regarded as auxiliary input: the covering family
may depend on N and on that localisation data, but not on the unknown point p within it, so
“as in Definition 2.1” refers to the form, tested-set and cost conventions of that definition, with
obliviousness relative to the remaining uncertainty in p.

Proposition 13.1 (floors under localisation). Let S C Jo be measurable of measure L, and let
a family as in Definition 2.1 satisfy the coverage condition (3) for every real p € S (rather than
for every p € Jo). Then

L2 L2
Y = P>C+1), Yw 2 =
48\/C +1v/NP ( ) 32(C +1)VN

and consequently, for NY* < I < |Jo| and with constants depending only on C,

Yw > cl(NIl//4>4/3, T > 02<NI;/4>4/5 in M1, T > 03<NI;/4)2/3 m M2.

(P<C+1),
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At L = |Jc| < VN these are the floors N3 N5 N6 of Corollary 3.3 and Theorems 3.4-3.6;
at L = N1/ the three displayed lower-bound scales are constants depending on C' (the proposition
gives no upper bound there).

Proof. Run the proof of Lemma 3.2 with S in place of Jo. For each form, |[{p € S : g;(p) €
Sitl < {p € Jo : gi(p) € Si}|, which is < w; for a monotone form (|gi| > 1 on Jo D S)

and < 21/w;v/N/a; for a wide one by Lemma 3.1; coverage of S gives L < > o Wi +

Zwide%/wi\/ﬁ/ai. If the first sum is > L/2 then 3, > L/2; otherwise the Cauchy—Schwarz

step of Lemma 3.2 gives ¥, > L2N~Y2/(16 3" 4. 1/a;), and the bound on 3" ., 1/a; — which
counts available wide forms and does not depend on the set covered — is unchanged, giving
Y > L?/(48y/C +1V/NP) for P> C + 1 and B, > L?/(32(C 4+ 1)v/N) for P < C + 1. Since
L < |Jc| < VN, each of these is smaller than L/2 (their ratios to L/2 are L/(24y/C + 1v/NP) <
1 and L/(16(C 4+ 1)v/N) < 1), so the monotone case only strengthens the bound and the two
displayed inequalities hold in all cases.

For the consequences put X := L/NY* ¢ [1,N'4], K¢ = 1/(96/C +1) and D¢ :=
1/(64(C +1)). Using Sy > %,,/2 and Sy > P: for P > C + 1, Sy > max{P, Ko X?P~1/2} >
K2/PX4/3 (balance at P32 = Ko X2); for P < C+ 1, S > DeX? > Do X3 since X > 1. Tn
M1, T >m+ > ,[W;/m] > P (each ceiling is at least 1) and T' > m + Xw/m > 2v/Xw; hence
for P> C 41, T > max{P, 2K/ > X P~1/4} > 245 KZ/°X4/5 (balance at P4 = 2K}/*X), and
for P < C+1,T >2D{>X > 2D[>X4/5 In M2, T > 2¢/Sw > 2¢;/°X2/3. One may take
¢ = min{K/*, D¢}, g = min{2¥5 K%/ 2DY?} and ¢3 = min{2K >, 2DY?}. 0

The proposition charges every form the stationary coverage of Lemma 3.1, but a form is
stationary inside I only if its ratio a/b lies close to the ratio interval {p?/N : p € I}; elsewhere
the slope |¢’| is large and the coverage small. Accounting for this sharpens all three floors to
the exponents actually achieved.

Theorem 13.2 (sharp floors under localisation). Let I = [po,p1] C Jo be an interval of length
L with N'/* < L < v/N/(4C), let N > 4, and let a family as in Definition 2.1 (depending on I,
not on p € 1) satisfy the coverage condition (3) for every real p € I. Then

LN—1/4

1) . 3/5 A7—1/10 .
T > ¢ minq L°/° N , ———— n MI,
= “C,loc { \/@}
—1/4
T > cg)l min{Ll/QN_l/u, LN/} n M2,
noe v/logg N
I2N-1/2
Swo > (256C) tmind LNY6 T
w > (256C) mln{ ' Togy N }
where C(C%,)loc := min{(453C) 2/, (64C)~/?} and C(c%,)loc := min{(250C) /3, (64C)~/2}. For

L = N oW ignoring logarithmic factors, the M1 floor has exponent X — 1/4 on [1/4,3/8] and
3A/5—1/10 on [3/8,1/2], and the M2 floor A —1/4 on [1/4,1/3] and A\/2 —1/12 on [1/3,1/2].

Proof. Write gi(p) = a;N/p + bip, pi == a;/b;, X = [p3/N,p?/N] C [1/C,1], ¢ = |X| =
L(po + p1)/N, so that 2L/v/CN < ¢ < 2L/v/N < 1/(2C), and §; := dist(p;, X). For p € T
put z = p?/N € X; then gl(p) = b; — ai/z = (bi/x)(x — pi), s0 |gi| > bilz — p;| > b;6; on
I. Hence, besides Lemma 3.1, every form with §; > 0 is strictly monotone on I, its inverse
is 1/(b;0;)-Lipschitz, and it covers a set of measure at most w;/(b;0;) in I for any measurable
tested set of measure w;. Call a form near if §; < ¢ and far otherwise. A near form has
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pi > 1/C —£>1/(2C), i.e. a; > b;/(2C), so Lemma 3.1 gives coverage < 21/2Cw;v/N /b;; and
for each b the near forms with b; = b have q; in an interval of length 3¢b, so at most 3¢b + 1 of
them, whence at most 6¢4* + 2% near forms have b; € [2¥, 28+1). Coverage of I gives

L < 23w + V2O NS Vb < 22 4 220NV HY, H =Y
14 l bi
far near near
Throughout, 3,, < 2%y (Definition 2.1) and, in both models, T > m + Xy /m > 2/Zw, so
Y < T?/2.

Far case (Sy/0 > LJ2): B, > L{/2 > L?/\/CN, so T > 2C V4LN"Y* and Ty >
L2/(2v/CN); both exceed the corresponding logarithmic terms below.

Near case (X,H > L?/(32CV/N)). Let Py be the number of near forms with 28 < b; <
2+l and put z := 6f. Since P, < z4F + 2% write P, = Qi + Ry, with 0 < Qp < z4F and
0 < R < 2k then >, Qr, >, R < >, Px < P. Splitting at 2% = \/P/z, >, 27%Qx
S 2P min{P, 24F} < 4/2P, the two geometric sums being each at most 2vzP; and if n
[logy P) and f = logy P —n, then >, 27FR, < n 42", o Ry <n+P2" =n+2/
logy, P + 1. Consequently H < 4v/6/P + log, P + 1 < 10v/¢P 4 log, P + 1.

In M1, if 10V/4P > logy P + 1 then 208,V¢P > L?/(32C+/N), and ¢ < 2L/V/N gives
YV P > L32N-Y4/(906C); with ¥,, < T?/2 and P < T this is T%2 > L32N-14/(4530).
Otherwise 2%, (logy, P 4 1) > L?/(32CV/N); we may assume T < N (else the asserted bound is
trivial), so P < N, logy P + 1 < 2logy N, and T2 > L2N~1/2/(64C logy N). Together with the
far case this is the M1 bound.

For the candidate bound argue separately. If 3y > N the asserted bound is immediate, so
assume Xy < N;then P < ¥y < N and logy P+1 < 2logy N. In the first near sub-case 22%2 >
L32N=14/(906C), whence Xy > (1812C)~2/3LN~1/6 > (256C)~'LN~1/5; in the logarithmic
sub-case L?/(32CV/N) < 2%, (logy P+ 1) < 8%y logy N, so Sy > L2N~1/2/(256C logy N); the
far case gives the stronger Yy, > L?/(2v/CN).

In M2, if T > N6 the asserted bound is immediate, so assume T < N6 Since every
form has W; > 1, P < Sy < T?/4 < NY/3/4. Put K := max{0, [logy /P/(6¢)]}. For every
distribution of the P,

IA 1A

H< ) (6028 +1)+27 " 'P < §V6IP + K + 1,
k<K

and K +1 < L logy P+ Llog,(1/(6¢)) +2 < logy N +2, since 1/(6¢) < vVCN/(12L) < VN (the
hypotheses on L give 4CL < /N < L?). With v/P < T/2 thisis H < A+B, A := (9v6/4)VI T,
B :=logy N +2. If A > B, then L?/(320V/N) < 24%,, < (9v/6/4)T3V¢, and ¢ < 2L/V/N
gives T% > L32N-1Y4/(72¢/12C) > L3/2N~1/4/(250C). If A < B then H < 2B < 4log, N for
N >4, and T? > L2N~Y2/(64C logy N). Together with the far case this is the M2 bound. The
exponent statements follow from LN Y4 = [3/5N~1/10 ot [, = N3/8 and LN~ Y/4 = [1/2N—1/12
at L = N3, O

The M1 floor L3/5N-110 for L > N3/8(log, N)°/* is the cost of the localised search of
Corollary 13.8 below: within the materialised-giant model, the localised Harvey search is optimal
up to logarithmic factors for every such L. At the power-law level, if L = /N /2F in this regime,
the common M1 scale is N/5273%/5 50 one additional known leading bit of p improves it by
a factor 23/° up to C-dependent constants and logarithmic factors. Below N3/ the floor’s
exponent A — 1/4 is that of Coppersmith subdivision, which lies outside the model; inside it, the
single Fermat form (1, 1) attains that exponent near v/N: if s = v/N and I = [s—2L, s— L], then
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N/(s—d)+(s—d) = 2s+d?/(s—d) for L < d < 2L, so g(I) has length Oc(L?/v/N), consecutive
tested integers covering it give W = O¢(L?/v/N), and the optimised M1 cost is Oc(vVW) =
Oc(LN~Y*). Section 13.4 shows that the logarithm in the first branch can be removed, and
that for all but a vanishing fraction of the centres the in-model cost below N3/8 is the larger
Oc(L35N-1/10) In M2 the floor LY/2N~1/12 is not known to be attained by any family;
Harvey’s search [31] attains the M1 floor. For v/N/(4C) < L < |J¢|, Proposition 13.1 applied
to I gives T > co(L/NY*)4/5 > ¢y (4C)~*/5N'/5 in M1, while L < /N gives L3/ N-1/10 < N1/5;
so, after adjusting the C-dependent constant, the M1 bound T >>¢ L3/° N—1/10 holds for every
NYA <L <|Jgl

The scale L = N'/* at which the three lower-bound scales become constant is the standard
known-prefix threshold for balanced factorisation. If p,q = ©¢(N 1/ 2) and one factor is known
to lie in an interval of length Oc(N'/*), then, after Oc(1) subdivisions if necessary, N is fac-
tored in (log N YO time by Coppersmith’s univariate small-root method in Howgrave-Graham’s
formulation [17, 42]; in binary terms this is, up to O¢(1) bits and endpoint ambiguities, knowl-
edge of the leading %log2 N bits of p, about half of its bits, and conversely an interval of that
length is covered by O¢(1) aligned prefix intervals. This is a computational reduction, not an
information-theoretic identity: factoring reveals the prefix trivially, and an algorithm recovering
that prescribed prefix from N can be followed by Coppersmith’s method; nothing is asserted
for an arbitrary choice of %logQ N bit positions, and a measurable set S of measure N'/* need
not supply Coppersmith information at all, since it may be disconnected or lack an efficient
interval description. Proposition 13.1 identifies the same localisation scale numerically, within
the covering model only.

Within that model the proposition places non-oblivious coverage precisely. Information about
N that excludes a fixed positive proportion of Jo changes the constants and not the exponents;
to change an exponent through interval localisation one must reduce the uncertainty in p from
N1/2 to NV2¢ je. determine, up to Oc(1) terms, logy N additional leading bits of p. We are
not aware of a general worst-case (log N )O(l)—time algorithm that, from a balanced semiprime N
alone, recovers any additional prescribed leading-prefix bit of its smaller factor beyond what the
size of N and the balance bound C already force — the known-bits literature [72, 17, 36] assumes
the bits given and does not recover them — nor of a general reduction showing that a leading
prefix shorter than ilogQ N + O¢(1) bits suffices to factor; this statement excludes results that
assume auxiliary leakage, special bit positions, average-case distributions or additional algebraic
relations. The floors of this section are the ¢ = 0 end of that interpolation, and the search for
a non-oblivious exclusion is, inside the covering paradigm, the search for a partial-information
factoring algorithm. The floors are attained, up to constants and logarithms, at L = |J¢| by
Harvey’s algorithm. For shorter intervals a localised version of his search gives an upper bound
with a different exponent, which we now prove, first given an element of large order and then,
with that element supplied by the theorem of Harvey and Hittmeir recalled in Section 13.2,
unconditionally; it rests on the observation that a cell covering p has its ratio a/b close to

p/a=p*/N.

Lemma 13.3 (proximity). Let N = pq with0 <p <gq, let2 <r < N1/3/4, and let the cell (a,b)
of the standard family (Definition 2.1: a,b > 1, ab < r, tested integers cap, ..., Cap + Wé’gt -1
with cqp = [2VabN], Wit = [\/N/(4rVab)]) cover p: |ag + bp — n| < 1 for some tested n.
Then Ja/b — p/a| < 2/(byr)-

Proof. Put W := v/N/(4rv/ab) and W' := W + 2. Since aq + bp > 2vabN and aq + bp <
n+1 < e+ Wit < 2¢v/abN + W + 2, we have (y/ag — v/bp)? < W'. With m = |ag — bp|,
m? = (y/aqg—/bp)?(Jaqg++/bp)?> < W/ (W' +4vabN) = W'?+ N/r+8vabN, using 4W+/abN =



FLOORS FOR DETERMINISTIC INTEGER FACTORING 35

N/r. Now 8VabN < 8VrN < N/r for r < N1/3/4. The range 2 < r < N1/3/4 is nonempty
only for N > 512, and then VN /(4r) > NY6 > 2 so W < V/N/(4r) + 2 < vVN/(2r) and
W’ < N/(4r?) < N/(8r). Hence m? < 3N/r, and |a/b — p/q| = m/(bq) < V3+/N/r/(bq) =
V3+/p/(rq) /b < 2/(by/r) since p < q. O

13.1. The localised search. For an interval I C Jo put R(I) := {2?/N : x € I} and define
the localised family

F(I,r):={(a,b):a,b>1, ab <r, dist(a/b, R(I)) < 2/(b\/T)},

with the standard tested integers. If |I| = L then |R(I)| = L(2inf I + L)/N < 2L/v/N. The
family is enumerated by listing b < v/2Cr and, for each b, the integers a in an explicit interval,
in O(|F(I,r)| + /r) arithmetic operations on O(log N)-bit numbers when the endpoints of I
are O(log N)-bit rationals.

Lemma 13.4 (localised covering and count). Let 16C? < r < NY3/4 and I C Jo of length
L. (i) Every p € I is covered by a cell of F(I,r), and that cell satisfies the conclusion of
Harvey’s covering lemma [31, Lemma 3.3]. (i) P := |F(I,r)| < 2CLr/v/'N + 3v2Cr. (iii)
Sw(F(I,r)) < CL/\/r+ V2CN log(6Cr)/(2r) + P.

Proof. (i) Since r > 16C2 > C, every p € J¢ satisfies (N/r)'/? < p < N'/2, and Harvey’s Lemma
3.3 gives a cell (a,b) with ab <7 and 0 < aq +bp — [2v/abN| < v/N/(4rVab); its tested integer
aq + bp lies in the standard window, so it covers p in the sense of Definition 2.1, and by Lemma
13.3 dist(a/b, R(I)) < |a/b—p/q| < 2/(b\/T), as p/q = p*/N € R(I). (ii) A cell of F(I,r) has
a/b>inf R(I) —2/y/r > 1/C —2/\/r > 1/(2C), so b* < 2Cab < 2Cr and b < B := v/2Cr. For
fixed b the admissible a lie in an interval of length b(|R(I)| + 4/(b\/r)) < bl + 1, £ := 2L/V/N,
so there are at most bf + 2 of them; summing, P < ¢(B? + B)/2 + 2B < Cér + 3v/2Cr
as £ < 2. (iii) Wit < /N/(4rvab) +1 < V2CN/(4rb) + 1 since Vab > b/v/2C; hence
Ew <> pep (0l +2)(V2CN/(4rb) + 1) < BlV2CN /(4r) + (V2CN/(2r))(1 + log B) 4+ P, and
BU(2CN /(4r) = CL/+/r, 1 4+ log B < log(6C'r). O

Lemma 13.5 (list-restricted Harvey search). Let N be either prime or a semiprime pq. Let L
be an explicitly enumerated list of forms (a,b) with a,b > 1, each carrying a window {ngy, nap +
1,...,ngp+Wap—1} of consecutive integers — the standard window ng, = [2VabN'|, Wy, = W;‘;t,
or any other explicitly given one; let m > 1 and o € (Z/NZ)* with ordy(a) > m; and assume
the list sizes below are O(N). Run Harvey’s Algorithm 4.2 [31] with its Step (2) restricted
to L, the giant of the j-th block of the form (a,b) being vqp; := a®N+b=na=im  Jf N = pq
and the window of some form of L contains aq + bp — which the conclusion of [31, Lemma 3.3]
guarantees for the standard family when (N/r)Y/? < p < N2 — the algorithm returns p and q; its
bit complexity is O((m+ G +|L|)(log N)°W), where G := >apec! Wan/m] < [L]+Zw(L)/m.

Proof. In Harvey’s proof of [31, Proposition 4.2], Lemma 3.3 is used only to supply a form (ag, by)
whose window contains aog+bop = n4yp, +0, 0 < Yo < Wogp,, and a decomposition yg = ig+jom,
0 < g < m, for which the giant v, p, j, i3 congruent to a’® modulo p, because a@N+bo = qaoa+bop
(mod p) by Fermat’s theorem; by hypothesis that form belongs to £, and nothing else in the
argument depends on the position or the length of the windows. If ord,(a) < m, Step (1) finds
a factor; otherwise it certifies ord,(a) > m, which makes a®, ..., a™ ! distinct modulo p. Step
(3) finds every equality v, = o' in Z/NZ by sorting and uses the attached labels (a, b, j) to
test the corresponding candidate ng, + jm + @ with [31, Lemma 3.1]; after these exact matches
are removed, the remaining giants satisfy the separation precondition of Algorithm 4.1, so Step
(4) detects the covering collision modulo p. No other part of the correctness proof uses cells
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outside £. Step (2a) performs O(|£|) modular exponentiations, Step (2b) produces G giants,
Step (3) sorts lists of total length m + G, and Step (4) has the cost of [31, Proposition 4.1] with
n < Q. O

Theorem 13.6 (localised search, given an element of large order). Fiz C' > 1. There is a
deterministic algorithm which, given N = pq with p € Jo and N > No(C), an interval I C Jo
with O(log N)-bit rational endpoints containing p and of length L with N3/® < L < |J¢o|, and
an element a € (Z/NZ)* with ordy(a) > m := max{1, | L3> N~=Y10)} factors N in

Oc¢ (L3/5N71/10) (IOg N)O(l)
bit operations: Lemma 13.5 on F(I,7) with v = [(N/L)*/*] and this m.

Proof. Put Ag := L3N~V Ry := (N/L)/5 and By := L'°N'/?0\/log N. In the stated
range NYs < p <2NV4 50 16C2 < r < N1/3/4 for N large, and p € Jo gives (N/r)l/2 <p<
N'/2; Lemma 13.4(i) supplies a cell of F(I,r) satisfying Harvey’s Lemma 3.3. By hypothesis
ordy(a) > m, so Lemma 13.5 applies (since L < v/N one has Ay < N'/5, so any element of
order > N5 qualifies). Lemma 13.4 gives P <¢ Ag + Ry and Yy <¢ A% + Bg + P; for
L > N%8 Ry < Ag and By < Agy/Iog N, and m = Ay gives G < P + Xy /m <¢ Aglog N.
The enumeration of the family costs O(P + /r) operations with /r < Ry < Ap. Lemma 13.5
therefore gives total cost Oc(Ap)(log N)OW). O

13.2. The order element. The hypothesis on « in Theorem 13.6 is not a formality. Harvey’s
Proposition 2.7 [31], quoting Hittmeir’s Theorem 6.3 [39], proves that for N%/> < D < N one can
deterministically return a factor, prove primality, or produce a € (Z/NZ)* with ordy(«) > D, in
O(D'/?10g? N) time; Harvey’s Remark 2.8 reports, citing Hittmeir’s Remark 6.4, that the same
conclusion can be obtained for D = Q(N'/3+°()) with suitable o(1). The printed proposition
therefore gives an N1/5T°(1) order-element construction and the reported extension an N1/6+o(1)
one. For a given unit «, baby-step giant-step certifies ordy(a) > D, or finds a relation of
exponent at most D, in O(\/ﬁ) operations, and with gcds inserted unequal component orders
modulo p and ¢ reveal a factor; the residues on which this neither factors nor certifies satisfy
ord,(a) = ordy(a) = d < D, and number at most Y, ¢(d)? = O(D?), a cardinality bound
that says nothing about how many consecutive small integers the exceptional set can contain;
the difficulty is to bound the number of candidates that must be tried. The hypothesis on D
has since been weakened and then removed: Gao, Feng, Hu and Pan [27, Lemma 3.5] obtain
D > NY*te() and Oznovich and Volk [67, Theorem 1.1] D > N6 bhoth by a better bound
O(y/m) for the number of consecutive candidates of the same order m, and Harvey and Hittmeir
have proved the following.

Theorem 13.7 (Harvey—Hittmeir [33, Theorem 1.1]). There is a deterministic algorithm which,
given integers N > 3 and 1 < D < N — 1, returns either o € (Z/NZ)* with ordy(a) > D or
a nontrivial divisor of N — never a primality proof — in O(Dl/2 log D log N/(loglog D)l/Q) bit
operations, where D := max(D,3) (their convention for small D; for bounded D the cost is
O(log N) ).

Nir [65] has an independent weaker version requiring D > exp(y/2log N loglog N). All of these
are upper bounds for one family of constructions, not lower bounds on the cost of producing such
an element. Theorem 13.7 is used below as a black box. For balanced semiprimes there is a short
proof of the same statement with a different recovery step, given in Section 16 as Proposition
16.1 together with a variant for explicit baby sets (Lemma 16.2); we include it because its two
devices — the accumulation of the least common multiple of the orders of failing candidates, and
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the recovery of p and ¢ from N — 1 = (k+1)L + kIL? once L > N1/3 — are reused, and because
the corollaries below run on either result.

13.3. The landscape.

Corollary 13.8 (localised search, unconditional). In Theorem 13.6 the element o may be
dropped from the input: Theorem 13.7 with D := m supplies it or a nontrivial divisor of N
at cost O(m/?)(log N)OW) (Proposition 16.1 does the same for balanced N ), and the total re-
mains Oc(L3/° N=1/10)(log N)OM).

Corollary 13.9 (the partial-information landscape). Fiz C > 1, let N = pq with p € J¢o, and
suppose p is known to lie in an interval with O(log N)-bit rational endpoints and length L = N*,
1/4 < X\ < 1/2 (with I C Jo, so that L < /N and A\ = 1/2 is to be read as L <¢ V'N).
Deterministic factorisation has the unconditional upper bound

N min{ LN~V L3S N0}

the first term subdivides the interval into Oc(1 + L/N1/4) subintervals of Coppersmith length
[17, 42]; the second is Corollary 13.8 for L > N3/8 and Corollary 13.16 for cgNY/® < L < N3/8
(the Coppersmith branch is the smaller throughout L < N3/8). In exponents the curve is A—1/4
on [1/4,3/8] and 3X\/5—1/10 on [3/8,1/2]; it lies strictly below Harvey’s 1/5 for every A < 1/2
and below Coppersmith-plus-search for X > 3/8. By Theorem 13.2 the M1 cell-model floor has
the same exponent at every A € [1/4,1/2]. For X\ > 3/8 the localised search attains it inside
the model, so there the materialised-giant landscape is settled up to logarithmic factors. For
A < 3/8 the floor’s exponent is attained by Coppersmith subdivision, which lies outside the cell
model, and inside the model on the intervals of bounded depth: by Theorem 13.15 the in-model
cost of an interval is ©¢(min{\/D (1) LN~ L3> N=1/10V) in terms of its depth D(I), so every
interval has cost O(;(L3/5N*1/10), attained by a Farey-fraction family (Corollary 13.16, an in-
model algorithm down to L =< N1/6), that scale is the cost for all but a vanishing fraction of the
centres, and for fired A\ < 3/8 the intervals of in-model cost @C(LN*1/4) are exactly those of
bounded depth. The floor is in any case not a lower bound for arbitrary algorithms.

The collision realisation behind M1 presupposes « and the cost models do not charge its
selection; Theorem 13.7 shows that for consecutive babies there is nothing to charge. An explic-
itly materialised Harvey-type search of target cost N? needs ordy(a) > m with m < NO+o()
and the theorem supplies such an element, or factors N, in N%/2to(1) bit operations, for every
0 > 0. For an explicitly represented baby set the relevant condition is pairwise distinctness of
the babies modulo each prime, and it too can be supplied at a cost subordinate to the search:
Lemma 16.2 (Section 16) returns a factor or a unit whose powers along a given set B of spread
S are pairwise distinct modulo both primes in O(|B|++/S) operations, an overhead subordinate
to a target cost T" whenever | B, V'S < TN°W: no claim is made for implicit baby sets, for sets
of larger spread, or for collision algorithms needing more than the pairwise separation of one
baby set. Within that scope the supply of an element of large order, which the constructions
available before 2026 priced at N'/5+t°(1) or (as reported) N1/6+°() i not an obstruction to
Fermat-collision algorithms at any exponent — the conclusion Harvey and Hittmeir draw for
general N [33]: in any exponential-time deterministic factoring algorithm, finding elements of
large order is no longer a bottleneck, whatever the exponent. What remains are the covering
floors and the difference-cover and product questions of Part 1.

13.4. Below N3/8: the landscape depends on the interval. Theorem 13.2 is a worst case
over intervals of a given length. In this subsection the interval is I = [po — L/2,po + L/2] C J¢
and the quantities are expressed through &(p) := N/p?, the reciprocal of the ratio coordinate
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of the proof of Theorem 13.2: a form (a,b) has ¢'(p) = b — aN/p* = a (b/a — £(p)), its critical
point p* = /aN/b lies in I iff b/a € [£1,&] = [§(po + L/2),&(po — L/2)], and we write
d = d(a,b) := dist(b/a, [£1,&]), so that |¢/| > ad on I. Since |¢'(p)| = 2N/p® < 2C%/2/+/N on
Jo, mo = & — & < 2C032L/\/N, and conversely |dp/dé| < (C 4 1)3/2V/N /2 for € > 1/(C +1).
Throughout, families are as in Theorem 13.2 (they may depend on I but not on p € I), T' is the
M1 cost, and we put
Py = L3/5N_1/10, Q — (N/L)1/5,

so that LQ?*/VN = Py, L/Q = P§ and VN/Q* = L/Fy. Two reductions are used. Primitive
reduction: if (a,b) = k(a’,V) with k > 2 then gqp = kga' v, so the form (a,b) with candidate
set S covers the same set as (a/,0’) with the candidate set S/k, of measure w/k; merging every
form into its primitive representative, with the union of the rescaled candidate sets, leaves at
most P distinct primitive forms of total candidate measure at most ¥,, covering the same set,
and preserves every ratio b/a and hence every d; Lemma 3.1 and the monotone bound hold for
measurable candidate sets, and the cost bounds below hold a fortiori for the reduced quantities,
so lower bounds may assume the forms primitive and distinct. Cost: every nonempty family has
T>m+ [Wi/m]>2T>m+> [W;/m] gives T > P and T > 2¢/Sw > /23,,; conversely
a family with P forms and Xy tested integers has T'< P+ 2v/3y + 1 at m = [/Zw/ ], and a
single form with W tested integers has T < 2v/W + 1.

Lemma 13.10 (localised covering sum). Let p > 0; call a form near if d < p and far otherwise,
and put H, := 5" . 1/a;. If the family covers I then L < X, /p+ 2N/, /YwH,; consequently
Y > min{pL/2, L?/(16v/NH,)}.

Proof. A far form has |¢’| > a;d; > p on I, hence covers at most w;/p; a near form covers

at most 24/w;v/N /a; (Lemma 3.1), and Cauchy-Schwarz bounds the sum over near forms by
NV, /S H,. If &, < pL/2 the far forms cover less than L/2, so L/2 < 2NV, /S, H, O

Lemma 13.11 (Farey spacing). An interval of length n contains at most nD? + 1 reduced
fractions with denominator at most D. Hence if the primitive forms with b/a in an interval of

length n are listed by nondecreasing denominator a; < as < ---, then ax > +/(k —1)/n, and for
every P and every D < a1, 3 o pl/a <min{P/D, 1/D + 2y/nP}.

Proof. Distinct reduced fractions with denominators at most D differ by at least 1/D?. Then
Shep Vaw < /a1 + 355 /n/(k — 1) < 1/D + 2/nP, and trivially < P/D. O
Definition 13.12 (Diophantine depth). The depth of I is
N
D(I) := gzlznl a- max{l, \ﬁ;éa’b)}

A form whose critical point lies within about L of I (d < 2L/+/N) counts with its denominator,
one at p-distance ¢ with about ad/L; the depth is the effective denominator of the best single
form. Always 1 < ®(I) < (vVN/(2L))"/? + 1: with D := [(v/N/(2L))"/?], Dirichlet’s theorem
gives b/a with a < D and d < 1/(aD), whence amax{1,vNd/(2L)} < max{D,vN/(2LD)} <
D. A form with b/a ¢ [1/2,C + 2] has d > 1/2 and value at least v/N/(4L), which exceeds
(vVN/(2L))"/2+1 once VN /(2L) > 8 (the exact threshold is (1++/3)? ~ 7.46); so for N > Ny(C)
the minimum is attained by a form with b/a € [1/2,C + 2], and by finitely many candidates.
Lemma 13.13 (one form). There is ¢; = ¢7(C) such that for N > No(C) every form (a,b)
with b/a € [1/2,C + 2] covers I alone at cost T < 3 + 07\/amax{1, V/Nd(a,b)/(2L)} LN~/4;

in particular T(I) < 34 c7/D(I) LN~V/4,
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Proof. If d < 2L/v/N, the critical point p* lies within (C' + 2)%/2L of I, so every p € I is
within (1 + (C' + 2)%2)L of p*; on the relevant range ¢’ = 2aN/p® < 2a(C + 2)%/2/V/N,
so g(p) — g(p*) < X := a(C + 2)%%(1 4+ (C + 2)3*)2L?/\/N on I, and the window of 1 +
| X' | consecutive integers from [g(p*)] has candidate set containing [g(p*),g(p*) + 1+ | X]) D
g(I); the cost is at most 24/1+ [X| +1 < 3+ 2VX. If d > 2L/v/N, g is monotone on
I with |¢'| = alb/a — &(p)| < ald + no) < ad(l + C3?), so g(I) has length at most X :=
ad(1 + C3?)L, the window of 1 + |X| integers from [minsg] covers I, and the cost is at

most 3 4+ 2V X = 3+ 21/2(1 + C3/2)y/av/Nd/(2L) LN~V Take ¢7 := max{2(C + 2)3/4(1 +

(C +2)%/2),2\/2(1 + C3/2)}; the minimising form of Definition 13.12 has b/a € [1/2,C + 2] for
N > Ny(C), as noted after the definition. O

Lemma 13.14 (the Farey family). There are co,cs3,cq,ce depending on C such that for N >
No(C) and cgNY6 < L < N3/8, every I is covered by a family of at most coPy forms with
Yw < 03P3, hence with T < ¢4 Py = ¢, L3> N~1/10,

Theorem 13.15 (the cost of an interval below N3/8). Fiz C > 1. There are cg, cg, c19,c6 > 0
depending only on C and No(C) such that for N > No(C), N6 < L < N3/8 and every
interval I C Jo of length L,

cs(1+min{\/D(I) LN~V4 B}) < T(I) < eo(1+min{y/DI) LNV, Py}),

where Py = L¥°N—Y10 45 above and T(I) is the least M1 cost of a family covering I; for L >
N4 the additive 1 is absorbed, LN~/ being at least 1, and T(I) <c min{/D(I) LN~'/4 Py}.
The two branches meet at D(I) = Dy := N3/0L=%/5 and the centres po with ®(I) < Dy form
a set of measure at most c1gN3/°L3/5. Consequently: every interval has T) > cgLN~1/4
(the first branch of Theorem 13.2 without its logarithm) and T(I) < c4Py; an interval con-
taining the critical point \/aN/b of a form with a < K has ©(I) < K, one within L of it
has D(I) < 202K, and in either case T(I) < 3 + ¢;V2C3/2K LN~Y*; and all but a frac-
tion Oc(NY1OL=3/5) of the centres have T(I) =<¢c Py, a fraction which tends to zero when
L/Nl/6 — 00, in particular for L = N* with any fized X\ > 1/6.

Proof of Lemma 13.14. Let R := |Q| > @Q/2 and let F consist of the reduced fractions b/a
with a < R in [£1, &2 together with the largest such fraction below & and the smallest above
&5, Consecutive members of F are consecutive among the reduced fractions of denominator
at most R on the real line — the Farey sequence of order R, extended beyond [0, 1] by integer
translation — so by the mediant property their denominators satisfy a +a’ > R+ 1 and their gap
is 1/(aa’); with amyin := min(a, a’) the gap is at most 4/(aminR) < 8/(amin@) (if amin < R/2 then
aa’ > aminR/2, otherwise aa’ > R?/4 > apminR/4). Assign each gap to its endpoint of smaller
denominator. Under £ — p = 1/ N/ the gaps between the critical points of consecutive members
partition I into pieces, each assigned to a form f = (a,b) € F and of p-length at most G, :=
4(C +1)%2y/N/(aQ); every member receives at most two pieces, and the two exterior members
(critical points outside I') at most one each. For an interior member the assigned pieces lie within
rf:=min(2G,, L) of p}, and as in Lemma 13.13 the window of Wy := 14 |3a(C + 1)3/2r?/\/ﬁj
integers from (gf(p;‘cﬂ covers them; for an exterior member at distance 6y < G, from I whose
piece has length {f < min(G,, L), g5 is monotone on I with g} < 3a(C+ 1)3/2(6; +£4)/VN on
the assigned piece, and the window of Wy := 1+ [3a(C+1)%/2(5;+£;)¢;/v/N| integers from the
least integer above the minimum of gy on the piece covers it (an exterior member receiving no
piece gets Wy := 1). The family covers I. Its size is P < noR%+3 < 2C3/2Py+3 by Lemma 13.11.
For Xy : interior members with a > Dy := 4(C' +1)3/2/N /(LQ) have G, < L and contribute at
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most 14 12a(C +1)%2G2%/v/N = 1+192(C +1)%%y/N/(aQ?) each, and by Lemma 13.11 (with
D = Dy and at most n9R? + 1 fractions) their harmonic sum is at most 1/Do + 2R + 2/Mo;
since (VN/Q?) /Dy = L/(4(C +1)*2Q) < P2, (VN/Q*)mR < 2C3?L)Q = 2C%?P¢ and
(\/]V/QQ)\/% < V/203/419/10 N —3/20 < PO2 for L > ¢gN/6, their total is < P + POZ. Interior
members with a < D contribute at most 1 + 12a(C + 1)¥/2L?/v/N each and number at most
noD3 + 1, so their total is at most their number, which is at most P, plus <¢ L?(noD3 +
D2)/V'N <¢ Py + PZ, using L*ngD3/VN <¢c VN/Q? = Py and L?Dy/V/N <¢ L/Q = PE.
The two exterior members contribute at most 1 + 6a(C + 1)3/2G, min(Gy, L)/v/N each, which
is <c 1+ P2 if G, < L then a > Dy and aG2/V/N < 16(C +1)>V/N/(D2Q?) = 4(C +1)%/2 P2,
and otherwise aG,L/vVN = 4(C + 1)3/2L/Q = 4(C 4+ 1)3/2PZ. Since P <¢ Py, choosing cg so
that Py > 1 gives Xy < 03P02 and T < P+ 23w + 1 < a4 P. O

Proof of Theorem 13.15. The upper bound is Lemma 13.13 or Lemma 13.14, whichever is smaller:
T(I) < min{3 + ezvVD LN~Y4 ¢4 Py} < max{3,cr,cs}(1 + min{vV/DLN~/4 Py}). For the
lower bound, since every family has T > 2, it suffices to show T' > cmin{vDLN /% P}
with some ¢ = ¢(C) < 2, for then T > max{2,cmin} > (¢/2)(1 + min). Put ® := D(I),
p = 2L/VN, n = o+ 2p < ¢,L/VN with ¢, := 20%? + 4, and take ¢ > (4c,)%/
in addition to the requirements of Lemma 13.14, so that nD? < anl/loL*3/5 < 1/4 for
L > ¢gN'/6. By the definition of the depth, a form with d > p has ad > (2L/vVN)D
and a form with d < p has a > 9®; primitive reduction preserves d and replaces a by a
divisor, and the definition takes the minimum over all forms, so both statements hold for
the reduced forms. Let a reduced family of P forms cover I. Far forms (d > p) cover
at most S w;/(a;d;) < LV N/(2L®). If this is at least L/2 then %, > L?>®/v/N and
T > V25, > V2VD LN~Y4 which is at least ﬂmin{@LN*1/4,Po}. Otherwise the near
forms (d < p) cover at least L/2, so L/2 < 2N'4\/S, H with H := 3" 1/a; (Lemma 3.1 and
Cauchy-Schwarz), i.e. ¥, > L?/(164/NH). The near forms have distinct ratios in an interval
of length 1 and denominators at least ®, so listing them as a; < ag < ---, Lemma 13.11 gives

ap > max{®,+/(k—1)/n}: the terms with \/(k —1)/n < ® number at most n®? + 1 and
contribute at most 1/ each, and the rest contribute at most ), \/n/(k — 1) < 2y/nP, so

H < n®+ % +2,/nP.

Case ® < Dy. Then n® < nD?/® < 1/(4D). If P < 1/(16nD?) then 2\/nP < 1/(2D),
so H < 7/(4D), ¥, > DL*/(28V/N) and T > 2%, > VD LN~'/4/y/14. Otherwise T >
P > 1/(169D?) > 1/(16nD3}) > Py/(16¢c,) > VD LN~Y4/(16¢,), using n < ¢,L/v/N and
VOLN /4 < \/[TlLN_l/4 = Py. In this case the minimum in the theorem is \/33LN‘1/4,
and the bound is proved. Case ® > D;. Now the minimum is Fy. One of the three terms
bounding H is at least H/3. If it is 1/®, then ¥,, > DL2/(48V/N) > D;L%/(48V/N) = P2 /48
and T > Py/+/24. If it is 2y/nP, then either P > Py, and T > Py, or P < Py and %, >
L2/(96VN\By) > L32N=Y4/(96\/c,Py) = B2/(96\/cy), so T > V2Py/(V96cy/ ). 1f it
is 7D, then, using ® < 2(v/N/(2L))'/?, £, > L?/(48V/Nn®) > V2L32N~Y*/(96¢,) and
T> 23/4L3/4N_1/8/\/% > 23/4P0/\/%, since L34N-1/8 > P, for L > N'/6. This proves
the lower bound with ¢ the least of the constants displayed and cg := ¢/2.

Consequences. ©(I) > 1 gives the universal floor, and Lemma 13.14 the universal upper
bound. If the critical point of (a,b) lies in I then d(a,b) = 0 and D(I) < a; if it lies within
p-distance L of I, then, as |¢(p)| < 3C%?2/V/N on [\/N/C — L,/N] for N large, d(a,b) <
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3C3/2L/\V/N, so VNd/(2L) < 3C3/2/2 and ©(I) < 2C3/2a; Lemma 13.13 applied to that form
gives the cost bound.

Measure. If ®(I) < Dy, some form with a < D; has amax{1,v/Nd/(2L)} < Dj, hence
d < 2LD;1/(av/N), and b/a € [1/2,C + 2] because 2LD; /N = 2N~/5L1/5 < 1/2 for N large.
For a fixed such fraction the condition places its critical point within p-distance (C'+2)3/2LD; /a
of I, i.e. pp in an interval of length at most L 4 2(C' + 2)3/2LD; /a; there are at most (C + 2)a
fractions per denominator, so the centres with (/) < D; have measure at most »_,_p, (C' +
2)a(L + 2(C 4 2)3/2LD1 /a) < 3(C +2)%2LD? = 3(C + 2)%2N3/5L=3/5 which is ¢;oN3/5L=3/°
and, relative to |Jo| < v/N, a fraction O¢(NY/10L=3/5), O

Corollary 13.16 (an in-model algorithm for every interval). Fiz C > 1. Given N = pq with
p € Jo, N > No(C), and an interval I C Jo with O(log N)-bit rational endpoints containing p, of
length L with csN'/% < L < |Jc|, N is factored deterministically in Oc(L3/°N=1/10)(1og N)O()
bit operations by a family of cells lying inside the covering model.

Proof. For L > N3/8 this is Corollary 13.8. Otherwise take the Farey family of Lemma 13.14,
enumerated in O(P + log N) operations — the fractions of order R in [£1,&2] by the mediant
recursion from the two exterior neighbours, which the continued fractions of the endpoints
supply — with its windows of consecutive integers, and run Harvey’s Algorithm 4.2 restricted to
it as in Lemma 13.5, which admits arbitrary consecutive windows. The family covers every real
p € I in the sense of Definition 2.1; for the prime divisor p the integer aq + bp of the covering
form lies within distance less than 1 of a tested integer, hence equals it, which is the hypothesis
of the lemma. With m := max{1, |Py]} the giant count G < P + Xy /m is Oc(F), and the
element of order > m comes from Theorem 13.7 at cost O(v/Pp)(log N)°W. O

The construction was checked on balanced semiprimes of 40, 50 and 60 bits: for twelve
random centres in Jo at each of A\ = 0.26,0.30,0.34,0.375, the family of the reduced fractions
of order Q' := round((N/L)/%) in [£1,&] and their two neighbours was built with the gap
assignment of Lemma 13.14, each member receiving, in place of the lemma’s bound Wy, the
least window of consecutive integers whose conservative covered set {p : gf(p}) < gr(p) <
gy (p;i) + W — 1} contains its assigned pieces; the coverage of I was verified from these windows

(in double precision, with a slack of 107?L at the joints), and the cost proxy P + 2v/Zy — an
upper bound for the optimised M1 cost up to an additive 1 — was found between 1.1 and 4.7 times
Py in every one of the 144 cases, with no trend in the size; on the interval [v/N —3L/2,v/N —L/2],
of depth 1, the single form (1,1) covers at 3.0-4.2 times LN /4 while the Farey family costs
from 5.5 to 380 there. At these sizes the hypotheses N > Ny(C) and L > CGN1/6 are not met
with the constants of the proofs; the checks concern the two constructions and their coverage,
not the theorem’s constants or its lower bound.

What the theorem does and does not say. The exponent curve min{\ —1/4,3X\/5 —1/10} of
Theorem 13.2 is the least in-model cost over the intervals of a given length — a floor valid for every
interval — and, because Coppersmith subdivision works for every interval, also the deterministic
upper bound; it is not the typical in-model cost. For fixed A € [1/4,3/8) the classification says
that the least cost over positions is O¢ (N A-1/ 4), attained exactly by the intervals of bounded
depth, while the typical, and hence the largest, in-model cost is O¢(N3*5-1/10); at X\ = 3/8
the two coincide for every interval. In the model a known leading bit of p is therefore worth a
factor 23/5 at every A € [1/4,1/2] for a typical interval, not only above 3/8. Nothing here is a
lower bound for algorithms outside the model.
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14. ARITHMETIC THINNING AND THE RESIDUE LANDSCAPE

Thinned families — forms carrying windows whose candidate sets satisfy the coverage condition
(3), each testing the intersection of its window with a union of residue classes modulo a common
modulus q — were defined in Part 1 (Definition 2.2), where Lemma 2.3 shows that thinning by
the classes compatible with N is worth only a factor N°(!) when q is at most half the shortest
window, Lemma 2.4 handles the 2-adic part of Hittmeir’s modulus, and Theorem 2.8 prices the
enumerated-hypothesis thinning of Harvey and Hittmeir [32] at (¢(q)/q)%/®. Here the floors for
thinned families are stated in the localised form, and thinning then acts at full strength with
genuine side information — the residue of p modulo M — which gives the partial-information
landscape a second axis.

Proposition 14.1 (floors for thinned families). A thinned family of density 0, with q at most
half the shortest window, whose windows satisfy (3) on Jo, has Sy > (Bcc/4)¥3NY3, T >
(Bcc)?P N5 in M1 and T > 2(0cc /4) /3NY6 in M2. If the windows satisfy (3) on an interval
I as in Theorem 13.2, then in M1

12 minf(ggs) PN (e ) B
2

Proof. Lemma 3.2 applied to the windows gives Y5 > cc\/N/\/TD, SO ZW > cc\/N/(Q\/TD)
and Yy > OcovV/N/(4V/P); with Sy > P (Definition 2.2) this gives 2%2 > OccvV/N/4. In
M1, every ceiling is at least one, so T > P, and T? > 4%y > OccVN/VP > OccvV/N/VT,
whence T%/2 > fcc/N; in M2, T > 2y/Sy. Under localisation, the proof of Theorem 13.2
applied to the windows gives in the first near sub-case Ygv/P > L¥2N~1/4/(906C) and in the
logarithmic sub-case ¥g > L2N~1/2/(128C log, N), while the far case gives ¥g > L?/v/CN;
with g < 255 < 48y/6 < T%/6 and P < T these are T2 > §L3/2N~1/1/(906C), T% >
OL>N—1/2/(128Clog, N) and T? > 0L?/\/CN, the last stronger than the second. O

Proposition 14.2 (a residue-class variant of Harvey’s search). Let N = pq with p € Jo and
N > No(C), and let pg = p (mod M) be given with ged(po, M) =1 and 1 < M < N'/7. Then
N s factored deterministically in N5t M=2/5 bit operations. If moreover p is known to lie
in an interval I of length L with N3/$MY* < L < |Jg| and M < (L3P N—1105/7 the cost is
N L35 N—YION=2/5 The construction adapts Harvey’s Algorithms 4.1 and 4.2 [31].

Proof. Since ¢ = Npg ! (mod M), the true value aq + bp of every cell is congruent to wg, =
aNpa1 + bpo (mod M), which the algorithm can compute. With ¢, = [2VabN| and V[N/ab =
[V/N/(4rv/ab)] the standard window, let ju, € {0,..., M — 1} be = wep — cqp (mod M) and
Ky =1+ L(Wab — 1 = Jap)/ M| if jap < Wab, else 0; the retained integers are cqp + jup + Mt,
0<t< Ky < Wab/M + 1, and the true u = ¢4 + y of the covering cell, having y = jg, is
among them. Writing t = i + m/k with 0 < ¢ < m/, the babies are 3%, 3 := o™, and the giants
N +b=cab—jab g=m'k: gince a*Ntb = @@+t (mod p) (from o = «), the collision % = giant
(mod p) occurs at the true (i,k), as in Harvey’s Step (2). Steps (1), (3) and (4) run with g
in place of o and the labels (a,b, k) attached to the giants: Step (1) certifies ord,(8) > m’ or
factors IV, Step (3) removes the exact matches modulo N and decodes them by Lemma 3.1,
and Step (4) is Algorithm 4.1 on the remaining giants; this is the adaptation of Lemma 13.5 to
windows reindexed as arithmetic progressions. The order hypothesis ordy (8) > m’ follows from
ordy(a) > Mm/, as ordy(8) = ordy(«)/ ged(ordy (), M), and Theorem 13.7 supplies it with
D = Mm' at cost O(v/Mm/)(log N)°(1). The search costs m' +O0(P)+0 (X /(Mm')) with P =
O(rlogr) and Y3 = O(N'/2r=1/21og 1) for the standard family (X n<rd(n)/v/n ~ 2¢/rlogr);
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with 7 = m/ = [N'/5M~2/5] all three terms are N'/5+e(MA=2/5 and v/ Mm/ = NV/10M3/10 <
NY/5M—2/5 at the power-law level exactly when M < N'/7. In the localised case use F(I,r):
with P <¢ Lr/v/'N + /r and Y5 <o L/Vr+ VN log(6Cr)/r, the choice r = [(N/(LM))?/°]
and m/ =< AgM~2/5 Ag := L3/ N—Y10_ balances P against Y5/ (Mm') at AgM~2/5; the terms
V7 and VN log(6Cr)/(rMm/') are both (N/(LM))Y/> up to the logarithm and are dominated

when L > N3/8)M1/4 the selection cost vV Mm' is dominated when M < Ag/ 7, and r lies in the
range [16C2, N'/3 /4] of Lemma 13.4 for N large. O

An implementation of the search, with Step (4) realised as a product tree and multipoint
evaluation modulo N, was run on six 40-bit balanced semiprimes from a seeded generator for
the five values M = 1,4,16,64,256, the residue p mod M supplied, with r = m’ the nearest
integer to NY/°M~2/5 (between 227 and 247 at M = 1, between 25 and 27 at M = 256) and the
element of large order supplied by the procedure of Section 16, which factored none of the moduli
itself. All thirty runs factored their modulus, 17 through an exact match modulo N decoded
by Harvey’s Lemma 3.1 and 13 through a collision modulo one prime. The work reported is an
object count — babies plus giants plus cells, excluding the order selection and the arithmetic of
the product tree, the multipoint evaluation, the sorting and the gcds — and its mean over the six
moduli was 2966, 1550, 802, 409, 209, i.e. ratios 0.52,0.27,0.14, 0.07 to the unthinned run against
M~2/5 = 0.57,0.33,0.19,0.11. The case M = 1 is Harvey’s algorithm itself; the measurement
checks the implementation, not the asymptotics, and the moduli and per-run counts are archived
with the paper.

Corollary 14.3 (the two-axis landscape). Let p € Jo be known to lie in an interval I =
[A,A+ L), L = N* 1/4 < X\ < 1/2, and modulo M = N*, u > 0; put u := 1/2 — \.
Compute ged(M, N); if it is proper, N is factored. Otherwise let s be the first integer of I
congruent to pg modulo M, so that p = s + Mx with 0 < © < L/M; multiplying s + Mx by
M~Ymod N (which exists since gcd(M, N) = 1) gives the monic polynomial x + M ~'s, which
has the root  modulo the unknown divisor p >c NY2, and the Howgrave-Graham—Coppersmith
theorem, [17, 42] recovers it in polynomial time when L/M = Oc(NY*), i.e. when A — pu < 1/4.
Otherwise subdividing the range of x into pieces of length NY/* costs NA~H=1/4t0(1) " and in the
range of Proposition 14.2 the deterministic cost is at most

NO(I) min{N)‘_”_l/4, L3/5N_1/10M—2/5}.

The second term is smaller exactly when 8u + 12 < 1. That region lies inside the range
of Proposition 14.2: it implies 8u + 2u < 1, i.e. L > N38MY4: 1 < 1/12 < 1/7; and p <
(1-3u)/7, i.e. M < (L3P N=Y105/7 " In that range the second term is, up to logarithmic factors,
the M1 floor of Proposition 14.1 for thinned families of density 1/M (the residue restriction keeps
one class per window, and M is below half the shortest window in the algorithm’s range). Along
the residue azis (u=0) the curve is min{1/5 —2u/5, 1/4 — p}, with crossover at = 1/12. In
the cell model a known trailing bit of p is thus worth a factor 22/5 and a known leading bit 23/°,
whereas in the Coppersmith-subdivision branch either bit is worth a factor 2; polynomial-time
recovery begins once %logz N + O¢(1) suitable contiguous bits are known, about half of the bits
of a balanced factor. Which method is better depends on the shape of the information, not only
on 1ts amount.

Remark 14.4 (lattices inside cells). If a cell (a,b) at radius r covers p, Lemma 13.3 gives |p —
VaN/b| <c vV N/(by/r), so a univariate Coppersmith call becomes available when by/r >¢
N4 and for smaller b the cell’s interval must first be divided into O(N'/*/(b+/r)) Coppersmith-
sized pieces. With at most 3¢b+ 1 localised cells of denominator b, £ <¢ L/v/N, the exhaustive
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implementation costs Oc (Lr/v/N ++/r+L/r+NY4%=1/21og(24 N'*/\/r)), which for L > N3/3
is minimised at the power-law level by » < N 14 where it is OC(LN -1/ 4) — Coppersmith
subdivision again. For the bivariate equation (cgp +x)2 —y? = 4abN of ashell cell ab < r < N 1/3
one has XY = N/r? and height W < N/r, and the degree-two case of Coppersmith’s bivariate
integer theorem [17], XY < W3, would require r > N2/, outside the range in which the
height estimate holds and where the cell count already exceeds Lehman’s. These two per-cell
lattice implementations reproduce the LN~/4 branch rather than improving it; this is not a
lower bound against every use of lattices inside or across cells, and whether any algorithm beats
A—1/4 below A = 3/8 is open — the known-bits methods [17, 42, 36] do not — (inside the model,
Theorem 13.15 shows that typical intervals cost the larger 3)\/5 — 1/10).

15. RELATED WORK, AND WHAT IS NOT FORMAL SUBSTITUTION

Coppersmith’s method [17], in Howgrave-Graham’s formulation [42], factors N in polynomial
time once one factor is known to within an interval of length O¢(N'/4), and with a residue
p=po (mod M) once L/M = Oc(N'/*). Factoring with partial information about the factors
begins with Rivest and Shamir [72], who factor N in polynomial time given two-thirds of the
bits of p, and Maurer [57], who factors in polynomial time given an oracle answering e log N
arbitrary yes/no questions; Coppersmith’s method reduced the contiguous prefix to half the bits;
Herrmann and May [36] factor heuristically in polynomial time from a fraction In2 ~ 0.70 of
the bits of p in arbitrary positions; and the partial-key-exposure line [7, 35] recovers the private
key from a fraction of its bits — a random 27% of the bits of p, ¢, d, d, and d, for a small
public exponent in [35]. All of these are polynomial-time results past a threshold of known
bits. Below that threshold we have found only subdivision into Coppersmith-sized pieces, of
cost NA—#=1/4+0(1) Hittmeir’s Strassen-type search on a residue class [39, Theorem 3.1], of cost
N1/4 /v/M, and the elementary baseline, Pollard-Strassen’s product-tree divisibility test over the
interval [69, 78], of cost O(LY?) = N*/2+°(1) ' which subdivision dominates throughout A < 1/2
(as A\/2 > X —1/4) and the localised search dominates at every A (as A/2 > 3)\/5 —1/10); none
of the three depends on Harvey’s cell structure. We have not found a published deterministic
bound that depends on the interval length L between LN /4 and N'/®, nor a residue-class
bound of the shape NY/5M~¢; the known-bits and partial-key-exposure literature cited above
gives polynomial-time results past a threshold and nothing below it. An unrefereed note of
Carella [13] states bounds for moduli whose two factors both lie in prescribed congruence classes
with small offsets; we have not verified its arguments, and it does not cover the statements here.
Harvey’s own covering lemma [31, Lemma 3.3] is local in the sense that it approximates p?/N
by a ratio a/b, but his algorithm sweeps every cell with ab < r at a single radius r < N /5 and
its complexity is a function of N alone. The element of large order is not ours: for every bound
it is supplied by Theorem 13.7 [33], after [27] and [67]; Section 16 gives the balanced-semiprime
proof because its recovery step is reused.

What in the present results is more than running Harvey’s search on a shorter range. Four
steps. (i) The proximity lemma (Lemma 13.3): a cell of the standard family that covers p
has |a/b — p/q| < 2/(b\/T), so the cells that matter for an interval I are those whose ratio lies
within 2/(by/r) of the ratio interval R(I), a set of <¢ Lr/v/N 4 /r cells rather than rlogr
(Lemma 13.4); this is what makes the radius r a free parameter again, and its re-optimisation
to r =< (N/L)?/® is where the exponent 3\/5 — 1/10 comes from. (i) The list-restricted form
of Harvey’s correctness proof (Lemma 13.5): the cell family enters that proof only through the
covering lemma, so any explicitly enumerated list containing a covering cell can replace the full
family; the residue-class variant (Proposition 14.2) is the same observation for windows reindexed
as arithmetic progressions, its content being that the order hypothesis passes to § = a™ and that
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the balance of the three costs moves r and m’ to N'/5M~2/5. (iii) On the floor side, the near/far
split in the proof of Theorem 13.2 — a form is stationary inside I only if its ratio is within £ of
R(I), and the near forms number < ¢4* +2F at denominator scale 2¥ — is what raises the floor’s
exponent from 4\/5 — 1/5, the bound that substituting the shorter set into Lemma 3.2 gives
(Proposition 13.1), to the min{A —1/4,3X/5—1/10} that the algorithms achieve. The matching
of upper and lower exponents is the content of Corollary 13.9: inside the covering model for
A > 3/8, and for A < 3/8 only through Coppersmith’s method, which lies outside the model
and is what makes the curve’s first branch attainable. (iv) Below 3/8 the Diophantine analysis
of Section 13.4 — the depth of an interval, the Farey-fraction family, the localised covering sum
with its near/far split at the scale of the depth, and the measure estimate for the centres of small
depth — shows that the curve of least costs is not the typical in-model cost: the cost of covering
an interval is determined by the position of N/ p(Q) relative to the fractions of small denominator,
which no function of A alone can express, and the typical exponent is 3A/5 — 1/10 throughout.

16. APPENDIX TO PART 2: ORDER-ELEMENT SELECTION FOR BALANCED SEMIPRIMES

Hittmeir’s Algorithm 6.2 [39], with a bound D on the order (his ), tries a = 2, 3, .. ., computes
ordy(«) by baby-step giant-step when it is at most the bound, tests the prime divisors of the
order by gcds, accumulates the least common multiple L of the orders of the candidates on which
every ged is trivial (for such a the orders modulo p and ¢ coincide, so L | p—1 and L | ¢ — 1),
skips candidates with a” = 1, and recovers the factors from p = 1 (mod L) once L > D3
by a Strassen-type search of cost N 1/4 / VL. In his proof, the root bound modulo the smallest
prime factor shows that at most L consecutive candidates can be skipped while the current lem
is L < D3, which controls the preliminary work by D/3t°(1). the hypothesis D > N?/5 is
used in the recovery estimate N1/4/\E < NVAD—1/6 < DI1/24 For N = pq with p € Jo both
estimates can be replaced.

Proposition 16.1 (order-element selection for every bound; balanced semiprimes). Fiz C' > 1.
There are No(C) and a deterministic algorithm which, given N = pq with p € Jo, N > Ny,
and 1 < D < N, returns a factor of N or an element o € (Z/NZ)* with ordy(a) > D, in
O(D"Y?(log N)°WM) bit operations. The algorithm adapts the lem-accumulation mechanism of
Hittmeir’s Algorithm 6.2: it works under the balanced-semiprime hypothesis, searches directly
for the exact order up to D, uses the threshold NY/3 for the accumulated lem, and replaces the
Strassen-type recovery by the identity N — 1 = (k + 1)L + kIL?.

Proof. Set L := 1 and, for « = 2,3,...: (a) put g := ged(a, N); if 1 < g < N return g, and
if g = N pass to the next candidate; (a’) if o = 1 (mod N), pass to the next candidate; (b)
by baby-step giant-step with h = [v/D] babies o, 0 < i < h, and giants o/", 1 < j < [D/h],
either certify ordy(a) > D and return «, or obtain a relation exponent M = jh — i < h? with
aM = 1; factor M by trial division and strip its prime factors by modular powering to obtain the
exact order F, returning « if E > D; (c) for every prime 7 | E compute g, := ged(a®/" — 1, N)
and return g, if it is proper; (d) set L := lem(L, E), and if L > N3 put X := (N — 1)/L,
s:=XmodL, P:= (X —s)/L, A :=5>—4P, and return 1+ L(s F vVA)/2.

Correctness. In (c) no g, equals N, since E is the exact order; if all are 1, then by [39, Lemma
2.3] ordp(a) = ordg(a) = E, s0o E | p—1and E | ¢ — 1, and inductively L | p—1, L | ¢ — 1.
Write p =1+ kL, ¢ = 1+ 1L; then X = (k + () + klL is an integer, and k +1 < (p+q)/L <
(1+VC)WN/L<(1++C)NYS < L once L > NY3 and N/ >14+/C;sok+1=s,kl=P,
and (d) returns p and gq.

Termination and cost. A candidate reaching (d) has E { L (otherwise o = 1 and it was
skipped), so (d) at least doubles L; as L < N/3 before every non-terminating execution of (d),
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at most [logy N'/3]+1 candidates execute (d), and at most one more reaches (b) and terminates
there or in (c). Each costs O(v/D)(log N)?(): the scan, the trial division of M < D+ 2v/D +1,
and w(FE) geds. Suppose, for contradiction, that every integer 2 < a < y, y := (log N)?, is
processed without termination, and let L, be the value of L afterwards. Then L, < N /3
because an update producing L > N3 invokes the recovery; L, | p—1; and every processed
candidate lies modulo p in H := {z € F} : 2!v = 1} (a skipped one satisfies a*c = 1 with
L¢ | Ly; one executing (d) has E | L), a subgroup with exactly L, elements. Every y-smooth
integer in [1,p — 1] is a product of the processed primes < y, and distinct such integers give
distinct residues modulo p; hence ¥(p — 1,y) < L, < N/3. Put u := |log(p — 1)/logy]; for N
large u < 7w(y), and the products of u distinct primes < y are distinct y-smooth integers below
p,so¥(p—1,y) > (”S”)) > (m(y)/u)*. Since w(y) > y/logy for y > 17 and ulogy < log(p — 1),
7(y)/u > (log N)*/log(p — 1) > (log N)3, while u > log(p — 1)/(41loglog N) — 1; therefore

3/4 3/8
(p—1)¥ . /
(log N)3 (log N)
for N > Ny(C), a contradiction (alternatively, ¥(z, (logz)*) = x3/4te() [80, Ch. IIL5]). So

the procedure terminates within (log N )4 candidates, the skipped ones costing a gcd and one
modular exponentiation each. ]

U(p—1,y) > (log N)* > - > N3

The constant C' enters only through Ny(C). The statement is a special case of Theorem
13.7, which holds for every N > 3 with the sharper cost O(D'/?log Dlog N/(loglog D)'/?); for
D > N?/5 it was already Hittmeir’s Theorem 6.3. The observation that drives the termination
argument — every y-smooth integer below p lies in the subgroup {z*v = 1} of F), so U(p—1,y) <
L, — is also the key observation of [33], where the lower bound for ¥ is Konyagin-Pomerance’s;
what differs is the second stage: theirs is a trial division along the progression kM + 1 over
a range of length (log D)O(l)M , valid for every IV, whereas the proof above uses the balanced
hypothesis to recover p and g from N —1 = (k + 1)L + kIL? as soon as L > N3 A Burgess-
type argument — the failing candidates lie in a proper subgroup of F; — gives the weaker bound

N1/ @BVe)+e DL/2 for the same loop without the recovery step; the counting argument is both
simpler and stronger.

Computational verification. On 60 random 36- and 44-bit moduli with D = | N'/¢] the first
candidate o = 2 is accepted; on 22 moduli N = pq built from two prime factors of 2¢ — 1
with ord,(2) = ord,(2) = d the candidate 2 fails, as it must, and 3 is accepted or factors IV;
and on 40 constructed moduli p = 1+ 4Lg, ¢ = 1 + 12Ly with Ly = 1 (mod 3) prime and 2
a cubic residue modulo ¢ — so that p,q = 5 (mod 8) make 2 a non-residue modulo both and
ordy(2) = ord,(2) = 4Lg exactly, checked directly — run with D = N > 4Ly, the candidate 2
fails and, as 4Ly > N/3, the recovery step returns p and ¢g. The moduli and traces of these runs
are archived with the paper.

For an explicitly represented baby set the relevant condition is pairwise distinctness of the
babies modulo each prime, and it too can be supplied at a cost subordinate to the search.

Lemma 16.2 (order selection for an explicit baby set). Let N = pq with p € Jo, N > No(C),
and let B C Z be an explicitly given set of integers of O(log N) bits, nonempty, with spread
S:=maxB —minB < N. A deterministic algorithm returns either a proper factor of N or
a unit o whose residues o, b € B, are pairwise distinct modulo p and modulo q, in O((|B] +
V'S)(log NYOM) bit operations.

Proof. If | B| = 1 the condition is vacuous and the first unit candidate is returned; so let |B| > 2,
whence S > 1, and replace B by B — min B C [0, S], which multiplies every baby by the same
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unit and preserves distinctness. Set L := 1 and for a = 2,3,...: (a) as in Proposition 16.1,
return a proper ged(a, N) and skip a with of = 1; (b) with Fp(Y) := [[,c5(Y — o) compute
g5 = ged([], F(a®),N). Since [], Fy(a®) = :l:]_[{byb,}(ab — )2, gg = 1 exactly when the
babies are distinct modulo both primes (return «), gp is proper when they coincide modulo
exactly one (return it), and gg = N when they coincide modulo each, possibly at different
pairs; the product is computed division-free in 0(|B\) ring operations by a product tree for Fg,
formal differentiation and monic multipoint evaluation of Fy at the a’. (c) If gg = N, both
ord, () and ord,(a) divide differences of elements of B, hence are at most S. With H := [/S]
form the babies af, 0 < i < H, and the giants o/, 1 < j < [S/H]; the differences jH — i
cover [1,S]. Sort both lists. An exact equality o’ = o/ in Z/NZ gives a relation exponent
jH —i < S+ H, from which the exact order E = ordy(«) follows by trial division and modular
powering. For every prime ¢ | E compute g; := ged(a?/f — 1, N); since E is the exact order
no g; equals N, so any gy > 1 is a proper factor, and if all gy = 1 then [39, Lemma 2.3] gives
ord,(a) = ordy(a) = F; in the latter case set L := lem(L, E) and, if L > N'/3, recover p and
q from N —1 = (k+ 1)L + kIL? as in Proposition 16.1. If there is no exact equality, then
ordy(a) > S > H, since an order d < S would be some jH —i; as both component orders are at
most S they differ, so e := min(ord, a, ordy &) < S has ged(a® — 1, N) proper, i.e. the pair with
jH —i = e collides modulo exactly one prime, and Harvey’s Algorithm 4.1, whose preconditions
(ordy(a) > H, no exact equalities) are met, finds a factor in O(v/S) operations. Termination
and cost are as in Proposition 16.1: a candidate reaching the lem update has E 1 L, so O(log N)
candidates do; every processed candidate lies modulo p in {z : v = 1} with L, < N 1/3 50 the
smooth-number count bounds the candidates by (log N)?; skipped candidates cost a ged and an
exponentiation, the others O(|B| + v/S). O

Part 3. The additive structure of the Lehman—Harvey start set

Summary. Harvey’s deterministic factoring algorithm tests, for each cell (a,b) with ab < r, a window
of integers beginning at the start [2v/abN] — aN — b, and Part 1 shows that, within a covering model
containing that algorithm, a lower-bound certificate for representing the tested set as a difference B — G
of two explicit sets is governed by one statistic of the starts: the largest number Dy, .y of ordered pairs
of windows whose start difference lies within a window length of a common value. This part studies that
statistic. For the a = 1 shell the starts form a linear point system in v = 2v/N; its exact repeated speeds
are classified and its transient coincidence mechanisms are analysed. In the transfer range r < N'/5¢
the statistic is modulus-free and lies between c¢r!/3 and 2.172/3; in the planar regime N'/% < < N1/3
offset resonance produces clusters of size < N'/12 at r = N'/3, where 6N?/9 bounds the whole shell.
For the balanced restriction the half-offset families force the statistic up to order rN—1/4
retaining the constructed cells — unconditionally for the primitive family — which rules out a bounded
statistic there and leaves an envelope conjecture with conditional exponents 5/28 and 2/11. Exact-start
censuses of the resonant families to 96 bits, and exhaustive sweeps at the sizes marked exact, are reported,
and the open envelope problem — the exponent of Dy,.x between the proved 2/3 and the conjectured 1/4
— is stated precisely. Conditional and heuristic statements are marked, and none is a lower bound on the
cost of factoring.

in every family

17. INTRODUCTION

Let N = pq be a balanced semiprime and let » > 1. Lehman’s method [49] and Harvey’s
exponent-one-fifth algorithm [31, 32] test, for cells (a, b) of positive integers with ab < r, whether
an integer close to 2vablN equals aq 4+ bp; Harvey organises the test as a babystep—giantstep
collision in the exponent, so that each cell contributes a window of consecutive integers beginning
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at the start [2v/abN] — aN — b. Part 1 formalises the class of such algorithms as a covering
model, proves the floors N'/5 (materialised giants) and N'/6 (free giants) inside it, and reduces
the question whether the second floor is attainable, within the explicit-difference representation
model and subject to the order and decoding conditions of Proposition 4.1, to a combinatorial
one: can the set of tested integers be written as a difference B —G of two explicit sets of total size
N1/6+0(1)? Tts Lemma 4.3 answers that a small representation forces approximate coincidences
among the starts, measured by the statistic Dpyax, and its Theorem 4.4 converts an envelope
Dimax < 7 into the floor N(A=m/(5=41)  The rest of this part is about that statistic — what the
starts’ coincidences are, how large the clusters provably are, how large they can provably be,
and what remains open — and, in one section, about the covers that a direct search finds.

The starts of the a = 1 shell are the rounded chirp [2VEN], k € (r/2,r], and their pairwise
differences move linearly in u = 2v/N with speeds vk — v/k’. The additive structure is therefore
that of the square roots of the integers of a dyadic range, seen at a resolution far below their
mean spacing, together with the integer offsets k& — &k’ that the modulus introduces. Section
18 fixes the notation of this part. Section 19 examines the balanced restriction a < b < Ca:
the rays, the equal-product pairs, the excision to one cell per product, the half-offset families
that survive it, and the conditional exponents 5/28 and 2/11. Section 20 treats the a = 1
shell in the transfer range r < NY57¢ where the statistic is modulus-free: the classification
of exact repeated speeds, Beatty chains, near-chains, two-progression families, the symmetric
family with its sharp constant, and the envelope 7r/3 for every drift-free family. Section 21
treats the planar regime N 1/5 < p < NY3: the cap, offset resonance and the theorems that
make it rigorous, the planar two-progression envelope, the unconditional upper bounds 6N2/?
and 2.172/3, and the additive energy. Section 22 states the conjectures and the refined-prime
programme, and Section 23 reports the computations. Section 24 lists what is proved, what is
conjectured and what is open.

This part depends on Part 1 through the covering-sum lemma (Lemma 3.2), the two floors
(Theorems 3.4 and 3.6), the explicit-difference representation model with Lemma 4.3 and Theo-
rem 4.4; the standard results of analytic number theory that are used are cited where they occur.
Throughout, w(n) is the number of distinct prime factors of n, d(n) the number of divisors, 7(x)
the number of primes up to z, ||z|| the distance from z to the nearest integer, v, the p-adic
valuation, log the natural logarithm, and “bits” the bit length |logy N | + 1 of a modulus.

18. SETTING AND NOTATION

The model, the standard family with its windows Wy, := [V/N/(4rVab)], the shifted tested
exponents n — aN — b and the starts [2v/abN| — alN — b are those of Definition 2.1 and Section

4.1. Harvey’s algorithm materialises babies o, 0 < i < m, and giants a®N b~ [2VabN] —Jm and a
collision between a baby and a giant modulo p detects the shifted tested exponent z = start +
jm+i as the difference i — of the element i of B := [0, m)NZ and the element v := —(start+jm)
of G := {—(start + jm)}; we call this pair (B, G) Harvey’s block representation. In the explicit-
difference representation model an algorithm materialises two explicit sets B, G C Z with the
set Z of shifted tested exponents contained in B — G at cost |B| + |G|; since Z C B — G
gives |B| |G| > |Z|, a representation of a set of pairwise distinct shifted tested exponents costs
at least 2/ > 2(co/2)Y3N'Y6 (Theorem 3.6), and when the exponents are not distinct
Yw is to be replaced by the number of distinct ones, which is how the hypothesis appears
in Proposition 19.5. The standard family has pairwise disjoint windows for » < N'/3 and N
large, so its tested exponents are distinct. Harvey’s algorithm attains the first floor; whether any
representation attains the second is the question that the statistic Dyax of Lemma 4.3 addresses.
The statements about Dy« below are combinatorial and need no covering hypothesis.
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For a family F of windows I = [sr, s+ W )NZ we write, as in Lemma 4.3, Dyax(F, W) for the
approximate-Sidon statistic; for a family of cells, Dyax (-, W) denotes the statistic of their starts,
each start regarded as the first element of a window of the stated width; with W = 1 it is the
statistic of the singleton starts, the largest number of ordered pairs of distinct cells with the same
nonzero start difference. We also write D(h) := #{(I,I') € F?: 1 # I, |s; — sp — h| < W} for
the count at a given difference h, so that Dy = maxpo D(h). Harvey’s block representation
(B an interval of length m, G the negated window starts minus multiples of m) satisfies Lemma
4.3 with room; the bound bites when a representation uses fewer giants than windows, which
forces approximate coincidences among the starts.

For the cells (1, %) write sp = [2/kN] — N — k for the first tested exponent, Fi(r) = {(1,k) :
r/2 < k < r} for the full a = 1 shell, F(r) for its squarefree members, F¥ (r) for its prime
members, and, for the standard family at parameter R, Wr(N; p) := max,/o<i<) [V N/(4RVE)]
for Lemma 4.3’s window on the shell at p; we abbreviate W (N, p) := W, (N; p) = [Wreal(p)(1 +
O(1/p))], with Wyeai(p) := VN/(2v/2p/?) as in Theorem 4.4, and write W for W(N,r) and
Wieal for Wiea(r) when r is fixed.

19. THE DIFFERENCE-COVER STATISTIC AND THE BALANCED RESTRICTION

The balanced-cell restriction for Jo. Theorem 4.4 concerns the standard family, whose a = 1
shell covers the unbalanced range p < /N/k. A search required to cover only Jo need not
retain that shell. We therefore examine the natural balanced-cell restriction

Frai(r) :={(a,b) :a <b< Ca, ab<r}.

Lemma 4.3 applies to every disjoint sub-family of its candidate set, but its whole-family statistic
contains a ray contribution absent from the a = 1 shell.

Lemma 19.1 (rays). Assume N > 4. Let Fpa(r) be the balanced family at parameter r. Then,
for W > 2,

V-1
TR

Proof. Put M := |\/r]. The diagonal cells (m,m), 1 < m < M, are balanced and belong to the
family because m? < r. With the sign convention of Theorem 4.4, their starts are

sm=[2mVN] —m(N +1) = [mf] —m(N +1),  0:=2VN;

equivalently, after negating all starts, 5, := m(N+1)—[m#] = |m(v/N—1)?], and simultaneous
negation does not change Dy .y, since it sends the parameter t to —¢. For every real z, write
x=mn—fwithn = [z] and 0 < f < 1; then [z + 6] — [z] = [0 — f] € {|0],]0]}. Thus
Sma1 — Sm € {|0] — (N +1),[0] — (N + 1)}, two integers differing by at most 1. Put ¢ :=
[0] — (N + 1); since N > 4, both possible increments are nonzero. For each 1 < m < M the
ordered pair (I,1') = ((m + 1,m + 1), (m,m)) satisfies |s; — sy — t| <1 < W; these are M — 1
distinct ordered pairs of distinct windows, proving the first assertion. For W = 1 the condition
|s; — sp —t| < 1 is exact equality; one of the at most two increment values occurs at least
(M —1)/2 times, and that nonzero value may be used as ¢. 0

Dmax(fbal(r>7 W) 2 I_\/;J - 17 and Dmax(fbal(r)v 1) Z

More generally every ray m(ag, by) is a Beatty sequence of starts [m-2v/apbgN | —m(agN +bp)
with two-valued increments, and the diagonal is the longest. The balanced family therefore has
Dinax > +/r, the value of a generic difference set B — G with |B| = |G| < /r, so the small-Dy,,«
condition that makes Lemma 4.3 stronger than the counting floor is unavailable for the whole
balanced family: the Sidon branch of the certificate furnished by Lemma 4.3 for it is at most
2(n'2 /(AW /r))/3 =< NY6/W1/3 at = N'/3 no more than the free-giant floor M2 and, with
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the family’s own maximal window W =< N6 (the cells with ab = O(1)), less than the trivial
bound 2v/n/.

Removing the rays is not enough: the twist [2v/abN] depends on the product ab alone, so
two divisor pairs of the same product have starts differing by an integer with no rounding at all.

Lemma 19.2 (equal products). Let h < k be coprime integers with k < Ch, let m > 1, and put
Ao = max{[hm/(k—h)], [km/(Ch—k)]|}. For every integer A with \g < XA < y/r/(hk)—m the
cells (RA, k(A +m)) and (h(A+ m), kX) belong to Fnal(r), have the same product hkA(X + m),
and their starts differ by exactly m(hN — k). For (k,h,m) = (3,2,6) and C = 2 (the displayed
bound remains valid for every C' > 2) both cells are primitive exactly when X is odd and 3 1 A;
hence

Dmax(f}?;im(r)a 1) > %( \Y T/6 - 24) -1,
where fé’;im(r) denotes the primitive (gcd(a,b) = 1) balanced cells.

Proof. For the first cell, a < b holds since h < k, and b < Ca is k(A + m) < Ch), ie.
A > km/(Ch — k); for the second, a < bis h(A\+m) < kA, i.e. A\>hm/(k—h), and b < Ca is
kX < Ch(\ + m), true since k < Ch. Both products equal hkA(A +m) < hk(A +m)? < r. The
twists agree, and with the cells ordered as above,

Sh)\,k()\er) — Sh()\er),k)\ = (h()\ + m) — h)\)N + (]{ZA — k(A =+ m)) = m(hN — k),

so all these ordered pairs contribute to the same signed difference ¢ = m(hN — k) in Lemma
4.3. For (3,2,6): a prime dividing 2\ and 3(A + 6) is 2 (forcing A even), 3 (forcing 3 | A) or a
prime ¢ > 5 dividing A and A + 6, hence 6, impossible; the same for 2(\ + 6) and 3\. So both
cells are primitive iff A is odd and 3 t A, a set of density 1/3, and A\g = 18 for C' = 2. The A
in [18,4/7/6 — 6] with A odd and 3 { A number at least (1/r/6 —24)/3 — 1, and each gives an
ordered pair of primitive cells with the same start difference. O

The census of Section 23.6 confirms that this construction is the maximiser of the primitive
family from 44 bits on: the maximal exact cluster has ¢ = 12N —18 and sizes 13, 15; 19,19; 25,25
at 44, 46, 48 bits. For the corresponding radii 22524, 25327; 38227, 36007; 56099, 54374 the dis-
played lower bound gives the integers 12, 13; 18,17; 24, 23; counting the admissible A exactly in
the lemma’s sufficient interval gives 13,13; 19,18; 24,24, and using the exact product condition
6A(A +6) < r gives 13,15; 19,19; 25,25, exactly the measured cluster sizes (at < 42 bits the
family is still short and a different structure, described below, is maximal). Thus the primitive
balanced family also sits at Dyax = +/7, and Lemma 4.3 applied to it gives nothing above N1/6.

Both structures are excised by keeping one cell per product: let Funiq(r) consist of, for each
n < r with a primitive balanced divisor pair, the pair with the smallest a. Then #Fniq(r) >
r1=0): indeed #FP5™ (1) = (3log C /2 +0(1)) r, while a product n < r has at most 2(*) = ro(1)
ordered coprime divisor pairs (the census finds between 0.196r and 0.2107, the former at the
largest sample). A cover of Z covers the singleton starts of Funiq(r), so Lemma 4.3 applies to
them with W = 1. The census gives, for two moduli at each even size from 30 through 46 bits
and one modulus at 48 bits (r from 958 to 56 099),

Drax(Funiq(1), 1) = 3,4; 4,5; 5,6; 6,6; 5,5; 7,6; 7,6; 7,7; 9,6; 9,

while /7 grows from 31 to 237 and /3 from 9.9 to 38. At every sampled size a maximising
cluster is realised by pairs of consecutive cells (a,b), (a,b — 1) on the line 20 = 3a + 1 (the
unique maximiser at thirteen of the nineteen moduli, one of several at the other six); with
Cap = [2VabN'] its signed difference is exactly t = sqp — Sqp—1 = Cap — Cap—1 — 1, of order
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V/N. The mechanism is explicit: on that line b+ (b—1) = 3a and b(b — 1) = (9a® — 1) /4, so the
increment of the twist is

2VN f ~ /2
2V N (Vab — v/a(b— 1)) = A= (+m2+0( M),
so that t = \/2N/3 (1 4 1/(72a%) + O(a™%)) — 1 + O(l), stationary to second order along the
family. The a~? correction has derivative of order v/ N / a3, so the natural scale on which one
rounded increment can remain coherent is Aa =< a3/v/N; at a =< /r and 7 = N3 this scale
is bounded, and in the largest samples of the census the maximising clusters contain about
nine cells. Writing h = 21/, the general half-offset line is hb = ka + h/2, with increment

Nh/k (1 + h%/(32k%a?) + O(a™?)); the derivative of the correction gives a unit-drift interval
Aa = k5263 /(h®/?\/N), which at a =< \/rh/k, 7 = N3, and after the congruence spacing h
of the admissible a, is of order k/h? cells, largest at (k,h) = (3,2) for C = 2. This identifies
the local coherence scale of one mechanism; it does not classify all exact coincidences or exclude
pile-ups from several families. The same calculation shows that the statistic of the primitive
balanced family is not bounded, and that of the unique-product family is not bounded whenever
the constructed cells are its representatives. The coherence scale Aa < a®/ V/N was computed
for the shortest such families; a family whose line direction (k,d) grows with N trades length
for coherence, and the trade-off is won at a direction of size N1/12.

Lemma 19.3 (half-offset families). Let m = 1 (mod 4), m > 5, and put k := (m + 1)/2,
d:=m-—1,a:=(m-1)/4, :=(m—23)/2, so that kf —da = —1 and k(f+2) —d(a+1) = 1.
For X > 1 the cells Py := (kXA + a,d\ + () and P§ := (kA + o+ 1,d\ + 5 + 2) are primitive,
satisfy a < b < 2a, and have products

R b _ kB +da
Akd’ kd T T 2%kd

pairwise distinct over X\ and interlaced (ny < n’ < nxy1). Their twist increment is

2\/Nm 1
VN (/s — vin) = ( T 8GOt s) T 0), < g (kzd)4)\4

Consequently, for N suﬁiciently large and ATNY* < r < N'/3, every family of cells containing
the Py, P} with Amax/2 < A < Amax, where m is the least positive integer congruent to 1 (mod 4)
with m? > 11\/N/7“ and Amax the largest X with n, < r, has Dypax(-,1) > rN*1/4/15 —1. In
particular, when the balance constant satisfies C' > 2, this holds for Fﬁgm(r), and it holds
for Funiq(r) provided that both cells in each counted pair are selected as the unique-product
representatives (a census of the half-offset directions at 42 and 48 bits finds this for 87-100%
of the pairs of the directions it tabulates, and for 97-100% when m > 9; it is not proved). At
r = |[NY3] it gives Dmax > NY12/15 — 1 — O(N~Y4), hence Dpax > NY12/15 — 2 for all
sufficiently large N.

Proof. Put K := kd = (m? —1)/2. Since m = 1 (mod 4), k = (m + 1)/2 is odd, and every
common divisor of k and d = m — 1 divides 2k — d = 2; thus ged(k,d) = 1. Direct calculation
gives kS —da = [(m+1)(m—3)—(m )]/4——1andk‘(ﬁ+2) dla+1)=—-14+2k—d=1.
A common divisor of the coordinates of Py therefore divides k(dA + ) — d(kA + a) = —1, and
the corresponding determinant for P; equals 1; hence both cells are primitive. For P\ = (a,b),
b—a=(d—k)A+(B—a) = 23N+ 25 >0, and for P} this difference is larger by 1; moreover
2a — b= (2k —d)\ + (2a — B) =2\ —|— 1> 0, and addmg (1,2) leaves 2a — b unchanged Thus
both cells satisfy a < b < 2a.

ny = kd (A +s)*— ny =kd(\+5)%— € (0,3), =5t

kd’
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Now kB +da = (m? —2m —1)/2, s0 s = (m* —2m —1)/(2(m* —1)) € (0, 1), and completing
the square, ny = K(\ +5)? — (k8 — da)?/(4K) = K(A + s)? — 1/(4K). For the shifted cell
s —s=02k+d)/2K) =m/K =2m/(m? —1),s0 8 = (m*+2m —1)/(2(m? — 1)), 0 < s <
3 < s’ <1, and the determinant k(3 +2) —d(a+1) = 1 gives ny = K(A+ )2 —1/(4K). Since
0<s —s<1,ny<n) <nyi, so all the displayed products are distinct.

For the twist increment put z:=A+s,y:=A+s,:=y—a2=m/K and 4 :=1/(4K?), so
that \/ny = VEKV22 — A. With Q(z) := V22 — A — z + A/(22) one has the identity

VA=AV A=+ 0w - o),

2zy
hence /) — /iy = (m/VK)(1+1/(8K2zy) +0)) with 0, := (Q(y) — Q(z)) /. For u = A/z?%,
Q(z) =1 —u)"Y2—1—u/2; here K > 12 and z > A > 1, so u < 1/576, and the nonnegative
binomial series gives 0 < Q'(z) < (2 + u/(1 — u))u? < 2u®. The mean-value theorem yields
0 <6\ < 2A42/A' =1/(40K*A\*), and multiplication by 2v/N proves the displayed formula.
For the count, note that the least positive m = 1 (mod 4) with m? > 11v/N/r satisfies
m < (11V/N/r)Y/? 4+ 4. Since r > 4TN'/4,

20m _ 20 11/2+ 80 _ 20 11/2
V2or = rN-VA oy — AT

so m < /2r/20 for all sufficiently large N. Because K < m?/2 and s’ < 1, the inequality
A+s" < +/2r/m implies n’, < r; hence, with Ag := V21 /m > 20, Apax > |Ag—5'| > Ag—2 > 18,
S0 Amax > 19 and A2, > (Ag — 2)? > 0.84%2 = 1.6 7/m>.

Over the integer range Amax/2 < A < Apax the correction 1/((A+s)(A+s')) varies by at most
3/A2 .y after scaling by Amax, the difference 1/((3+a)(5+b)) —1/((1+a)(1+b)) is decreasing
in each of a,b > 0 and is at most 3. The ) terms contribute o(K 2\ 2,), uniformly in the
stated range. Thus the twist increment varies by at most

+o0(1) < 1,

m m3
PN e (1 0(1) < 22 Y (1 o) = (1 4 o1))
VN 293 _

293 — < — <027
< rm2 — 11 ’

using K = (m?—1)/2, the fact that the selected m tends to infinity with N, and m? > 11v/N /r.

For real z,y the integer [y]| — [z] is the floor or the ceiling of y — x. Since the real in-
crements above lie in an interval of length less than 1, the rounded increments [2,/n\N] —
[2/n N take at most three values over the range, and so do the start differences s P, — 5P, =
([2y/n\N] = [24/n\N]) — N — 2; these are nonzero for N large, the rounded increment be-
ing O(\/N ). The range contains at least Apax/2 integers, so one nonzero start difference
occurs at least §(v2r/(2m) — 1) times. Finally m < (11vVN/r)Y? + 4 and r < N'/3 give
V2r/(2m) > rN~Y4(1 — 0(1))/+/22, and 1/(3+/22) > 1/15, whence the bound. O

At 7 = |N'/3| the direction selected in Lemma 19.3 has m =< NY12 and A\pax =< N2,
and the resulting family alone has a cluster of size =< N'/12. By contrast the fixed direction
(2,3) with shift (0,—1) has unit-scale drift at r = N'/3 and contributes only O(1) cells to
one rounded increment. The numerical scale N'/12 = 30 corresponds to moduli of about 59
bits, beyond the 48-bit census; this is a scale comparison, not a proved crossover for the full
statistic. At 48 bits the directions m = 13,17,21,25 have 25,19,15,12 cells and maximal
clusters 4,6,6,06; these are illustrative directions rather than the m selected by the lemma,
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which is about 53 at that size, and their top halves span at most V + 3 rounded values with
V = 2.88,1.64,1.09,1.01 the increment’s variation (they span 4, 3,2, 2), as the formula predicts.
The C = 2 balanced restriction therefore exhibits the N/12 stationary scale of Theorem 21.2 by
a different mechanism, and the appropriate conjecture is an envelope, not a bounded-statistic
conjecture.

Conjecture 19.4 (envelope of the unique-product statistic). For every C > 1 and ¢ > 0
there is 1o = ro(C,€) such that, for all sufficiently large N and all integers ro < r < N1/3,
Dimax (Funiq(r), 1) < N°max{1, 7N~} where Funiq(r) is formed from the balanced family with
the displayed balance constant C'.

By Lemma 19.3 the envelope is attained up to constants for r > 47N 1/4 whenever the half-
offset cells are representatives. The corresponding Lemma-4.3 values of the singleton starts at
r= LNl/?’j are 30, 28; 37, 34; 48,44; 57,58; 82,81; 102,102; 142,142; 179,194; 233,257; 300 at
30-48 bits, against N1/¢ = 31, 39, 50, 60, 76, 98, 125, 150, 196, 237 and N'/> = 62, 82, 111,
136, 182, 245, 330, 409, 562, 707, and the energy form gives 30, 32; 40, 39; 55, 52; 66, 68; 93, 91;
128, 120; 166, 161; 209, 226; 296, 286; 381.

Proposition 19.5 (conditional floor for controlled-size families testing the balanced starts).
Assume Conjecture 19.4. Let A be an oblivious Lehman-cell family covering Jo, and let Z be
the multiset of its shifted tested exponents n —alN — b, n ranging over the tested integers of the
form (a,b). Suppose that, for some integer r < N'/3: (1) for every (a,b) € Fpal(r) the standard
shifted start zqp = [2vabN| — aN — b belongs to supp(Z); (2) the number P(A) of forms
of A satisfies P(A) <c rlog(2r); (3) |supp(Z)| > N=°WXy,. Then every explicit difference
representation supp(Z) C B — G satisfies |B| + |G| >¢ N°/2=°M) " Condition (3) holds in
particular when the shifted tested exponents are pairwise distinct. The proposition applies to the
standard Lehman—Harvey family at every parameter for which it covers Jo, and to the standard
balanced restriction whenever that restriction is used as an oblivious covering family of Jo.

Proof. If r < N?/7, Lemma 3.2, Sy > %,,/2 and (2) give Sy >¢ vV N/+/rlog(2r) > N%/14-e(),
by (3), |B||G| > |supp(Z)| > N=°W%y, so |B| + |G| > 2/|B]|G| >¢ N‘:’/28 o(1), Assume
now r > N?/7. By (1) the standard starts of Funiq(r) lie in supp(Z), and they are distinct for
N large: cells with different a have starts differing by N — Oc(v/7N) > 0, and for the same a
and b = b+ h > b, using b,b’ < Ca,

Zab — Zap = [2VaV/N| — [2VabN| — h > @ —1-h>h(/N/C-1)—1>0.
’ ’ VU + Vb
Since r > N%/7 > N4 the conjecture gives D := Dinax(Funiq(1),1) < NeWyrN—1/4 and
"= #Funiq(r) > 7M. Lemma 4.3 applied to these disjoint singleton windows yields |B| +
|G| > min{n’/2,2(n'2/(4D))'/3}; the second term is > N—°Mp1/3NV/12 the first is larger in
this range, and r1/3N1/12 > N2/2141/12 — N5/28 For the standard family P = O(rlog(2r)) and
for the balanced restriction P = O¢(r); their shifted standard windows are pairwise disjoint for
N large, so (3) holds for both, and (1) holds by construction. O

Three remarks. First, the exponent 5/28 = 0.178... lies between the free-giant floor 1/6 and
the 2/11 that a bounded exact statistic would have given: with a bounded statistic the two
scales are N1/4r=1/4 and r2/3, balancing at r = N3/ to give N2/11; under the second branch
of Conjecture 19.4, motivated for C' > 2 by Lemma 19.3, the second scale becomes N1/12p1/3,
balancing at r = N2/7 to give N*/2%. Second, Lemma 4.3 must here be applied to the singleton
starts with W = 1: at the family’s own window length the half-offset families cohere — the
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census measures Dmax(Funiq(r), W) = 14,24, 34,52 at W = 8,13, 20, 32, namely 0.42-0.48 times
/7 = 80 Dpax is of the same scale as W and the W13 gain that produces the exponent 1 /5
in Theorem 4.4’s n = 0 case is unavailable. Third, the proposition offers a route to a floor for
the standard family resting on a different hypothesis from the envelope conjectures (S”) and
(P’): an exact-statistic envelope for the unique-product sub-family, with an explicit half-offset
mechanism that attains the proposed scale in every family containing the constructed cells —
for Funiq itself this attainment is conditional on those cells being selected as representatives —
rather than a tolerance-statistic envelope for the shell. The two conjectural routes give 5/28
and 2/11 respectively, neither upper envelope is proved, the remark on the provable envelopes
applies to both, and Theorem 4.4 remains unconditional only in its stated dependence on the
actual statistic.

Ezxcision and the thinned statistic. Lemma 4.3 may be applied to the singleton starts of any
sub-family of the tested set. Thus a useful dense-subfamily statistic is, for #Funiq(r) > 2,

Db(r; €) 1= min{DmaX(f', 1) : F' C Funig(r), #F > maX{Q, [(1—¢) #]:uniq(rﬂ}}v

the balance constant C' being suppressed from the notation. This statistic records the best exact-
difference statistic obtainable while retaining a prescribed positive proportion of the singleton
starts; the fully optimised Lemma-4.3 certificate also depends on the retained cardinality.

A possible sparse-excision heuristic is as follows. Put K := kd. A family in direction (k,d)
has O¢(y/7/K) admissible cells, so a family capable of contributing M pairs must have K =
Oc/(r/M?). Summing O¢(y/r/K) over the primitive balanced directions k < d < Ck, K <
r/M?, gives Oc(r/M) incidences if one charges only O¢(1) relevant shifts per direction. For
an integer shift (k',d’) of the direction (k,d) write X := kd' + dk’ and Y := kd' — dk’. For a
fixed A = Y/2 the window condition is A?|X| < 4K /M, while the two congruences place X in
a prescribed lattice class; a generic lattice-density calculation predicts about 16/M admissible
shifts per direction after summing over A, with exceptional small representatives and boundary
classes requiring separate treatment. Thus, under the additional heuristic assumptions that
# Funiq(r) =c r and that overlaps do not change the scale, the coarse count suggests an O¢(1/M)
deleted fraction. This is a heuristic upper-scale calculation, not a proved asymptotic or a proved
lower bound.

The excision census starts from the primitive balanced family and keeps, for each represented
product, its smallest-a cell. For each threshold M it scans coprime directions k < d < Ck,
kd < 4r/M?. For an integer shift (k’,d’), with X and Y as above, it requires X and Y to be
even and nonzero, X +Y = 0 (mod 2k), X —Y = 0 (mod 2d), and 4kd/((Y/2)?|X|) > M.
It then scans the affine lines (a,b) = (kX + a,dX + () over the integer solutions («, /) of
kS — da = —Y/2 (one representative modulo translation by (k,d)), and marks both (a,b) and
(a+ k' ,b+d") whenever both cells are positive, satisfy a < b < Ca, and have product at most 7.
The partner need not itself be primitive or belong to Funiq(r). The residual set is obtained by
deleting from Fypniq(r) every endpoint marked in this way. (The census works with the negated
starts alN + b — [2v/abN|; simultaneous negation leaves the exact statistic unchanged.)

At 42 and 48 bits the removed counts for M = 3,4,6,8 are respectively 3064, 2933, 1943,
1164 of 3149 and 10839, 10447, 7111, 4496 of 11009, namely 97.3%, 93.1%, 61.7%, 37.0% and
98.5%, 94.9%, 64.6%, 40.8%. The residual exact statistics are 3,3,5,5 at both sizes. These are
the statistics of the four particular residual sets produced by the scan, not computed values of
the minimum D°. For M = 8 the residual sets retain 1985 of 3149 and 6513 of 11009 cells, and
therefore give the finite-sample bounds D°(15728; %) < 5 and D"(56099; %) < 5. The deletion
fractions decrease on a rough 1/M scale, but “~ 3/M” is not a quantitative fit: 3/M predicts
100%, 75%, 50%, 37.5%, substantially underestimating the observed fractions at M = 4 and
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M = 6. At the 48-bit point the residual maximisers for M = 3,4 are the three same-line pairs
(146 + 7,291 + 25) — (147 4+ 7,293 4+ 2j), 0 < j < 2, whose shift has Y = 0 and is therefore
excluded by the scan; for M = 6,8 the five pairs are (187 + 37,249 + 45) — (188 + 35,251 + 4j),
0 < j < 4, the direction (3,4) with shift (1,2) and predicted window 4-3-4/(1%2-10) = 4.8. The
42-bit residual maximisers at M = 6,8 are carried by other pairs. The census records only one
maximising difference and its pairs at each threshold; it does not enumerate or classify every
cluster of Funiq(r).

Conjecture 19.6 (thinned statistic). For every C' > 1 and every fized € € (0,1) there is
ro = 10(C,€) such that, for every § > 0, there is Ny = No(C,¢,0) for which D’(r;¢) < N° for
every N > Ny and every integer ro < r < N/3.

Corollary 19.7. Assume Conjecture 19.6. Let A, Z, r, B and G satisfy hypotheses (1)—(3)
and the explicit-difference-representation hypothesis of Proposition 19.5. Then |B| + |G| >¢
N2/11=o() " Thus the conclusion of Proposition 19.5 holds with 2/11 in place of 5/28.

Proof. Suppose first that » < N3/11. By Lemma 3.2, hypothesis (2), and Sy > £,,/2, Sw >c¢
VN /\/rlog(2r) > N/?=3/22=0(1) — N4/11-0(1) " Hypothesis (3) and supp(Z) C B — G give
|B| |G| > |supp(Z)| > N=°Wxy, > N¥11=o() hence |B| + |G| > 24/|B||G| >¢ N?/M1—e),
Now suppose that r > N3/ Apply Conjecture 19.6 with ¢ = %, and choose F' C Funiq(r)
realising D (r; %) By hypothesis (1) the standard start of every cell of ' belongs to supp(Z);
these starts are pairwise distinct by the argument in the proof of Proposition 19.5; thus they
form n' := #F > %#Funiq(r) > r1=o(1) disjoint singleton windows contained in B — G. The
conjecture gives D’ (r; %) < No) = po(M) ip this range, and Lemma 4.3 with W = 1 yields
|B|+ |G| > min{n'/2,2(n?/(4D"(r; 1)))}/?}. The first term is at least 7' ~°(}) and the second at
least r2/3—°(); moreover D’ > 1, so for large N the second is the smaller branch. Consequently
|B| + |G| > 702/3—0(1) > N2/11—o(1)' O

The two conjectures control different aspects of the statistic, and neither formally implies
the other as stated. Conjecture 19.4 bounds the unthinned maximum, allowing it to grow as
large as N°WrN~1/4; Lemma 19.3 shows that this scale is attained up to constants whenever
the relevant half-offset cells are selected as the unique-product representatives. It yields the
exponent 5/28. Conjecture 19.6, by contrast, permits the deleted exceptional set to have a
much larger statistic, but asserts that for every fixed deletion allowance € > 0 one can retain at
least (1 — €)#Funiq(r) cells with residual statistic N°(). Tt yields the exponent 2/11.

A proof of Conjecture 19.6 would require at least two ingredients. First, a uniform incidence
bound for the cells of the actual representative set Funiq(r) that participate in high-window
half-offset configurations, including the exceptional congruence classes in which the prescribed
class of X modulo 2kd has an unusually small representative and including overlaps between
different families; the heuristic target is an O¢(r/M) bound for the cells deleted at threshold
M. What is provable cheaply falls short of it: for a direction (k,d) the admissible X is = Y¢é
(mod 2kd) with ¢ = —1 (mod 2k), ¢ = 1 (mod 2d), so a resonant shift is an even Y # 0 with
0< Y0 <8/(MY?), 0 :=¢/(2kd); by Legendre’s theorem such Y are multiples of convergent
denominators ¢; of 6 with g;41 > M¢q?/16, at most (16¢;+1/(Mq?))*/® of them each, whence
at most 5(32kd/M)'/3 4 8/M + 1 resonant shifts per direction and O(r*/3/M?) deleted cells
in all — o(r) only for M > r!/6  which through Lemma 4.3 gives an exponent below 5/28.
The heuristic average 16/M per direction would follow from equidistribution of the inverses
d mod k in windows of length 16k /(MY ?), which the Weil bound for Kloosterman sums cannot
see once Y > (k/M)'/*. Second, an inverse or residual estimate proving that, after this deletion,
every exact cluster has size N°(1); such an estimate must cover low-predicted-window half-offset
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families, the same-line Y = 0 configurations omitted by the scan, pile-ups of several families,
and clusters not carried by a single half-offset family. The 42- and 48-bit census records only one
residual maximising difference for each of four thresholds; it illustrates the proposed excision
but does not enumerate all clusters and gives no evidence that non-half-offset residual clusters
are absent.

Returning to Theorem 4.4: the exponent of its uniform-shell consequence is 1/5 at n = 0,
2/11 at n = 1/3 and the floor 1/6 at = 1/2. The sub-family to which Lemma 4.3 is applied is a
free choice: thinning by a factor f costs f2/2 in the Sidon branch, so a polylogarithmic thinning
costs N°D)_ and the exponent obtained is a supremum over admissible sub-families. The rest of
this part determines the envelopes 7 of the full, squarefree and prime shells.

20. THE ADDITIVE STRUCTURE OF THE WINDOW STARTS

20.1. A linear point system. For the cells (1,k), with u := 2¢/N and [2VEN]| = uvk + €4,
€k € [07 1)7

sk—sk/:uL—éJr(ek—skz), L::\/E*\/E, b=k —Fk.

The ordered pairs of the shell are points p;(u) = uL;—0; moving linearly in w, and Dyax(F1(r), W)
is the largest number of them inside an integer window |p — t| < W, ¢t # 0, at time u(N), up to
the ceiling perturbation.

Proposition 20.1 (speeds). Two distinct ordered pairs (k, k'), (K", k") of the shell with k > K/,
kK" > K" have the same speed if and only if there exist a squarefree integer j and integers
m,m’,s > 1 with k = jm?, k' = j(m — )2, k" = jm?, k" = j(m' — 5)? (the negative-speed
case follows by reversing both pairs). In particular the speeds of the squarefree shell are pairwise
distinct.

Proof. Write each k as jm? with j squarefree. The relation vk — VE — VE” + VK" = 0 is an
integer combination of square roots of squarefree integers, which are linearly independent over
Q, so the coefficients of equal radicals cancel; checking the possible pairings of the four radicals
leaves only the stated case. ([l

Equal speeds give persistent clusters (for every w or for none); distinct speeds give transient
ones, within 2 only for u in an interval of length < 4W/|L; — L;|. Write D(t;u) = #{i :
|uL; — 6; — t| < W} for the rounding-free count at the window centred at ¢. For w uniform on
an interval of length U,

. 2W AW /1 1 AW \/r _, ,
: < < <
E.D(t;u) < % mln(l, \Li]U) <7 k;k, h—w S U R(2+2lnR'),

using |L| > |k — k|/(24/7), with R’ the number of cells of the shell under consideration; for
N € [X,2X], v uniform on [2v/X,2v2X], W < vX/(2r3/?) + 1 and R’ < r/2 this is (2.42 +
0(1))(1 + Inr) uniformly in ¢. The statistic is therefore a maximum over < r? windows of a
quantity with logarithmic mean.

20.2. Beatty chains. For k = jm? the chirp [m - 2\/jN] is a Beatty sequence in m, so the
cells (1, jm?) and (1, j(m — 1)?) have start differences 2¢/7N — j(2m — 1) + O(1), decreasing by
2j 4+ O(1) per step. For j = 1 the shell contains Q = (1 —27/2),/r 4+ O(1) squares, whose Q — 1
consecutive differences have gaps in {1, 2, 3}; hence

Dax(F1(r),W) > min(Q — 1, [(2W —1)/3]).
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Since W > \/r exactly when r < N/, this layer alone forces Dyax > /7 there and neutralises
Lemma 4.3 on the full a = 1 shell down to the M2 floor; it is absent from the squarefree shell
(Proposition 20.1), which is why Theorem 4.4 is stated for F .

20.3. Near-chains. The speeds of the squarefree shell are distinct, but approximately equal
speeds occur along arithmetic families. For r < N 1/5 the offsets are a bounded fraction of a
window, and the statistic reduces, up to a window enlargement (Lemma 20.9), to the modulus-
free statistic
Dy(r) == max #{(k, k') : k # K squarefree in (r/2,7], |Vk — VK — 1| < 0p,},
TE
. Wieal _ 1
p’l“ N U 4\/§T3/2 9

and we write D*(r) := Dj(r).

Proposition 20.2 (e = 1 near-chains). Let j be odd and squarefree and 7; := +/j/2. The

(
odd M with M? = 1 (mod 8j) form 2¢0) residue classes modulo 2j; for M in one class put
kar = (M2 —1)/(85). Then (i) every kys is an integer; (i) consecutive members satisfy

Tentoar — ks L T3
Fat+2j oMM+ 2)) +O(M4)’

(i) a window of width 2p, on the chain contains M3 /(4r3/253/2) 4 O(1) consecutive links per
class, which is 2 at the bottom and 5.66 at the top of the shell; (iv) each class has (v/2—1)\/r/j+
O(1) members in the shell.

Proof. (i): (Mo+2jn)? — Mg = 4jn(Mo+jn) with n(Mo+jn) even. (ii): vky = (8§)/2(M
1/(2M)—...) and $(1/M—1/(M+25)) = j/(M(M+2j)). (iii) and (iv) follow from the decrease
~ 2j7‘j/M3 of the link speed per link and M? = ajr, a € (4,8], on the shell. O

The chains have Tj2 = j/2 ¢ Z, so 7; is never an exact repeated speed; they are the nearest
squarefree-compatible relatives of the Beatty chains, with 8jk + 1 a square instead of 8jk.
Conditional on a uniform positive squarefree-link density along the chains, which we do not
prove and do not need, their clusters grow like 2¢0) with j < /190, i.e. like r(n2-0(1))/Inlnr,

this would exclude a polylogarithmic envelope.

20.4. Two-progression families.

Proposition 20.3. For an ordered pair k < k' put d .= k' — k and s :=k+ K. (i) If (k, k') =
(P1(n), Py(n)) with P;(n) = an® +bn +¢;, a > 0, by # by, then s = Ad?> + Bd + C with
A=2a/(byg —b1)? >0 and B = [4a(c1 — ca) + b3 — b3]/(ba — b1)?; conversely any set of pairs on
a parabola s = Ad* + C is the family ((Ad* —d + C)/2,(Ad? +d + C)/2). Call the case B =0
drift-free. (ii) For a drift-free family, with Ay :=1/4 — AC,

1 A
Vi — f—fﬂf W(1+2A2iz2+0(d_4)>'

Proof. (i) is algebra. (ii): V& + vk = v2s (1 — d*/(8s%) + O(d*/s*)) with s = Ad® + C. O

2

The near-chains are the case A = 1/j5, C = (j° — 1)/(4j); the symmetric family below is

A=3j, C=0.
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Lemma 20.4 (integrality). Let F = {((Ad* —d + C)/2,(Ad?> +d + C)/2) : d = Dy (mod q)}
consist of pairs of integers, with q the least positive period of the set of admissible d. Then
a = Ag? and v := Cq? are integers with q | 2aDy, ¢* | D3 + v, and

Mt
g’ q°
Moreover (i) C =0 <= M = ¢* <= Ay=1/4; (ii) if C # 0 then a < q|¢* — M|/2; (iii) the
polynomials 2k+(m), d = Do + qm, have discriminant M, so a square M forces all but finitely
many members to be composite; infinitely many prime members require a non-square M, hence
C # 0, and since M = 3% (mod 8) for the integral linear coefficient B of 2k (its constant term
being even), M = 0,1,4 (mod 8) and |M| > 4; (iv) M = 0 is the Bealty case of Proposition
20.1.

Proof. With d = Do+ qm, k+(m) = $m?+ 3(2aDy/qF ¢)m+ 3(AD3 F Do+ C). A quadratic is
integer-valued iff twice its leading coefficient, the sum of its leading and linear coefficients and
its constant term are integers, which gives « € Z, 2aDy/q € Z, AD% + C € Z, hence v € Z and

q | aDO + 7; then 4ay = —(2aDp)? = 0 (mod ¢?). (i) is immediate. (ii): with g = ged(q, Do),
q = g¢, one finds 20 = ¢, v = ¢°y1, 271 = ¢'y2 and a1y2 = ¢ — M, so o < ¢'|¢* — M|/2.
(iii): the discriminant of 2kx(m) is ¢*> — 4aC' = M for both signs; a square discriminant makes
2k= factor over Q. (iv): Ay = 0 gives 4kk’ = (Ad® — 1/(4A))%. O

Ay = € 7.

To first order, a drift-free family on one class has at most 1 + v/20.A4/(q|A4|) members in a
window of half-width 6p, and (v/2 — 1)/r/A/q members in the shell; maximising over A gives
a potential 0.62 91/3]Ad\_1/3r1/3/q per class. Hence, per class, C' = 0 families are maximal at
g = 1 (the symmetric family), and families with C' # 0 and M # 0 — in particular every family
with infinitely many prime members — have first-order occupancy O(n|M|=3/7r?/7), where n
denotes the number of residue classes modulo ¢ on which the family is integral, the r2/7 law
(first order); the factor n makes multi-class families competitive at finite r (Section 20.5).

20.5. The symmetric family and Theorem Q'. For odd j and ¢ > 1 let fi(t) = (jt?%t)/2 =
t(jt £1)/2, the two integers at distance ¢/2 from (j/2)t?. Exactly

1
VIV \/ﬁ+ Vi- f( G O,

so the family has speed 1//27 with a t~2 drift; among one-class integral two-progression pairs in
the normal form at? + bt + c it has the largest per-class capacity (the smallest b|A|); multi-class
families with C' # 0 can have larger total clusters (Conjecture 20.12).

Lemma 20.5 (local conditions). For an odd prime p, p* | f+(t) iff p* | t or p* | jt ¥ 1; the set
By, of bad residues modulo p* is {0,451} for ptj and {0} for p|j. Modulo 8, By = {0,+j}.
Hence f_(t), f+(t) are both squarefree iff t ¢ By, for every prime p.

Proof. ged(t,jt £1) = 1; for p = 2 check the parities of t and use j2 =1 (mod 8). O

Lemma 20.6 (sieve). Let I be a set of L consecutive positive integers with max 1 = Ty, and
z > 3. Then

#{tel: f_(t), f+(t) squarefree} > kjL — % 4™(2) _ 1 (\/Ty) — 2r(/jTo + 1),
) 1 3 ) 3
K= §H(1—1?> H(1—?) > kg = §H<1—?> — 0.313717. ..

plj P25 p=>3
(equality at j = 1; k15 = 0.456316...).
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Proof. Let G be the set of t € I avoiding B, for all p < z, and let Eg be the set of those t € G
lying in B, for some p > z. Inclusion—exclusion over squarefree d composed of primes < z gives
|G| = L[I,<.(1 = [By|/mp) + 0" with [0/] < [[,<.(1+|By]) < 4™#) and the product is > #;.
For p > 2z > 3 odd, t € B, means p? | t (so p < /T3) or p? | jt F 1; for t € G the integer jt F 1
is nonzero (the only zero, (j,t) = (1,1), is excluded by Bs), so p < v/jT5 + 1 and the solutions
form one class modulo p?; summing L/p? + 1 over these primes with Zp> . p~? < 1/z gives the
bound on |Eg|. O

Lemma 20.7 (window fit). Let I;(r) == {t > 1 : r/2 < f_(t), f+(t) < r} with jr > 4,
and ¢ = 1/(jt). Bvery t € I;j(r) has \/7/j < t < \/2r]j, hence 1/(2jr) < €2 < 1/(jr),
and s(t) == /fy+ — \/f- satisfies 1 + €2/8 < s(t)y/2j < 1+ £2/8 + /8. The speeds of
all pairs of I;(r) lie in an interval of length at most (1 + 2/(jr))/(16v/253/%r), whose ratio
to a window of half-width 6p, is r'/2(1 + 2/(jr))/(805%/%); so all of them lie in one window
whenever §j > (1 +2/r)(80)~2/3r1/3. Moreover |I;(r)| = |B] — |A] > (V2 — 1)\/7/j — 3 with
A= (1++1+45r)/(2]), B=(=1+1+8jr)/(29).

Proof. For e < 1/2, V/1+e++1—¢ =2 —¢%/4 —n with 0 < 5 < £*/9 (the even binomial
coefficients @{nz), m > 1, are negative and decreasing in absolute value); the rest is arithmetic.

]
Theorem 20.8 (Q'). For every fized 6 € (0,1], as r — oo,
Dy(r) > (rko(V2 —1)(80)/% — o(1)) r'/3;

numerically D% (r) > (0.2598 — o(1))r'/3 and DT/Z(T) > (0.2062 — o(1))r'/3; with j restricted to

odd multiples of 15 the constant at 8 =1 is 0.378.

Proof. Let j be the smallest odd integer > (1 4 2/7)(80)~2/3r'/3 (or the smallest such odd
multiple of 15, in which case kg is replaced by k15 below). By Lemma 20.7 every pair of I;(r)
lies in one window of half-width 0p,, L = |I;(r)] = (V2 — 1)(80)/3r'/3(1 + O(r~—'/3)) and
Ty = V2(80)3r1/3(1 + O(r=1/3)), s0 j = Op(T3) and L =<y Ty. Lemma 20.6 with z = InTj has
error Op(L/In L), so the squarefree pairs in the window number > koL(1 — O(1/InL)). O

Lemma 20.9 (transfer). For fited e > 0 and 0 < 1 < @', there is No = Ny(0,0',¢) such that,
whenever r < N5~ gnd N > Ny,

Djj(r) < Drmax(Fy (r), W) < Dy (r),
and the same holds for every subset K C (r/2,r] of cells (1, k) with its own statistics.

Proof. The offsets (k — k") /u, the ceiling terms and the rounding of the real centre ur to an
integer move each point by at most r/u + 2/u = o(p,), since /W ~ 2¢/27%/%2 /\/N — 0. Thus
every set of speeds inside a real window of half-width 6p, gives a set of the same cardinality of
starts inside an integer window of half-width W, and conversely. This is a window-enlargement
inequality, not an additive O(1) statement. O

Corollary 20.10. For fited0 < o < 1/5—¢ and 7 = N®, Dyax(F7(r), W) > (0.20—0(1)) N/3.
In particular the envelopes Dpax < (log N)O(l) and Dpax < N gre false for the squarefree
a =1 shell, and Theorem 4.4 cannot give more than N2/11-o(1) through it.

The measured clusters of the symmetric family are Dgyp, /rl/ 3€10.347,0.391] for 2! < r <
232 at j ~ 0.2571/3 and squarefree density ~ 0.46 (Section 23). The constant is not a free
parameter: the mechanism has a sharp asymptotic constant, attained from below as the small-
prime content of the maximising j grows.
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Theorem 20.11 (Q”, the sharp constant of the symmetric mechanism). Let foo := 2 [[>3(1—
p~2) = 5/7% = 0.50661... and cg = (V2 — 1)(80)/3keo, so that ¢; = 0.4196... and Cip =
0.3331.... Let Dy, o(r) be the largest number of symmetric pairs (12 = t)/2, (jt* + 1)/2),
t € Ij(r), of squarefree cells of the shell whose speeds lie in one window of half-width Op,,
the mazimum being taken over the odd j and the window. Then (i) Dy(r) = D, 4(r) >
(cg —o(1)) r'/3; (i) D o(r) < (co+o0(1)) /3. Thus D o(r) = (co+0(1)) r1/3; the theorem
does not bound windows that collect pairs from several j-families at once.

Proof. (i) Run the proof of Theorem 20.8 with j the smallest odd multiple of P, := Hggpgy D,
y := [(logr)/10], that is > (1 + 2/r)(80)2/371/3. Since ¥(y) = > p<ylogp < 1.02y for y large,
Py < 10102 50 j = (80)"2/3r13(1 4+ O(r=02)) and L = |I;(r)| = (V2 — 1)(80)/3r'/3(1 + o(1))
as before. Every prime 3 < p < y divides j, so k; > %H3§p§y(l —p72) [Is,(1— 3p~2) >
Koo [ [psy 1132):22 > Kool — 2.1 Zp>yp_2) > Koo(l —2.1/y), and Lemma 20.6 with z = InT5
gives at least £;L(1 —O(1/1In L)) squarefree pairs in one window. (ii) Fix odd j with jr > 4 and
a window. Exactly, s(t) = v/2/(\/j + 1/t + +/j — 1/t), which is strictly decreasing in ¢, so the
members with speeds in the window are the consecutive ¢ € [t1,t2] N I;(r) for some t; < tp with
s(t1) — s(tz) < 20p,. By Lemma 20.7, s(t)y/2] = 1 +€2/8 + O(e*) with e = 1/(jt) < (jr)~V/2,
and the O(e?) terms contribute O(57°/2r2) to s(t1) — s(t2), which is o(8p,); hence t;2 — 1,2 <
A = 405°2r7312(1 4 0(1)), i.e. t1 > (52 +A)71/2. The function ®(t) :=t— (t72+ A)~/2 has
derivative 1 — (1 + At2)*3/2 > 0, so with By := \/2r/j > ta we get ta —t1 < Pa(t2) < PaA(By),
and since ABZ = x(1 4 o(1)) with z := 8653/ //r, the window contains at most

M < min{ 2/ (1— (1+2)"1%), (vV2-1) r/j}(1+o(1))+1

consecutive members. Let ;. be the finite local product over p < z. The inclusion—exclusion in

the proof of Lemma 20.6 gives, for any M consecutive ¢, at most ;.M + 47(2) values with both
members squarefree, and r; < ;. < k; [[ o, (1 —3p~2)71 = £,;(1+0(1/2)) uniformly in j. Put
j1 1= 4(v2 — 1)%¢,*r'/3. For j > j; the trivial bound M < (V2 — 1)y/r/j +2 < cor'/3/2 42
suffices. For j < j; we have M = Op(r'/?), and taking z := logr gives at most #;M + o(r!/?)
squarefree pairs uniformly in j, since 471°87) = o()  Writing j = (z/r/(86))*/3, \/2r/j =
V2(80)Y3x=13r1/3 . Let F(x) := o7 /3(1 — (1 4+ 2)~Y?) and G(z) := =7 '/3(1 — 271/2): Fis
increasing on 0 < z <1, G is decreasingon > 0, F(1) = G(1), FF < G for x < 1and F > G for
x > 1; hence min(F, G) is maximal at = = 1, where it equals 1 — 2-1/2_ Therefore the count is
at most (#; +0(1))V2(80)/3(1 — 271/2)r1/3 = (k; 4+ 0(1)) (V2 — 1)(80)/311/3 < (cg + o(1))r'/3,
since 1 —3p~2 <1 —p~2 gives kj < Koo for every odd j. O

Conjecture 20.12 (S”, two-progression extremality). Let Djp,(r) be the largest number of
pairs of squarefree cells of one drift-free two-progression family (Proposition 20.3, Lemma 20.4)
— a fixed (A, C) together with all the residue classes d = Dy (mod q) on which its members are
integers, of any least positive period q (families with ¢ > r have at most 29(0) = o) ghell pairs
altogether by Lemma 20.15 and do not affect the statement) — whose speeds lie in one window
of half-width Op,. For every fized 0 € (0,1], as r — oo, Dy(r) = D3py(r) + 0g(r1/3).

(S") implies (S”) of Section 22 in the transfer range, because Theorem 20.16 below proves
Dipo(r) < 7r/3 uniformly over the class; the remaining content of (S”) is therefore not a
capacity estimate but the inverse assertion that one family captures the maximum up to o(rl/ 3.
By Theorem 20.11, D, ,(r) > (cg —o(1))r'/3; at the sampled sizes below, the symmetric family
is not the largest member of the class. To first order, a drift-free family with n integral classes
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has capacity approximately 0.98 01/3n ¢V 3\ M ]‘1/ 3p1/3 (from the rounded per-class coefficient
0.62) at its balance point A* = ((v/2 —1)|M|/(4v/26))?/3r1/3¢q=4/3 so families with |M| = 1 and
n = 299 classes have potential ng~"/% = 1.62 (¢ = 15) and 1.70 (¢ = 105) times the symmetric
family’s. For fixed (¢, M) with C' # 0 the admissible « divide ¢*(¢?> — M)/4, so such a family
can track the r/3 law only while a divisor lies near A*¢?: the largest divisor gives the necessary
horizons r ~ 2196 for ¢ = 15 and 287 for ¢ = 105, a suitable divisor may fail earlier, and beyond
the horizon the family is O(1); the symmetric family, with C' = 0, has no such constraint. The
census of Section 23 (Table 6), restricted to ¢ < 120, 0 < |M| < 64 and « within a factor 6
of A*¢?, is consistent with this first-order picture: at the sampled values » = 216,218 230
its maximum exceeds the symmetric cluster by ratios from 172/157 = 1.095 to 145/89 = 1.629
(the counts at 226 and 230 are 200-bit values), attained by exactly these ¢ = 15 and ¢ = 105
families, and equals the exact D* at r = 2'8. At each of the three values r = 216,217 218 the
certified exact sweep returns a drift-free maximising family: near-chains at 216 and 2'7, the
q = 15 family at 2'®. Whether lim sup Dp(r)/ r1/3 exists, and whether it equals ¢g or is larger, is
open: the divisor obstruction only shows that each fixed non-symmetric (¢, M) family eventually
leaves the /3 balance law (for §# = |M| = 1 the last smooth ¢ with 2¢(@¢=1/3 > 1 is forced
out around r ~ 28! to first order), not that families with ¢ or M varying with 7, or windows
collecting several families, cannot do better; the census maximum exceeds the finite symmetric
cluster at every sampled size, and its normalised value exceeds ¢y at seven of the eight sizes
(not at 7 = 216, where 16/r/3 = 0.397), and the per-j agreement of Table 7 corroborates the
single-family density calculation without bearing on extremality.

20.6. The two-progression envelope. The supremum over drift-free families of the modulus-
free contribution of a single family has exponent exactly 1/3: Theorem 20.11 supplies a family of
order /3, Theorem 20.16 below bounds every family of least period ¢ < r by 7r!/3
20.15 disposes of ¢ > r. Consequently Conjecture 20.12 implies the modulus-free r
envelope, and hence the transfer-range part of (S”); the planar part of (S”) requires separate
control of the offsets.

Lemma 20.13 (exact speed of a drift-free family). For a drift-free family (k—(d), k4 (d)) =
(Ad®> —d+0C)/2,(Ad> +d+C)/2) put S := Ad*+C = ky +k_, w:=2\/kik_ =S>—d? and
P :=2AS8—1. The speed v(d) := \/H— \/ki satisfies v2 = S —w and, whenever 2Aw+ P # 0,
—4A, d ,  —4A.d
24w+ P’ dd’ - w (24w + P)’
Proof. v> = ky +k_ —2/kyk_ = S —w, so 1 — 2412 = 2Aw — P, and (24w)? — P? =

4A%(S% —d?) — (2AS —1)2 = 4AS —4A%d%> —1 = 4AC — 1 = —4/A4, which gives the first identity.
Differentiating, (v?)’ = 5 — (SS" — d)/w = d(2Aw — 2AS + 1) /w = d(1 — 24v?) /w. O

, and Lemma
1/340(1)

1—240% = Ag=1—AC.

In particular, for d > 0 and 2Aw + P > 0, v is strictly decreasing when Ay > 0 and strictly
increasing when Ay < 0; and if Ay # 0 then 2Aw + P never vanishes.

Lemma 20.14 (class count). Let a drift-free family have least positive period q, in the sense
that the set A of integers d for which both members are integers has least positive period q, and
let n be the number of residue classes modulo q contained in A. Then n < 2.

Proof. Put S(d) := Ad? + C and H(d) := S(d) —d, so that d € A iff S(d) € Z and H(d) is even.
Write o = Ag?, v = Cq? and f(x) := ax® + v = ¢*S(z). Each class D mod ¢q in A contains
the ¢ distinct residues D + ¢m mod ¢?, 0 < m < ¢, all roots of f modulo ¢2, so ng < pf(q2),
where ps(m) denotes the number of roots of f modulo m; this uses only S(d) € Z, not the parity
condition. For p® || ¢ let R, be the set of residues D mod p° all of whose lifts modulo p* are
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roots of f (the robust root classes at p). By the Chinese remainder theorem A is the intersection
of the odd-prime local integrality sets with the joint 2-adic integrality-and-parity set; its least
period is the product of the local least periods, and n is the product of the local class counts, so
it suffices to prove a local bound of 2 at every prime dividing ¢. Put a := v,(c) and ¢ := vp(7y)
(with ¢ = 00 if v = 0).

Odd p. The parity condition cannot introduce an odd factor into the least period: on every
arithmetic progression on which S is integral, H is an integer-valued quadratic whose reduction
modulo 2 has period dividing 4. Hence the p-part of ¢ is the p-part of the least period of the
local integrality set {d : p** | f(d)}. If a > 2e, then ¢ < 2e gives no roots, while ¢ > 2e makes
the local condition vacuous, contradicting the minimality of the p-part of ¢. If a < 2e < ¢, the
roots are the x with p* | z, u := [(2e — a)/2] < e, so the local integrality set has least p-power
period p*; minimality gives u = e and |R,| = 1. If a, ¢ < 2e, there is no root when ¢ < a or when
¢ — a is odd; otherwise write ¢ — a = 2t, a = p®a/, v = p°y’ with o/, units, and L := 2e — c.
Every root is = p'u with u a unit satisfying o’u? = —' (mod p’), a congruence with s < 2
solutions modulo p” whose solution set has no non-zero additive period modulo p”; so the local
integrality set has least p-power period p!T%, minimality gives e = ¢t + L, i.e. a +t = e, and
the robust classes modulo p¢ are exactly the s classes obtained from the solutions u mod p”:
|Rp| = s < 2.

p = 2. Here the parity condition is analysed jointly with integrality. Let Zo denote the ring
of 2-adic integers and Ay := {d : S(d) € Z2, S(d) = d (mod 2)}; we show that Ay consists of
at most two classes modulo its least period 2. Recall v2(A) = a — 2e and v3(C) = ¢ — 2e. If
a,c > 2e then A,C € Zy and, since d*> = d (mod 2), S(d) —d = (A—1)d+ C (mod 2): Aj is Z,
one class modulo 2, or empty. If a < 2e < ¢ then S(d) € Zg iff 2% | d with u := [(2e —a)/2] > 1;
along d = 2%j one has vy(A2%%) € {0,1} and S(d) —d = A2?“j + C (mod 2), so the parity
condition rejects every j, accepts every j (one class modulo the least period 2%), or accepts one
parity class of j (one class modulo the least period 2¢71): at most one class. If ¢ < 2e < a there
is no integral value. If a, ¢ < 2e, integrality forces ¢ > a and ¢ — a = 2t even, and the integral d
are d = 2'u with u odd and o/u? ++' = 0 (mod 2¥), where a = 2%/, v = 2%y with o/, odd
and L := 2e—c > 1. Then S(d) = 2% (a/u?++') - (odd unit) and d is odd exactly when ¢ = 0, so
the parity condition depends on u only through (/u?++')/2% mod 2, i.e. through u? mod 2+1,
For L <2, u?> =1 (mod 2L*1) for every odd u: the condition is constant on the single class
{vo(d) =t} modulo 2!7! at most one class. For L = 3, u? mod 16 is 1 or 9 according as u = +1
or +3 (mod 8); these values differ by 8 and o is odd, so the parity of (a/u? +~')/8 is opposite
on the two groups and the parity condition keeps exactly one of the symmetric pairs {u = +1},
{u = 43} (mod 8) (or integrality fails for every u): at most two classes modulo the least period
213, For L > 4 the unit congruence has exactly the four solutions Fug, +ug + 2! (mod 2%),
so the integral d form the two classes d = +2'ug (mod 2™), m :=t+ L — 1. Along either class,
d = D +2™j gives S(d) = S(D) + 2™t ADj + 22" Aj? with

122" AD) = (m4+1)+(a—2e)+t = 2t+L4+a—2e =0,  v2(2*™A) = 2m+a—2e = L—-2> 2,

s0 S(d) —d=S(D)— D+ j (mod 2) alternates with j on both classes, and the parity condition
keeps exactly one sub-class modulo 2% of each: exactly two classes modulo 2!, Translation
by 2™ reverses membership, so 2™ is not a period and the local least period is 2™*!; minimality
of g givese=m+1=1t+ L. In every case Ay has at most two classes modulo its least period,
and multiplying the local bounds gives n < 2¢(9). ([l

A cruder treatment of p = 2 — bounding the parity refinement of the period by 4 without
tracking which sub-classes survive — would allow a factor 4 there; the factor 2 is the truth,
because the parity of S(d) — d along the integrality classes has the same slope on both classes,
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which is the observation that closes the even case. Two computations agree: over the 16299
distinct pairs (A, C) of the census box ¢ < 300, 0 < |M| < 32, and over the 3093220 distinct
families with a < 200, |v| < 200, ¢ < 40 (443944 of them with even least period), the class
count of the least period never exceeded 2¢(9). The lemma enters the constants below through
sup, 2°(Wq1/3 =16 - 2107/3 = 2.6918.. ..

Lemma 20.15 (long periods). A drift-free family with at least two pairs of cells of the shell
(r/2,7] has least positive period q < v2/2, and if ¢ > r it has at most 2*9 shell pairs altogether
— hence at most 290 = ) in any window, modulus-free or planar, with no hypothesis on Ay.

Proof. Let (ki k; + d;), i = 1,2, be two shell pairs of the family, dy # da, and s; := 2k; + d; =
Ad? + C. Then A = (s; — s2)/(d3 — d3) and C = s; — Ad3 are rationals whose denominators
divide h := |d? — d3| < r?/4, since 0 < d; < r/2. Write A = a/h, C = ¢/h with a,c € Z. For
every integer d, s(d + 2h) — s(d) =4a(d + h) € Z and k_(d + 2h) — k_(d) = 2a(d + h) — h € Z,
so the admissible set A is invariant under translation by 2h, and its least positive period ¢
divides 2h < r2/2. If ¢ > r, each of the n < 29(9) admissible classes (Lemma 20.14) meets the
interval (0,7/2) of shell parameters in at most one integer, so the family has at most n shell
pairs. Finally 2¢(@) < exp((1 + o(1))log2 log ¢/ loglog q) = r°(M) for ¢ < r2/2. O

Theorem 20.16 (V, the two-progression envelope). Let 0 < 0 < 1.2. For all sufficiently
large 7, every drift-free two-progression family with Ay # 0, of any least positive period q,
has at most Tr'/3 pairs of cells of the shell (r/2,r] whose speeds lie in one window of half-
width Op,. In particular D;Pﬂ(r) < 7rl/3; hence, for 0 < 0 < 1, Conjecture 20.12 implies
D}(r) < (T+o0g(1)) /3, and by Lemma 20.9 (a window of half-width 1.1p, being covered by two
of half-width p,, so D} ; < 2D7) the /30 part of (S") in the transfer range r < NY/5=¢. It
does not by itself imply the planar part of (S").

Proof. If ¢ > r, Lemma 20.15 bounds the family’s shell pairs by 2@ = o(1) < 7¢1/3 for large
r (or the family has at most one shell pair); so assume ¢ < r. A member in the shell has
r/2<k_<ky<r,soSe€r2r),we(r?2r),o:= \/H—l—\/kie (V2r,2r),d=ky —k_ <
r/2 and v = d/o. (a) Population. If C > 2r there are no members in the shell. Otherwise
Ad*> = S — C € (r — C,2r — O) confines d to an interval of length at most /(2r — C)/A —
V(r—C)tJA < \/r/A (for C < r the difference equals r/(v/2r — C + /7 — C) < /), which
contains at most n(y/r/A/q+ 1) admissible d. (b) Small A. If A < 1/(4r) then Ad? < r/16,
and the shell parameters form an interval, since on 0 < d < r/2 both S —r —d and 2r — S —d
are decreasing ((S —r — d) = 2Ad —1 < —3/4). From (0?) = d(2Aw + P)/w one has
v/ = 0711 — do’ /o) with do' /o = d*(2Aw + P)/(2wo?), which is < 0 when 24w + P < 0
and otherwise less than 2A(w + S)d?/(2wo?) = Ad?/w < 1/16; hence v’ > 15/(32\/r) > 20p,,
distinct admissible d have speeds more than a window apart, and the window holds at most one
pair. (c) Capacity. If A > 1/(4r) then 2Aw + P = 2A(w + S) — 1 > 0, so by Lemma 20.13 v is
strictly monotone in d (decreasing for A; > 0, increasing for Ay < 0). Let J be the convex hull of
the shell parameters whose speeds lie in the window; by monotonicity their extreme speeds differ
by less than 20p,. The bounds S < 2r, w < 2r, d < r/2 and o > v/2r hold throughout J: if the
selected parameters lie in one component of the shell set this is immediate, and if they lie in two
components (which requires C > r, k_ being convex in d) then S —r = C — r 4 Ad? > d?/(4r)
on J, which is equivalent to S +w > 2r, i.e. ¢ > v/2r. On J,

"Ul‘ _ ’(UZ)/’ _ 2’Ad‘d > 2’Ad’d _ |Ad’

20 vw(Aw+P) T (d/V2r)-2r-8Ar  4V2 Ar3/2
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so |J| < 20p,-4v2 Ar3/2 J|Ag| = 20A/|Ag| = 80Aq?/| M|, and J contains at most n(86Aq/| M|+
1) admissible d. (d) By (a) and (c) the count is at most n(1 + min{80Aq/|M|, \/r/A/q}) <
n(l + 201/3q_1/3|M|_1/3r1/3), the minimum being largest where its two terms agree. Now
|M] > 1, and by Lemma 20.14 nqg /3 < 29@g=1/3; gince ¢ is at least the product Py of the
first K = w(q) primes, this is at most 2P, 1 ® which is maximal at k = 4 with the value
16 - 210713 = 2.6918.... Moreover 2¢(@) < max{256,q'/3} for every ¢: for w(q) < 8 this is
clear, and for k = w(q) > 9 one has ¢ > P, > 23*, because Py > 227 and every further prime
exceeds 8. Hence n < max{256,q1/3} < r1/3 for q<randr> 224, and the count is at most
P13 42.2.6918-1.21/3 13 =6.73... p1/3 < 701/3, O

The constant is not optimised: Theorem 20.11 gives D} P,1(7") > 0.4196 r'/3 and the census
of Section 23 reaches 0.57 /3, so the two-progression class has exponent exactly 1/3; at 6 =1
its constant lies between 0.42 (Theorem 20.11) and the uniform 7 of Theorem 20.16, which the
absorption of the additive class term lowers to 6 for large r. The hypothesis A; # 0 excludes
only the Beatty case, in which 4k_k is a square; two distinct squarefree integers cannot have a
square product, so such a family contributes no pair of squarefree cells and the bound on D3 Po
is unaffected. Families of least period ¢ > r are covered by Lemma 20.15: they have at most
2w(@) = po(1) ghell pairs altogether, so D5p, may be taken over all drift-free families and the
two-progression class has exponent exactly 1/3 without the restriction g < r.

21. THE PLANAR REGIME

For NY/% <« r < N'/3 the offsets k' — k exceed the window and the modulus can no longer
be removed. We prove two additional effects: the offset caps each symmetric family, and offset
resonance — the drift of the speed cancelling the drift of the offset — produces clusters that the
modulus-free statistic cannot see; these are not claimed to exhaust planar clustering.

21.1. The cap.

Proposition 21.1 (planar cap). Fiz N, r and an odd j, and let (k_,ky) = ((jt? —t)/2, (jt* +
t)/2) run over the symmetric pairs in the shell. The exact start difference d(t) = [24/k+N]| —
[2\/k_N] —t is non-increasing and satisfies d(t) — d(t +m) > m — 2, so an integer window of
2W — 1 consecutive integers contains the start differences of at most 2W pairs of the family.

Proof. |d(t) — f(t)| < 1, where f(t) := u(y/k+ — \/k_) — t; the speed decreases with ¢ and
the offset decreases by exactly one, so f(t) — f(t +1) > 1, whence d(t + 1) — d(t) < 1, i.e. d is
non-increasing (its increments are integers), and d(t)—d(t+m) > f(t)— f(t+m)—2 >m—2. O

The cap falls below the modulus-free law = /3 exactly when r 2> 14N 3/11 _ the same
point at which the two branches of Theorem 4.4 cross at n = 1/3, since both compare /3 with
V/Nr=3/2. The cap is per family; the full statistic may collect several families in one window.

21.2. Offset resonance. For a two-progression family ((s—d)/2, (s+d)/2), s = Ad*>+ Bd+C,
write v(d) := d/(Vk' + Vk). The exact start difference is D(d) = uv(d) — d +9(d) with [J| < 1.
The unrounded phase uv(d)—d is stationary where uv'(d,) = 1 and, to leading order, varies near
d. by 2ulv”(d.)|(d—d.)?, so, to first order, the members with |d — d.| < \/2W/(u[v”(d,)]) share
one window. For drift-free families v/(d) = —(24)~Y2A4/(A%d?) + O(d—>) by Proposition 20.3,
so resonance needs Ay < 0, and then d2 = u|Ag4|/(V2AA?) and v"(d,) = —3(1+0(d;?))/(ud.).
The stationary point lies in the shell iff [M|/(4a) =~ 1/(v/2 Wreat) (first order), and a primitive
family with n classes then has

members & 1.18 n|M|~1/2p5/A N =14, range ~ 1.94n ¢~ V2| M|7V/AN/Ep1/8
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(first order), equal at r ~ 1.44 N3/11(q=2|M|)?>/1, where both are =< N/ at r = N'/3 the
range is =< N/12. The next three theorems make the mechanism rigorous for specific families.

21.3. Theorem W.

Theorem 21.2 (W). For every € > 0 there is No(e) such that for every integer N > Ny(e),
with v = | NY3| (where every a = 1 window has W = 1),

Dinax(Fi(r),1) > (0.633 — ) NV/12.

Proof. (a) Wi = [V/N/(4rVk)] = 1 for every k in the shell when N > 27, 50 Dyax(F1(r), 1)
is the largest number of ordered pairs of distinct cells with the same start difference ¢ # 0. (b)
Let k+(d) = (d> Fd+2)/2, integers for every d, with k. strictly increasing on d > 1. Put d, :=
(7V/N/(2v2))'/3 = 1.3526 N'/0 and L := \/d, with 0 < A\ < /2/3; every d € [d.—L, d,+L] has
ki(d) = 0.9148 NY/3(14+O(N~1/12)), so the pairs lie in the shell for N > Np. (c¢) With u = 2v/N
the start difference is D(d) = f(d)+9(d), f(d) == uv(d)—d, v(d) := \/k+ —/k_, |9] < 1. From
ky+ko =d*+2and dky k- = d*+3d*+4, v(d)? = ®+2—-Vd + 3% + 4 = ;- Ld 2+ 0(d™),
so v(d) = 27V2(1 — gd—z + %S;d_A‘ + O(d™9)), a convergent expansion for d > 2 that may be
differentiated termwise. With A := Tu/(4v/2), f'(d) = Ad—3(1 — %d*2 +0(d™*)) — 1 and
f(d) = —3Ad*(1 — 8d=2 + O(d™*)). The nominal point d, = A/3 is not the critical point:
f(d.) = —=d;% + O(d; ), and the unique zero d of f' near it is d = d, — 17/(24d,) + O(d;?),
at distance O(d;!) < L, with f”(d) = —(3/d.)(1 + O(L/d.)) uniformly on the window. Taylor
at d gives, for |[d—d,| < L, 0 < f(d) — f(d) < ﬁ(l +0(1))L?, so the values f(d) on the window
lie in an interval of length V' < 3A2(1+ O(N~/12)) < 1 for N > Ny(A). (d) The integers D(d),
|d — d.| < L, lie in an open interval of length V' 4+ 2 < 3 and take at most three values; the
parameter interval contains M > 2L — 1 integers d, so some t is the start difference of at least
[M/3] > (2AV/d, —1)/3 distinct ordered pairs. Finally ¢ # 0: /k;++/k— < /2(k; + k_) < 2d
for d >2,s0v>1/2 and f(d) > VN —2N/% > 1 on the window. Thus Dyax > 2V/d, — 1 =
(%2 -1.1630 — o(1))N'/12 and X 1 /2/3 gives 0.633. O

No primality of N is used. Lemma 4.3 applied to the full a = 1 shell at r > N 1/3 has Sidon
branch (2713 +0(1))r?/3D~1/3 which with D > 0.633N'/12 is at most 0.925 N7/36 = NO-194; the
full @ = 1 shell cannot certify more than this through Lemma 4.3 for » > N'/3. The squarefree
version of Theorem 21.2 would need a positive proportion of d in an interval of length = di/ 2
about d, =< N'/¢ with both (d%F d+2)/2 squarefree; no positive-proportion result for squarefree
values of a fixed irreducible quadratic in intervals [z, 2 + z”] is known, to our knowledge, for any
¥ < 1 (the known results [22, 41, 63, 34] are global), so that statement remains open for every
individual N. Averaged over N it is provable, because the family is N-independent and only
the window moves with N.

Theorem 21.3 (W, almost all N). Let g(d) := (d> — d + 2)/2, so that the cells of the family
of Theorem 21.2 are (g(d),g(d + 1)), and let

1 4
TR || (1—2?):0.4715...,
p>11

p=1,2,4 (mod 7)

the density of the integers d for which g(d) and g(d + 1) are both squarefree. For every \ €
(0,/2/3) and ¢ € (0,ky) there are C = C(X,€) and Xy such that for every X > X, all but at
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most CX/log X of the integers N € [X,2X] satisfy

2\ T \1/6
Dinax (FE(|N1/3 ,1) > (kg — ¢ —<7) N2 _q
w(FPAND.1) = (=9 T (575
In particular, for every e > 0 the bound (0.298 — 5)]\71/12 holds for all N outside a set of relative
density Og(1/log X) in [X,2X].

Proof. (a) Local densities. Put G(d) := 2g(d) = d* —d+2, of discriminant —7. For an odd prime
p#7,p%| g(d) iff G(d) =0 (mod p?), which has exactly two solutions modulo p? if (=7/p) = 1
(simple roots lift by Hensel’s lemma) and none otherwise; for p = 7 the double root d = 4 does
not lift, since G(4 + 7t) = 14 (mod 49). For odd p the roots of G(d) and of G(d + 1) modulo p
are disjoint, because G(d + 1) — G(d) = 2d and p | d forces G(d) = 2 (mod p). Finally 4 | g(d)
iff d = 3,6 (mod 8). Hence the density of d with g(d) and g(d + 1) both squarefree is x4 as
displayed, with 4 bad residues modulo p? for p = 1,2,4 (mod 7), p > 11, none for the other odd
primes, and 4 bad residues modulo 8. That kg is the natural density of this set follows from
(b) and (c) below applied to the whole range [0,3D]: the periodic set gives upper density < k,
and the large-prime count gives lower density > k., — O(1/z + 1/log D); let D — oo and then
z — oo. Numerically the product to 10° is 0.47154 (tail below 107%), and the empirical density
over d < 4-10° is 0.47146. (b) Small primes are periodic. For z > 3 let P, := 8]_[3309 p? and
let G. be the set of d with 4 1 g(d), 41 g(d + 1) and p? { g(d), p* 1 g(d +1) for 3 < p < 2. It is
periodic modulo P, with density x, := %H3<p<z(1 — p(p)/p?) > kg, p(p) € {0,4} as in (a), so
every interval of M consecutive integers contains at least k.M — P, elements of G.. (c) Large
primes on average. Let D > L > 1, M := 2L + 1, and for ¢ € [D,2D] let I. := [c — L,c+ L]
and T(c) := #{d € I. : p* | g(d + s) for some prime p > z and s € {0,1}}. Every such d lies
in [0,3D] and has g(d + s) < (3D + 2)?, so only p < 3D + 1 occur. For fixed s and p the
d € [0,3D] with p? | g(d + s) lie in at most two residue classes modulo p?, so they number at
most 2(3D/p? + 1), and at most 2 when p? > 3D. Hence, for D > Dy,

#{d € [0,3D] : p* | g(d + s) for some p > z, s € {0,1}}

3D 12D 16D
§2[ 3 2(p—2+1)+27r(3D+1)} < D
z<p<v3D

using > o, p~2 < 1/z and 7(y) < 1.26y/logy. Each such d is counted in T(c) for at most M
values of ¢, 80 > po.cop T(c) < M(12D/z + 16D/ log D), and by Markov’s inequality

D+1/12 16
€ (7_‘_ )

#{ce[D,2D]:T(c) > eM} <

z  logD

(d) Combination. Let S(c) := #{d € I. : g(d), g(d + 1) squarefree}. Then S(c) > #(G.NI.) —
T(c), so S(c) > (kg —e)M — P, for every ¢ € [D,2D] outside the exceptional set of (c). Take
z = |(log L)/5]: since . logp < 1.02z, P, < VL for L > Lg, and 12/z < 61/log L. (e)
Transfer to N. Put dy(N) := (7VN/(2v/2))'/3, fix § > 050 small that ' := A\(1+6)Y/12 < /2/3,
and cover [X,2X] by [1/§] intervals [Y, (1+9)Y]. On such an interval put L := [N /d.(Y)| —1
and, for N € [Y, (1 +6)Y], let ¢(IV) be the integer nearest to di«(N). Then I ) C [d(N) —
N/di(N),d(N)+XN/di(N)], so by steps (b)—(d) of the proof of Theorem 21.2 (with X" in place
of \) the start differences D(d), d € I.(y), take at most three values, none zero, for N > No()\'),
and every d € I,(y) with g(d), g(d+1) squarefree gives an ordered pair (g(d), g(d+1)) of distinct
squarefree cells of the shell. Hence Doy (FE(INY3]),1) > S(¢(N))/3. As N runs through
[Y, (140)Y], ¢(IN) runs monotonically through an interval contained in [D, 2D] with D := ¢(Y') >
L, and each value ¢ is taken by at most 8Y%/6 integers N, since dN/dd, = 6N5/6/1.3526. By
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(¢)—(d) the exceptional N in the interval number at most 8Y%/¢(D+1)(61/log L+16/log D) /e =
O(Y/(elogY)), and every other N has Dyax > ((kg—¢)(2L+1)—VL)/3 > (ﬁg—QE)%\/d*(N)—l
for N large, because 2L + 1 = 2[)\’ d(Y)] —1>2N\/d(Y) —3 > 2X\/d.(N) — 3, and this
O(1) loss and the term vL/3 = o(,/d.(N)) are absorbed in the e- margin Summing over the
[1/0] intervals and renaming 2¢ as ¢ gives the theorem, and /d = (7/(2V/2))/SN/12,
Finally kg - 21/2/3 - (7/(2v/2))Y/¢ = 0.4715 - 0.6330 = 0.2985 > 0. 298 O

Two consequences. For all N outside the exceptional set, Lemma 4.3 applied to the square-
free a = 1 shell at = > N'/3 has Sidon branch (21/3(3/72)%/3 + o(1))u?3D~1/3 = (0.5696 +
o(1))u*3D~1/3 < (0.86 + 0(1))N7/3%; and the squarefree resonance lower bound at the top of
the range, which for every individual IV rests on the open short-interval problem above, is un-
conditional for almost all N — a statement incompatible with any r°(1) planar envelope for the
squarefree shell, and consistent with (P’) of Section 22. The same averaging applies verbatim
to the families nt> F mt + 1 of Theorem 21.4, since they too are N-independent; the constants
are omitted.

21.4. Theorem W'.

Theorem 21.4 (W’). For every C > 1 there are ¢(C) > 0 and No(C) such that for every integer
N > No(C) and every integer v with [N'/3/C] <r < |[N'/3],

Diax (Fi(r), W) > ¢(C) N1/12,

Proof. Put w := Wyeal(r) € [273/2,273/2C3/2], so W is bounded. For integers n,m > 1 with
§ = 4n — m? > 0 consider k=(t) = nt? F mt + 1 (integers; ky strictly increasing on t > 0;
ky —k_ =2mt). From ky +k_ = 2nt? + 2 and 4k k_ = 4(nt? + 1)? — 4m>t?

olt) = Vi = VA= = T2 (1 g +0(7Y).

uniformly for bounded n,m; the phase f(t) := uv(t) — 2mt has f'(t) = 4“";/52t 3(1+0(t72?) —
2m and f(t) = 3":’}gt_ (1 + O(t?%)), so its critical point is ¢ = t,(1 + O(t;2)) with 2 :=
ud/(8n°/?) < N2 ie. t, < N6 and f"(f) = —(6m/t.)(1+0(1)). Writing z := nt2, (z/r)3/? =
wd/(v/2n) exactly, so the nominal point z lies in the shell iff p := §/n = 4 — m?/n lies in
= (1/(2w),v/2/w), strictly inside with a margin when p lies in the middle third of J,,
(z/r € (0.686,0.850)); the actual members have ki (t)/r = z/r + O(t. S ) on the window below
and so lie in the shell for N large. The set {4 — m?/n} is dense in (0,4), and J,, C (0,4] for
w > 273/2 50 every w in the compact range admits a pair with p in the open middle third of
Jw. Each pair serves an open set of values of w, so finitely many pairs S(C) cover the range
with a uniform margin; all O-terms are uniform over S(C'), which fixes No(C). For r served by
(n,m), the argument of Theorem 21.2 applies: over |t — t.| < A\\/t./(3m), A < 1, the phase
varies by )\2(1 + 0(1)) < 1; the integers D(t) take at most three values; one value is shared by
> [M/3] > (2A\/t./(3m) — 1)/3 distinct ordered pairs; and that value exceeds W — 1, since
D( ) = (2m/\f)\ﬁ + O(Nl/G) while W = O¢(1), so the window containing it is not centred
at 0. Since t, > ¢1(C)NY® and m < max S(C), this is > ¢(C)N/12, O

At the endpoints r =< N3/C the pairs (n,m) = (1,1),(3,3),(7,5),(13,7) serve for C' =
1,2,3,4 respectively (Section 23); (1,1) is the family (m? —m + 1,m? +m + 1) that the exact
census returns as the maximiser at » = N3 on every modulus tested.
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21.5. Theorem X.

Theorem 21.5 (X). Let r = r(N) satisfy N'/5 < r < N3 and Wiea — o0, let W =
Wieal(1 4+ 0(1)) be the window width, fix x > 0, let j = j(N) be odd with j = z7/3(1 + o(1)),
and put L := |I;(r)| = (V2 — 1)a=2r1/3(1 + o(1)). Then

L(2W —1)
Dy, ; > o,
()W) =
L VVreal(1 + 2/(jr)>rl/2 . Wreal
Vo= T +L—|—1—4$3/2(1—|—0(1))+L—|—1,

and Dupax(FP(r), W) > k;L(1 — o(1)) (2W — 1)/(V +2W — 1).

Proof. The pairs (k_, ki) = ((jt* —t)/2, (jt*> +t)/2), t € I;(r), are L distinct ordered pairs
of cells with start differences d(t) = us(t) —t + 9(t), [¥] < 1. By Lemma 20.7 the speeds
5(t) lie in an interval of length at most (1 + 2/(jr))/(16v/2§%/2r); multiplying this length by
u =2V N = 4v2732 Wy gives S 1= Wieal(1 + 2/(jr))r'/2/(453/2); the offsets —t span L — 1
and the ¥ lie in (—1,1), so the L integers d(t) lie in an open interval of length V' =S + L + 1,
hence in a set J of at most V' 41 consecutive integers. There are at most V +2W —1 windows of
2W — 1 consecutive integers that meet J, and every integer of J lies in exactly 2W — 1 of them;
summing the counts gives (2W —1)L, so some window contains at least (2W —1)L/(V +2W —1)
of the d(t). Its centre tg is nonzero: s(t) > t/(2+/r) gives d(t) > /N/r —2, while W < Wy +1
and \/N/r/Wiea = 227, so d(t) > W — 1 for N large and no window containing a d(t) is
centred at 0. For the squarefree shell apply Lemma 20.6 on I;(r) with z = InT5, which leaves
kjL — O(L/In L) values of t with both members squarefree, and repeat the count. O

Corollary 21.6. (a) If r = o(N3/1Y) then, with y = x~'/2, the bound is (v/2 — 1)r'/3y/(1 +
y?/8)(1 — o(1)), mazimal at x3/? = 1/4, where Dyax(Fi(r),W) > (0.438 — o(1))r"/? and
Dinax (FP(r), W) > (0.137 — o(1))rY/? (0.200 with 15 | j) — Theorem 20.8 extended past the
transfer range with a weaker constant. (b) Atr = BN3/M taking x = 0.4 gives full-shell bounds
= (0.296,0.271,0.224)]\71/11 for B =0.5,1,1.44 and ko times these for the squarefree shell; in
particular Diyax(F1) > (0.27 — o(1))NYM and Dyax(FL) > (0.0848 — o(1)) N/ gt 7 = N3/11,
(c) For N3/ < 1 with Wyea — o0 the bound is (2W — 1)(1 — O(W/L)), so the symmetric
family attains its cap up to 1 — o(1).
21.6. Corollary Y. For a sub-family F with n’ tested integers in total write

Fr(N,r) = max(2_1/2N1/47“_1/4, min(n'/(2W), 2(n’?/(4W Duax(F, W)))1/3))
for the lower bound that Theorem 4.4 delivers at parameter r through F.

Corollary 21.7 (Y). If F is the full or the squarefree a = 1 shell, then infrez., Fr(N,r) <
(0.92 4 o(1)) N1,

Proof. At r = | N3] the counting term is (27'/2 + o(1))N*™ and the Sidon branch is <
2(R?W/(4D))"/3 since n’ < RW. For the full shell R = (340(1))r, W = (273/240(1)) N/ and
D > (0.27—o(1)) N1 by Corollary 21.6(b), so the branch is < 2(3-273/2/(4.0.27))/3N¥/1! =
(0.87 4 o(1))N?/1L; for the squarefree shell R = (3/7% 4 o(1))r and D > (0.0848 — o(1))N*/1
give (0.92 4 o(1)) N/, O

Theorem 4.4 proves cost > Frz(N,r) pointwise, so an algorithm free to choose r is bounded
below by inf, Fr; Corollary 21.7 says that this certificate is at most 0.92 N2/11 through the two
whole-shell sub-families. It is a ceiling on what the method certifies, not an upper bound on
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the cost of any representation, and it says nothing about thinner ¢ = 1 sub-families or stronger
lemmas; Corollary 21.8 below extends it to the shells with a > 2 and to the entire family. Within
that scope, any in-model bound above N2/ through Lemma 4.3 must come from a thinner sub-
family. Theorems 20.8, 21.2, 21.4 and 21.5 together give proven lower bounds for the full a =1
shell along every sequence r(NN) € [N /5 NV 3] (after passage to a subsequence, Wy is either
bounded or tends to infinity): > r1/3 up to the crossing, > W beyond it, > N 112 where
W is bounded. For the squarefree shell, Theorems 20.8 and 21.5 cover the transfer range and
the regime Wyea — 00; no squarefree analogue of Theorems 21.2 or 21.4 is proved for every
individual N where W is bounded (Theorem 21.3 gives one for almost all N). The matching
upper bounds are the conjectures of Section 22.

21.7. The whole family and the shells with a > 2. Corollary 21.7 concerns the two a = 1
shells. The ceiling extends to the entire family and to every fixed-a shell. For a sub-family F
write nz for its total number of tested integers, and take the counting term of Fr to be 2\/@,
the bound |B||G| > n/r gives.

Corollary 21.8 (Y'). (a) Let Fan(r) := {(a,b) : ab < r} be the entire Lehman—Harvey family,
with W := maxgp<, Wap = [VN/(4r)] and D := Dyax(Fan(r), W). At r = LN?’/HJ the first
branch of Lemma, 4.3 is O(N®/??log N') and the second is O(N3/?2(log N)?/3), so their minimum
18 o(NQ/H), the lemma certifies nothing beyond the counting bound, and
inf Fr, (N,r) < (21/3/22 + 0(1)) N¥/ (log N)/2 < (0.74 + o(1))N*/ (log N)/2.
SYAS1

(b) For every fivzed a > 1 let Fo(r) := {(a,b) : 7/(2a) < b < r/a}. There is an explicit Cy such
that inf,cz., Fir,(N,r) < C,N?1Y for all large N.

Proof. (a) The windows of distinct cells are disjoint: for different a the exponents z = n—aN —b
(n tested) lie in disjoint ranges of length < N/2, and for fixed a the starts increase with b in

steps > \/N/r —3 > W. Since Wy, < V/N/(4rvab) + 1,

/ VN d(n) 1 VN logr
Nry = o 2 n + Z d(n) = (5 + 0(1))T + O(rlogr),

n<r n<r
because Y, ., d(n) = rlogr + O(r) gives 3., ., d(n)n="/? = (2 + o(1))\/rlogr by partial sum-
mation. At r = |[N3¥11| this is n/ < (& + o(1))N¥/!log N, while W = (4 + 0(1))N°/2? and,
by monotonicity of Dy in the family and in the window together with Corollary 21.6(b),
D > D (Fi(r), W(N,7)) > (0.27 — o(1))N/*. Hence n'/(2W) < (3 + o(1))N3/?21log N
and 2(n/2/(4W D))}/3 < (0.82 + o(1))N3/%2(log N)?*/3, both o(N?/11), so Fr,, (N,r) = 2v/n/ <
(24/3/22+0(1))N?/" (log N)'/? at this r. (b) The start of the cell (a,b) is [2vb-aN] —aN —b,
which is the start of the cell (1,b) for the modulus N’ := aN; so the starts of F,(r) are those
of the shell F1(p) of N" at p := r/a, and the theorems of this section apply to them, since
they use only u/ = 2v/N’ and not the primality of N’. The widths Wy, = [v'N/(4rvab)] are
all at most W(N,r), since ab > r/2 on the shell, and we use W := W (N, r) as the common
window bound in Lemma 4.3; F,(r) has R = r/(2a) + O(1) windows. The proof of Theorem
21.5 for (N’,p) places the L = (v/2 — 1)z~1/2p'/3(1 4 o(1)) start differences of the symmet-
ric family in at most V’ + 1 consecutive integers, V! = Wiea(N’, p)(1 + 0(1))/(423/?) + L + 1
with Wieal(N', p) = a?Wyeat(N,7), and the sliding-window count with the window 2W — 1,
W = W(N,r), gives Diyax(Fa(r), W) > L(2W —1)/(V' 4+ 2W — 1); the centre is nonzero since
dt) > \/N'/p—2 > W — 1. At r = |N3/11] every quantity here is < N/ with constants
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depending on a and z, 50 Dyax(Fu(r), W) > (ca — o(1))NY/! with, for the choice z = 1,

2wl
= 273/2 = (V2 —1)a /3 = - .
v ’ fa:= (V2= 1)a” 7%, Ca a?w/4+ Ly + 2w >0
Since R = (1/(2a) + o(1))N3/™ and W = (w + o(1))N¥/ the Sidon branch 2(R*W/(4D))"/?
is at most (2(w/(16a%c,))/® + 0(1))N?/11 and the counting term 2v/RW at most (21/w/(2a) +
o(1))N?/M so0 C, := 1 + max{2y/w/(2a), 2(w/(16a%c,))"/?} serves. O

Part (a) says that Lemma 4.3 with a uniform window is weak on the whole family, whose
widths range over a factor /r; a variable-width refinement of the lemma is the natural next
step, and it would be bounded in turn by the shells it contains. Part (b) says the phenomenon
is not special to a = 1: every a-shell is an a = 1 shell in disguise.

21.8. Resonance at general W (first order). The following is a leading-order computation,
not a theorem. For N4 <« r = o(NY3) (50 Wieal — 00 and Wieat < /1) let m = [7.3v/Wreal |,
choose § = —m? (mod 4) in the middle third of (m?/(8Wyear — 1), 1.41m?/(4Wyea — 1.41)]
(that third has length > 0.0758 m?/W,ea1 > 4, so such § exists) and put n = (m? + §)/4. The
family k+(t) = nt? F mt + 1 then has its stationary point 3 = u§/(8n°/?) interior to the shell
(nt?/r € (0.63,0.90)), phase curvature f”(t,) = —6m/t., and the members with |t — t,| <
/(W —2)t./(3m) share one window — about 21/Wt./(3m) = 0.27Y/4 of them, subject to the
family’s < \/7/Wieal members in the shell, so the safe first-order profile is min(1/r/Wieal, crt/ 4.
This exceeds the symmetric family’s 2W once r > N?/7; the estimates are those of Theorem 21.4
with (n,m) growing with Wiea1, and a proof would require uniform control of the expansions in
that regime.

21.9. The planar two-progression envelope. The machinery of Section 20 also bounds the
exact-start cluster of a single family, in exactly the functional form of Conjecture (P’). Through-
out, W = W(N,r) is Lemma 4.3’s window on the shell and Wiea = VN/(2v/27%/2), so that
273/2 < Wypat for r < N3 W < Wyea + 1 for N large, and hence W/Wiea < 2.83.

Lemma 21.9 (log-derivative of the speed). With the notation of Lemma 20.18 and o := \/k4 +
VEk—, put o(d) := o /(w(2Aw + P)), so that v/ = —2A4 ¢ wherever 2Aw + P # 0. Then

oo d P 1
® w < w + 2(5 + w))
On the shell (r/2,r] with A > 1/(2r) one has P > 0, ¢ is strictly decreasing, Ad/w < |¢'/p| <
5.5 Ad/w, and

P

8v2 A2 = ¥ T A

Proof. Since v = d/o and (v?) = —4A4d/(w(2Aw + P)), v' = (v?)'/(2v) = —2A4p. From o2 =
S+w, w' = dP/w and (2Aw+P) = 2Ad(2Aw+ P)/w one gets ¢’ /o = d(2Aw+ P)/(2w(S+w)),
w'/w = dP/w? and (2Aw + P)'/(2Aw + P) = 2Ad/w, and ¢'/p = o'/o — w'Jw — (2Aw +
P)'/(2Aw + P) = (d/w)[(2Aw + P)/(2(S + w)) — P/w — 2A], where (24w + P)/(2(S 4+ w)) —
2A = —(2AS +2Aw+1)/(2(S +w)) = —A —1/(2(S + w)). On the shell S,w € (r,2r) and
o € (V2r,2\/r); for A > 1/(2r), P = 2AS — 1 > 2Ar —1 > 0, so every term of the bracket
is non-negative and at least A, while P/w < 2AS/w < 44 and 1/(2(S +w)) < 1/(4r) < A/2.
Finally 2Aw+ P = 2A(w+S)—1 lies in (2Ar, 8Ar), since 4Ar—1 > 2Ar, so p > /2r/(2r-84r) =
1/(8vV2 Ar3/2) and ¢ < 2/r/(r - 2Ar) = 1/(Ar3/2). If the set of real d > 0 with (k_(d), k. (d))
in the shell has two components, then C' > r, and for d between them ki (d) < r, d < r/2 and
S—r=C—r+Ad>>d*/(2r), so w? —r? = (S —7r)(S +7r) —d?> > 0: thus S,w € (r,2r) and



FLOORS FOR DETERMINISTIC INTEGER FACTORING 71

o € (V2r,24/r) across the gap as well, and every estimate above, in particular ¢’ < 0, holds on
the convex hull of the shell parameters. ]

Theorem 21.10 (Vp, the planar two-progression envelope). Let NV/° < r < N3, For all
sufficiently large N, every drift-free two-progression family with Ay # 0, of any least positive
period q, has at most

240 (4+ 26 min {1V, r1/%} + 20 N1/ 186 71/2)

pairs of cells of the shell (r/2,r] whose start differences lie in one window of 2W — 1 consecutive
integers.

Proof. If ¢ > r, Lemma 20.15 bounds the family’s entire shell population by 2@ below the
right-hand side; so assume ¢ < r. Write n < 2¢(a) for the number of classes (Lemma 20.14).
The start difference of the pair (k—(d), k+(d)) is D(d) = [u\/k4+| — [u\/k—] —d = f(d) + 9(d)
with f(d) :== uv(d) —d and [9] < 1, so D(d) € [t =W + 1,t + W — 1] forces f(d) € I; :=
(t — W,t+ W), an interval of length 2W. We bound the number of admissible d in the shell
with f(d) € It; by (a) of Theorem 20.16 the admissible d of any real interval J number at
most min{|J| + 1, n(|J|/g + 1)}, and the shell parameters lie in an interval of length < \/r/A
(the population bound). Let H be the convex hull of the real shell parameters. If A < 1/(2r),
then on 0 < d < r/2 both S —r — d and 2r — S — d decrease, so the shell parameters form
an interval; if A > 1/(2r), Lemma 21.9 (including its final paragraph) applies throughout H.
Recall u/(4v/273/?) = Wiea, and put K := 32 -210"Y/3 = 5.3836..., an upper bound for
nq Y3 by Lemma 20.14 (the sharp value 2.6918... from the proof of Theorem 20.16 would
improve the constants below and is not needed). (0) A < 1/(2r). As in (b) of Theorem
20.16, do’ /o = d*(2Aw + P)/(2wo?) is < 0 or < 3d?/(2wo?) < 3/16, so v’ > 13/(32/r) and
f'>081y/N/r—1>08LNY3 —1>2W (as 2W < 2Wiea + 2 < NV/5/y/2 4 2 for r > N/5).
On the interval of shell parameters f is increasing with f' > 2W, so the d with f(d) € I; form
an interval of length < 1, which contains at most one integer: the window holds at most one
pair. Assume A > 1/(2r) from now on, so that f' = —2Azup — 1 on H. (1) Ay > 0. Then
I =14+ 2A0up > 14+ AgWieat/A, [ is monotone on H, and {f € I;} is an interval of length at
most 2W/(1 4+ AgWiear/A) < min{2W, 2W A/ (AgW:ieal)} < min{2W, 16v/2 A¢%/|M|}, because
W/Wieal < 2v2 and Ay = M/(4¢%). With the population bound the count is at most n(l +
min{2W/q, 16v/2 Aq/|M|, \/r/A/q}); the last two terms agree at A32 = \/r|M|/(16V2¢?),
where both equal (16v/2)Y/3r1/3¢=1/3|M|~1/3 = 23/2¢1/3¢=1/3|M|~1/3, so the count is at most
n + min{2Wn, 2v/2 K r/3} < n(1 + 15.3 min{W, 71/3}), since 2v/2 K = 15.23.... (2) Aq < 0.
Put g := 2|A4luyp, decreasing on H with g > go := |Ag|Wieal/A, so that f/ = g — 1 is de-
creasing and f is concave on H, which splits into three consecutive intervals D; = {g >
3/2}, R = {1/2 < g < 3/2} and Dy = {g < 1/2}. (2a) On Dy, f' > max{1/2,9/3} >
max{1/2,g0/3}, so {f € I;} N Dy is an interval of length at most min{4W,6W/go}, and
6W/go = 6WA/(|Ag|Wrea) < 482 Aq?/|M| < 68 Ag?/|M|. As in (1) the count is at most
n(1+min{4W/q, 68Aq/|M|, \/7/A/q}) < n+min{dWn, 6813 K r1/3} < n(14+22min{W,r'/3}),
since 683K = 21.97.... (2b) On Dy, —1 < f' < —1/2, so {f € I;} N Dy is an interval
of length at most 4W. Since g < 1/2 at a point of H and g > go, |A4| < A/(2Wieal), i-€.
A > Wieal|M|/(2¢%), and the population bound gives at most n(y/2r/(Wieat| M) + 1) pairs.
Hence the count is at most n(1+min{4W, \/2r/Wiea1}) < n(14+4min{W, r1/3}): if Wyea > r/3/8
then +/2r/Wyea < V1672/3 = 4913 and otherwise W < Wyea + 1 < ri/3/8 41 < p1/3
for r large. (2¢) On R, f” = g¢//o < —% - Ad/w < —Ad/(4r) by Lemma 21.9. Since
g <3/2on Rand g > go, |Ag] < 1.5A/Wrew < 3V2A < 4254, 50 C = (1/4+|Ag|)/A <
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1/(4A4) + 4.25 < r/2 +4.25 and Ad?> = S — C > r/2 — 4.25, whence d > 0.7,/r/A for
r > 425 and m := ming|f”| > 0.175y/A/r. A concave function with f” < —m takes val-
ues in an interval of length 2W on a set of at most two intervals of total length at most
4/W/m < 9.57VW (r/A)Y4. Moreover |Ag] < 1.5 A/Wyear gives A > Wiea| M|/(6¢3), so
(r/ AV < 1.57 ¢ 2 A (Wyeat | M|) =14, and \/WWT;L/4 < 1.69 ere/,ﬁ (for Wieal > 1 use W <
2Wieal; for Wiea < 1, W =1 and w2 < 23/4 = 1.682). Hence the total length is at most
25.4 (Wreal,’o)l/4q1/2’M‘fl/4 — 95.4 - 273/8N1/8T71/8q1/2‘M’71/4 < 19.6 N1/8T71/8q1/2|M’71/4,
and the two intervals contain at most n(19.6 N/87~1/8¢=1/21.2) admissible d (|M| > 1). Adding
(2a)—(2c), the count for Ay < 0 is at most n(4 + 26 min{W,r/3} 4 19.6 N1/87=1/84=1/2) and
(0) and (1) are smaller. O

The theorem does not cover Ay = 0; in the squarefree application below this is harmless, since
the Beatty identity makes 4k_k, a square, impossible for two distinct squarefree cells. Least
periods ¢ > r are covered by Lemma 20.15: such a family has at most 2¢(9) = r°(1) shell pairs
altogether.

The proof gives slightly more than the statement: the resonant term may be replaced by
20 N1V/8=1/84=1/2| M| ~1/4, since the level set of (2c) is the union of at most two intervals
of total length L < 19.6 N'/8r=1/8¢1/2|M|~1/* and a residue class modulo ¢ meets it in at
most L/q + 2 points. Regime (2c), which occurs only when Ay < 0 (equivalently M < 0),
can be non-empty only if |M|Wiea/(6¢%) < A < 4v/2|M|Wieal/q?%, since g = 2|Aglup €
[[Ad|Wieal/A, 8v2|Ag|Wreat/A] by Lemma 21.9. In particular families with C' = 0, which
have M = ¢? and Ay = 1/4 > 0, are never in the resonant regime. The refinement counts the
families that can reach a given fraction of the resonant scale. Here, as throughout, a family is a
pair (A, C) together with all the residue classes on which both members are integral; sub-families
on fewer classes are not counted separately.

Corollary 21.11 (thin resonant hierarchy). Let NV/° < r < NY3, N large, ¢ > 0 and 0 <
A < NVY8=1/8  The number of drift-free two-progression families with Aq # 0, C' # 0 and
least period q < r that have, in some window of 2W — 1 consecutive start differences, at least
A+ 29 (4 + 26 min{W,7/3}) pairs of shell cells is at most C.N®(NY/8r=1/8 /X%, In particular
at r = LNl/?’J, for every K > 1 at most C.N°K* such families have a cluster of at least
NY12/K 430 - 2¢(@),

Proof. By the refined bound, such a family has 20-2¢(9) N1/8p=1/84=1/2|Nf|=1/4 > X ie. ¢?|M| <
X, := 16*@D(20Y)* with YV := NV/8=1/8/X > 1. A family with C' # 0 is determined by its
least period ¢, its M and its a = Ag¢?, a divisor of |¢>(¢*> — M)/4| = |ay| (Lemma 20.4).
A qualifying family has at least two shell pairs, with parameters d; # da < r/2 and s; =
Ad? +C € (r,2r),50 A= (s1 — 82)/(d? —d3) < r, |C| < 2r+73/4, and hence |ay| = A|C|¢* <
r8 < NB8/3. every divisor count is < C.N¢, whatever A. Hence the number of families is
at most C.N¢ Zq:ngxq(QXq/q2 +1) < 3CN°) 5y X,/q?, since 1 < X,/q? on the range of
summation, and Y-, X,/¢* = (20Y)* 3, 16°@Wg=2 = (20Y)* [, (1 + 16/(p* — 1)) = O(Y*). At
r= |NY3|, W =1, N/8p=1/8 = NV12(1 4 o(1)) and A = N'/12/K gives Y = K(1 + o(1)),
while 2¢(9) (4 + 26) = 30 - 2v(9), O

Section 23.3 counts 4268 enumerated families with cluster > %N 1/12 and 490-767 with cluster
> iN 112 at = | NY/3| across 40-96 bits. These are not a test of the corollary — its thresholds

carry the additional term 30-2¢(@ and separate O(K*) upper bounds do not bound the ratio of
two counts — but they are consistent with a hierarchy in which the number of families reaching
a K-th of the resonant scale grows polynomially in K.
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The bound has the shape of Conjecture (P’): the offset and the speed drift confine a single
family to O(¢°™™) min{W,/3}) pairs, and in the proof the term N/8~1/8 arises only from the
stationary regime (2c) of a resonant family (Agq < 0, A < Wieat| M|/q?) reaches N/8r=1/8; the
class factor 2¢@ = ¢°1) is Lemma 20.14, no longer an assumption. Theorem 21.5 matches the
min{rl/ 3 W} term from below when Wiea — 00, and Theorems 21.2, 21.4 match the resonant
scale N1/87=1/8 for the full shell when Whieal 18 bounded, so in these regimes the single-family
profile is matched up to (1) factors (up to constants for fixed period); for the squarefree shell at
bounded W Theorem 21.3 gives the lower scale for almost all NV, and for W, e, — 0o above the
crossing the resonance term is matched only by the first-order profile of Section 21.8. Conjecture
(P"") of Section 22 asserts that the whole statistic is carried by such a family; with Theorem
21.10 it implies (P’).

21.10. An unconditional upper bound at the top of the range. Everything so far bounds
the statistic from below. At r = | N3] it can also be bounded from above, by reducing it to
a count of integer points close to an explicit convex curve and applying the second-difference
argument of Filaseta and Trifonov [24]; see [43] for the general theory. Write ||z| := min,cz |z —
Lemma 21.12 (near-points on a convex curve). Let f € C?[a,b] with b—a = H > 1 and
0< A< f"<A onlab], let 0 <& < 1/4, and put hy := min{(3A)~/3,(856)"1}. Then the
number R of integers x € [a,b] with || f(z)|| < 0 satisfies

R < (Z+1)<4\/5/T+2).

Proof. For each such z let y(x) be the integer nearest to f(x). (i) Let z < 2’ < z” be three
such integers with h:= 2’ — 2 < hg and b’ := 2" — 2’ < hg, and let A, := [(y(z") —y(2')) /W —
(y(z') —y(z))/h]/(h + 1), so that hh'/(h + h')A, € Z. The same expression formed with the
values of f equals f”(&)/2 for some & € (z,2"), and differs from A, by at most 26/(hh’). Hence
|hh! (h+h)Ay| < ARR (h+1)/2+25(h+R') < AR +45hg <1/3+1/2 < 1,50 A, = 0: the three
points (z,y(x)), (2, y(z)), (", y(z")) are collinear. (ii) Partition the near-points into maximal
chains in which consecutive members differ by at most hg. By (i) every three consecutive
members of a chain are collinear, so a chain lies on one line y = ax + 3. Put g := f — azx — 5;
then ¢” > X and |g| < 0 at the chain’s points. If ming > —d, then g(x) > —6 + Az — 20)?/2
about the minimiser ¢, so the chain lies in an interval of length at most 4,/d/A. Otherwise
the chain lies in the two components of {—J < g < d}; on the right component, of length ¢,
g increases by at most 2§ while ¢’(z) > A - (* — Tsgart), 50 20 > M?/2 and ¢ < 24/6/), and
symmetrically on the left. Either way the chain has at most 41/0/A + 2 points. (iii) Distinct
chains are separated by gaps exceeding hg, so there are at most H/ho + 1 of them. ]

Theorem 21.13 (U, upper envelope at r = [NY/3|). For all sufficiently large N,
Duax(Fi(LN'?]),1) < 6N%/,

and the same bound holds for the squarefree shell.

Proof. Let 7 = [NY3| and u = 2/N € [2r3/2 2(r + 1)3/?). The starts s, = [uvk] — N —

increase with k& on the shell, S0 Dpax = maxy>1 D(t) with D(t) = #{(k,d) : k, k + d

(r/2,r], d > 1, sppa— sk =t}. (a) One k per d. Fix d and put pq(k) := uw(vk +d — Vk) — d.

Since [z] — [y] € (x —y — 1L,z —y + 1), Sgtqa — s = t forces pq(k) € (t —1,t +1). Now ¢q

is decreasing with |¢/,(k)| = ud/(2VEVE +d(vk +d + Vk)) > ud/(4r3/?) > d/2 on the shell,

so the real k in the shell with ¢4(k) € (t — 1,¢t + 1) form an interval of length < 4/d, which
for d > 5 contains at most one integer. For an actual pair put 7' := ¢t + d, ¢ := T/u and
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q = Vk+d—Vk =d/(Vk+d+ k), so that |¢ — qo| < 1/u and d/(2/7) < qo < d//2r,
whence |q — qo| < qo/(dr) and ¢*> < d/2 for r large. The equation vk +d — \/k = ¢ has the
solution K(q) := 3(d/q — q)?, with K(qo) = k, and we set r(d) := K(T'/u), so that

1/ ud t+d\2 Nd? d (t+d)?
A\t +d u (t+d) 2 16N

Since K'(q) = —/K(q) (d + ¢*)/¢* and \/K(q) < d/(2q), for g. between gy and ¢ we have
|K'(q.)] < d(d+q2)/(2¢) <0.75d%/¢? < 6.173/2/d (using ¢ < d/2 and g, > qo(1 — 1/(dr)) >
(d/(2y/r))(1 —1/(dr))), hence |ki(d) — k| < |K'(g«)|/u < 3.1/d < 4/d. Thus ||r¢(d)|| < 4/d and
ki(d) € (r/2 — 1,7+ 1]. The values d < 4 contribute at most >, ,(4/d + 1) < 13 pairs, so
D(t) <134+ #{d > 5 : ||ke(d)| < 4/d, ke(d) € (r/2 — 1,7 + 1]}. (b) The range of d. Write
co:=1-2712=10.2928. .. and T := t+d = [uvk + d|—[uvk] < u(\/r—/7/2)+1 = couy/r+1,
sot < 0.3uy/r < 0.6172 for r large and T/u < co\/7 + 1/u. Since xki(d) € (r/2 — 1,7+ 1] and

ud/T = 2\/ke(d) + T/ u,

d _ Ver—4 _ 12—

= >

T u — or(141/r)3/%
d < 2yr+14co/r+1/u < 1( T+ 1/r Lo + )
T 2r3/2 r 2u f

the limiting constants are 27%/2 = 0.7071... and 1+ ¢o/2 = 1.1464 ..., 50 0.7/r < d/T < 1.15/r
for r large. As d/t = (d/T)/(1 — d/T), this gives d € [X1, Xo] with X := 0.7¢/r and X, :=
1.16t/r; put H := X9 — X7 <0.46¢/r. If t < 23r then X9 < 27 and D(t) < 40; assume t > 23r.
(¢) The curve. On [X7, X3] we have d < 1.16¢/r and

2Nt(t —2d 1 2N N 2N 1
K} (d) = (t(+d)4) + IV € [t—2<1 — ;), t—z(1+ ;)} = [\ A
(d) The count. Apply Lemma 21.12 to f = k; on [X1, Xo] with 0 :=4/X; = 40r/(7t) < 5.72r/t,
which is < 1/4 for t > 23r. Then H/hg < H(3A)Y/3 +85H < 0.46 (t/r)(6N/t)Y/3(1 +1/r)'/3 +
21.1 < 0.85t'/3 422 for r large (using N'/3 <r+1), and /6/\ < 1/2.867t/N (1+4/r) < 1.33
(using t < 0.6172 and N > r3). Hence D(t) < 13 + (0.85t'/3 4 23)(7.4) < 6.3t/ 4184 <
5.47%/3 4184, since t'/3 < (0.61)'/3r2/3. For N large this is at most 6 N?/?. Monotonicity of
Dinax in the family gives the squarefree case. ]

With Theorem 21.2, (0.633 — o(1))NY/12 < Dyax(F1(|N'3]),1) < 6N?/9: for the full shell
the exponent at the top of the range lies in [1/12,2/9]. Conjecture (P’) concerns the squarefree
shell, for which it predicts the exponent 1/12 (matched from below by Theorem 21.3 for almost
all N); the analogous full-shell conjecture would assert 1/12 for F; as well. The bound is
dominated by the number of chains, H/hy = #1/3, which is < N1/6 at the resonant scale t =< N1/2
of Theorem 21.2 and = N2/9 for the largest ¢ < N2?/3, where the two cells of a pair lie at
opposite ends of the shell. Only the second derivative of k; was used. Exact differentiation gives
k) (d) = 12Nt(d—t)/(t +d)> = —(12N/t3)(1+ O(1/r)) on the relevant interval, so higher-order
near-point estimates [43] are expected to improve the exponent for t = o(N?/3), although none
is proved here; at t =< N2/3 the derivative-only third-difference spacing scale is N1/, and the
standard higher-derivative tests do not by themselves evidently reach the conjectural N/12,
One route to that scale is the arithmetic of the rational parabolas carrying many near-points
— the two-progression families of Section 20; another is a direct near-curve or exponential-sum
estimate controlling points spread over many parabolas. Nothing here distinguishes them. In
the terms of Theorem 4.4, a uniform power envelope D, < 2" of the form used there improves
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the in-model bound beyond N'/¢ only once n < 1/2; Theorem 21.13’s 2/3 (as a power of the
shell size r/2) does not, and the gap from 2/3 to the conjectured 1/4 is the upper-envelope
problem in its sharpest form.

The same argument bounds the modulus-free statistic of Section 20, where the curve is exactly
quadratic.

Theorem 21.14 (U*, upper envelope of the modulus-free statistic). For every 6 € (0,1.2] and
all sufficiently large r, Dj(r) < 2.1 r2/3 and the same bound holds for the modulus-free statistic
of every subset of the cells of the shell. Consequently, for every fized € > O there are ro and
No(e) such that ro <1 < NY5=¢ and N > Ny(e) imply Duyax(FD(r), W) < 2.172/3,

Proof. Reversing the ordered pairs replaces 7 by —7, and at 7 = 0 the window contains no shell
speed for r large (every speed is at least 1/(2y/r) while 8p, = O(r=3/2)), so fix 7 > 0 and the
window (7—0p,., 7+0p,); put n := Op,. For a pair (k, k+d) of the shell put vq(k) := V& + d—Vk,
which decreases in k with |v/y(k)| = d/(2VEVE + d(Vk + VEk + d)) > d/(4r%/2); the real k with
vg(k) in the window form an interval of length at most 27 - 4r3/2/d = v/20/d < 1.7/d, so
at most two pairs have d = 1 and at most one pair has each d > 2; the pairs with d < 3
number at most 4. For d > 4 put K(q) := 1(d/q — q)?, so that K(qo) = k for qo := va(k),
and k. (d) := K(7) = d?/(47®) — d/2 + 72/4. On the segment between gy and 7 we have
lg — qol < mand g > d/(2y/7), s0 |q — gol/q0 < 0/(2v/2dr) = O(r~") uniformly for d > 4,
6 < 1.2; since |K'(q)| = (d? — ¢*)/(2¢3) and ¢3 < d/4, this gives |K'(q)| = |K'(q0)|(1 + O(r~1)),
and |K'(qo)| = 1/|v),(k)| < 4r3/2 /d because K inverts vy. Hence |K’(q)| < 4.573/2/d for r large,
and |k — r,(d)| < 4.573/%n/d < 0.80/d < 0.96/d: every d > 4 carrying a pair of the window
is a near-point ||k, (d)| < 1/d. Since d = qo(VEk + vk + d) with v2r < Vk +VEk+d < 2y/r,
every such d lies in [X1, Xo] with X7 := max{4,v2r(t — 1)} and X := 2\/r(7 + 7). If H :=
X9 — X1 < 1 there is at most one such d and the window holds at most 5 pairs, so assume
H > 1; a carrying d > 4 forces 74/7 > 2—O(r~1), hence n/7 = O(r~1), X1 > 7v/2r (1+0(r™1))
and H < (2 — v2)7y/r (1 + O(r~1)), uniformly in 7; also 7 < (1 — 27%/2)\/r + 7 for a non-
empty window. Apply Lemma 21.12 to f = s, on [X1, Xo] with f” = 1/(27%) =: A = A and
§:=1/X1; <1/4. Then §/\ =272/X1 <V27//r(1+0(r 1) <vV2-14+0(r"1) < 042,50 a
chain has fewer than 41/0.42 + 2 < 4.6 points; and ho = min{(272/3)'/3, X, /8} gives

H 2 -2 8(2 —2)
o = max{ (2/3)1/3 VT, V2

where (2 —+/2)/(2/3)'/3 = 0.670558. .. and 8(2 — v/2)/v/2 = 3.3137..., and moreover 7/3 <
(1—=27Y2)1/3¢1/6(1 4-0(1)) with (1 —271/2)1/3 = 0.6641045 . . .; the product of the two constants
is 0.44532. .., so H/hy < 0.446 72/3 for r large, uniformly in 7 and 6. Hence the window contains
at most 4 + 4.6 (0.446 72/3 + 1) = 2.05162/3 + 8.6 < 2.172/3 pairs for r large. A subset of the

cells has fewer pairs. For the last statement apply Lemma 20.9 with 6y = 0.9 <1 < 1.1 = ¢
Dinax (FP(r), W) < Dt (r) < 2.17%/3 once r > rg. O

fa+o6),

With Theorem 20.8, for every fixed 0 < # < 1 and as r — oo the exponent of Dj(r) lies in
[1/3,2/3], and along every sequence r — oo in the transfer range Lemma 20.9 gives the same
interval for Dy (FP(r), W); Conjecture 20.12 attributes the conjectural +1/3+°(1) envelope to
a single drift-free two-progression family, and Theorem 20.11 gives the proven lower bound
D3pp(r) = (co — 0(1))r'/3. The bound is again carried by the chain count H/hy =< 7/3\/r,
largest for the fastest pairs. The near-points contributed by a fixed near-chain or two-progression
family lie on that family’s parabola in the (d, k)-plane, so a non-degenerate family contributes
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at most two points to any collinear chain of Lemma 21.12: for these mechanisms a sharper
argument must control the number of chains rather than their length.

21.11. The additive energy of the speeds. Theorems 20.11 and 21.14 concern the maximum
of the modulus-free statistic. Its second moment is controlled unconditionally. Let K be the
squarefree cells in (r/2,7] (or any subset of them), R := K|, P := {(k,k') : k,k' € K, k <K'}
the pairs, and for 6 > 0

Eo(r) == #{(P,Q) € P : [vp — vg| < 0p,},

the number of ordered pairs of pairs whose speeds differ by less than 0p,; P = @ is allowed, so
Eo(r) > |P| = (5).

Proposition 21.15 (E, near-minimal additive energy). For fized § > 0 and € > 0, Ey(r) <g.
r2te . for every subset KC of the shell. Consequently the number of pairwise disjoint windows of
half-width Op, /2 containing at least X pairs is < r*>T /A\2; with C(P) := #{Q : |vg —vp| < 0p,},
#{P: C(P) > "} < r2Te7" for every n > 0; and for the full squarefree shell the mean of C(P)
over P is < rf.

Proof. |vp —vg| < 0p, reads |VE + V1 — Vk — V1| < 0p, with all four cell labels in (r/2,7] C
[M,2M], M := r/2. Robert and Sargos [73]| proved that for fixed real o # 0,1 the number of
(m1, ma, m3,my) € [M,2M]* with [m§ +m$ —mg —mg| < SM® is <o M?T4(1+5M?). With
a=1/2 and
6 0
6:29 M_1/2:7 5M2:7
Pr 472 16’
this gives Ep(r) < r2T¢. If A pairs lie in one window of half-width 6p, /2, every two of them
are within fp, and contribute A2 to Ey, and disjoint windows contribute disjoint sets of ordered
pairs. > p C(P) = Ep(r) gives the tail bound by Markov’s inequality and, since |P| = (];) = r?
for the full squarefree shell, the mean. O

Thus, for the full squarefree shell, the energy has the near-minimal order 2t°() uncondi-
tionally: polynomially large clusters occupy a vanishing proportion of the pairs, although the
maximal cluster is at least (cp — o(1))7'/3 (Theorem 20.11). This is a tail statement, not a
Poisson pair-correlation limit. Numerically (Section 23) the energy of the squarefree shell at
r = 212 ... 215 agrees with that of a phase-randomised null to within one unit in the third
decimal of F; /({j) (1.074,1.074,1.074,1.075 against 1.073,1.074,1.074,1.074; E1 = 0.0496 12 in
both), while the maximal speed-centred clusters are 9,9,11, 15 against 4,5,5,5, and the pairs
whose cluster exceeds the null’s maximum number 61,97,332,1420 — between 2.7 - 10~° and
7.9-107° of all pairs.

The energy form of Lemma D, and a transfer-range limitation. The proof of Lemma 4.3
bounds the cross-window overlaps at the babies by W) ., D(y — ) < WK2Dpax. The
Ky (K2 — 1) differences 4/ — v have multiplicities at most Ko, so the sum is at most KoY,
where Y, denotes the sum of the m largest values of D(h) over h # 0 and %, := %,,/m is
non-increasing in m. The baby count gives K1 K3¥k, > n?/(4W) when K; < n//(2W), and
the giant count gives KoK?Yy, > n'?/(4W) when Ko < n'/(2W). If either K; > n'/(2W)
then |B| + |G| > n’/(2W). Otherwise put m := min(K7, K); multiplying the two inequalities
and using the monotonicity L, < %, gives K1Ky > (n'2/(4W%,,))?/3, and since the larger of
Kl,KQ equals KlKg/m,

1, n2 \2/3
B > By _
Bl +]G] 2 m+m(4WEm)
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The integer m = min(K7, K2) depends on the unknown cover, so the cover-uniform energy

certificate is
/ 12

Bl +16] = mm{zw mé?[m+§1<4vzim>2/3]}’

where ¥, is the sum of the m largest values of D(h) over all signed h # 0 (with zeros ap-
pended if necessary) and ¥,, = 3,,/m; the weaker cover-dependent consequence |B| + |G| >
2(n"?/(4WE,,))Y/3 follows by AM-GM, and is Lemma 4.3 with Dy, replaced by the mean of the
m largest values of D. One might hope that %, < Dpnax at the relevant scale m =< N 1/ 5 since
the maximum is attained by a few resonant families. In the transfer range it is not so. Write

= 2/N. For r < NY/5=¢ and every odd j € [0.47/3,r/3] (note 16~1/3 = 0.3968 ... < 0.4),
Lemma 20.7 puts all |I;(r)] > (v/2 — 1)r'/3 — 3 members of the symmetric famlly j in one
window of half-width p,/2; Lemma 20.6 with z = logr keeps a proportion > ko — o(1) of
them squarefree (its error terms 3L/z, 473) 7(\/Ty), 2n(y/jTo + 1) are all o(r'/3) here); in-
side the window the start differences Ap = Uvp — dp + Up lie in an interval [a;, b;] of length
< Upr+|Li(r) |42 = Wiea +O(r'/3) = (1+0(1))W, so every integer h with bj—W < h < a;+W —
at least (1—o0(1))W > W/2 of them — has D(h) > (ko(v/2—1) —0(1))r!/? > (0.1299 — o(1))r/3;
and the intervals for distinct j, centred near /2N/j, are < /N/r =< rW apart, hence dis-
joint. The (0.3 4 o(1))r'/3 odd j thus give at least (0.15 — o(1))Wr/?3 > N5 integers h with
D(h) > (0.1299 — o(1))r'/3, and %,, > (0.1299 — o(1))7/? for every m < (0.15 — o(1))Wr!/3.
Under (S”) therefore %, = r1/3+0(1) throughout the transfer range for every m < N1/5: the
rearrangement estimate cannot replace the power /3 by a smaller one there. This does not by
itself determine the optimised exponent of the energy-form certificate — the N2/1% of Theorem 4.4
arises near = N3/11 outside the range treated — and it does not say that the difference set of a
particular baby set must meet these values of h; whether the planar regime allows ,, < Dpax
at m =< N2/ ig left open. At 40-48 bits the measured ratios Dmax/im at m = N5 are 1.3-2.2
(Section 23).

22. CONJECTURES AND THE REFINED-PRIME PROGRAMME
Conjecture 22.1 (S”, envelope). Dyax(FD(r), W) < #1/3+0() for r < N1/3,

For the modulus-free statistic, Theorem 20.11 gives the lower-bound coefficient ¢y and The-
orem 21.14 the upper bound 2.1r%/3; Conjecture 20.12 locates the maximum among the two-
progression families, and Lemma 20.9 carries these statements into the transfer range.

Conjecture 22.2 (P, planar envelope). For N5 < < N1/3,
Diax(F(r), W) < ro) max(min(rl/?’, 2W), Nl/srfl/g).

The first term combines the symmetric law (measured coefficient ~ 0.38) with the cap of
Proposition 21.1; the second is the first-order resonance range (coefficient 1.94); neither constant
is asserted as an upper constant; the class count n < 24 = ¢°(1) is now Lemma 20.14, and the
unproved content of (P’) is the control of pile-ups and of clusters not contained in any drift-free

family. Theorem 21.13 proves the unconditional upper exponent 2/9, for both shells, where (P’)
predicts 1/12 at the top of the range.

Conjecture 22.3 (P", planar two-progression extremality). For NV/® <r < N1/3,
Dunax (FE(r), W) < r°W) DPL(N, 1),

where Dg}D(N, 1) is the largest number of pairs of squarefree cells of one drift-free two-progression

family of any least positive period q (those with q > r contribute r°M) by Lemma 20.15) whose
start differences lie in one window of 2W — 1 consecutive integers.
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By Theorem 21.10 for ¢ < r and Lemma 20.15 for ¢ > r, 299 < exp(O(logr/loglogr)) =
r°M) and ¢~1/2 < 1, while the Beatty case Ay = 0 contributes no pair of distinct squarefree cells;
hence DS}P(N,T) < 7°M) max{min{r/3,2W}, N/8=1/8} "and (P”') implies (P’). (P") is the
precise form of the assumption, made informally in (P’), that several families do not pile into
one window; its evidence is that at eleven of twelve exact points through 64 bits the maximum
inside the census box equals the all-pairs maximum (Section 23) — no omitted mechanism is
larger at those points, though ties, submaximal residuals and a later asymptotic crossover are
not tested — and that the pooled statistic over all enumerated families (Section 23) shows no
pile-up at the sampled radii. Under (S”) below the crossing and (P’) beyond it, Theorem 4.4
gives > ¢ N2/11=o(1) for every r, its exponent minimised near r ~ N3/ (no representation of
that cost is exhibited), and by Corollary 21.7 this is also what the whole-shell certificate can at
most give.

Mechanisms outside the covered class. Theorems 20.16 and 21.10 bound one drift-free family
at a time. They do not bound: (i) non-drift-free families s = Ad? + Bd + C, B # 0 (four
appeared among the maximisers of the planar census at small d). Integrality on a progression of
period ¢ forces B € ¢~27Z (by the first difference of the corresponding integer-valued quadratic).
To first order the speed drift is B/(2v2Aw) with w = 2,/k, k_ =< r, so each integral residue

class contributes at most min{20q\/A/r+1,/r/A/q+1} < /20 +1 pairs away from stationary
points of the speed. No analogue of Lemma 20.14 is proved here for B # 0, so this per-
class estimate does not yet give an O(2w(q)) bound for the whole family; nor does it exclude
degenerate stationary configurations — simultaneous vanishing of successive speed derivatives
in the modulus-free problem, f' = f” = 0 for the phase f = wv — d in the planar one —
which impose Diophantine conditions on (A, B, C') that no argument here excludes. Numerically
the mechanism is inert: a census of such families places the first-order stationary point d, =
2(B%2 + Ay)/(AB), Ay = 1/4 — AC, inside the shell by construction (for ¢ < 40, B = 3/q
with 8 a multiple of ged(2c, q) so that many residue classes are admissible, A on a logarithmic
grid in [2710,4], C near its target), and among 71520 such families at each of r = 216,218 220
(7006-10 340 with two or more shell pairs) the largest window holds 3, 4, 4 squarefree and 4, 4,4
pairs, against the drift-free 16,31,45 and r'/3 = 40,64, 102; a scan of +300 in + around the
target for twelve (A, B) at 28 reaches 5. (ii) Pile-ups of several families in one window, which
the pooled test of Section 23 examines inside the census box. (iii) Higher-degree one-parameter
families d = d(n), s = s(n) with degs = 2degd, whose shell population is O(r/(2degd)) — at
most /4 beyond the quadratic case, too small for the modulus-free 71/3 but of the planar N1/12
scale. (iv) Near-integral points of k, or k; (Theorems 21.14, 21.13) spread over many parabolas
with no exact family carrying most of them — the major-arc alternative, which a direct near-
curve or exponential-sum estimate would have to address without any classification. (S”) and
(P assert that these alternatives do not raise the whole-shell maximum beyond the drift-free
benchmark, up to the stated 0(7“1/ 3) and r°(1) Josses — not that each is individually smaller; the
exact sweeps are finite-size evidence for that extremality assertion, not a proof, and (iv) is the
alternative that no argument given here excludes.

22.1. The refined prime sub-family. The prime shell 7{ (r), of size (1+o0(1))r/(2In7), does
not carry the symmetric pairs (their members ¢(jtF1)/2 are composite), and by Lemma 20.4(iii)
every family with infinitely many prime members has non-square M, hence first-order occupancy
O(r?'7) in the transfer range. In the computations of Section 23, its modulus-free statistic sits
at the phase-randomised null through r = 2'8, and the certified exact values at r = 2!9 and
220 are 4 (no null was simulated at these two points). We state two completeness conjectures
sufficient for one refined-subfamily route; a direct analytic envelope, or a different construction
of a low-Dyax subfamily, would not require them.
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Conjecture 22.4 (T, two-progression completeness). Let &(r) be the collection of drift-free
two-progression families of Proposition 20.3 and Lemma 20.4, each restricted to its pairs of
squarefree cells in (r/2,7], and for G € &(r) put

Op(Gir) = max #{(k,}) € G Wk —VE — 7| < 0p,}.

Let E, g(r) be the set of squarefree cells occurring in a pair of some family with Og(G;1) > r'.
For every fixzed n > 0 and 6 € (0, 1], the squarefree cells of (r/2,r] outside E,(r) have modulus-
free statistic Dy < prto(d),

Conjecture 22.5 (Tp, planar refined-prime envelope). For every fized n > 0, uniformly for
N5 < pr < NY3 and also on the W = 1 shell at r = LN1/3J, there is a disjoint sub-family of
the a = 1 cells with R > r=°W) windows and Dpax (-, W) < pito(l),

Under (T) and (Tp), Theorem 4.4 gives > N/5=9 for every § > 0 — Harvey’s exponent as the
in-model optimum. In the transfer range the counting branch alone already gives N5, so the
exponent is decided in the planar regime, where the exact-start statistic enters.

The cost side (first order). The resonance criterion depends on (N, ) only through Wiea, so
at r = N'/3 the list of candidate resonant families is N-independent and only the first-order
scales change (range N 112 hopulation N/ 6). A family with n classes and range > ¢ N 1/12
has ¢?|M| < (1.94n/c)*, and summing populations 1.18n|M|~/2N6 over ¢*|M| < X gives
<« NY6X1/21n X. Hence removing every enumerated resonant family above the threshold 7",
0 <1 < 1/4, costs =210 cells (with n = ¢°() assumed), a vanishing fraction; for 7 > 1/4
nothing exceeds the threshold up to constants. The count controls only the enumerated drift-
free resonant families; it gives no bound on the residual statistic after their removal, and that
residual bound is the unproved content of (Tp).

The prime onset. On the family of Theorem 21.2, with the window |d — d.| < 0.8/d., the
numbers of d with both k+(d) prime are 7,12, 60, 334, 4716 at 96, 128, 160, 200, 256 bits, of which
5,11,39,197,2372 share the most frequent start difference. These counts are lower bounds for
Dinax(FF(r),1): in these computations the plain prime shell leaves its null level of 2-3 between
128 and 160 bits, and under the Bateman-Horn heuristic [5] the number of prime pairs on the
window grows like N1/12 / In?r, so that the prime shell has no r°1) planar envelope under that
heuristic. The family is admissible on d = 0 (mod 12), and more generally every normal form
nt? Fmt + 1 is admissible on ¢ =0 (mod 6): both members are = 1 modulo 2 and 3 there, and
for p > 5 the product (nt? +1)? —m?t? is a quartic with leading coefficient n?, or 1 —m?¢?> when
p | n, neither vanishing identically modulo p. Heuristically — under Bateman—Horn, and given
an admissible resonant family of the crossing scale — restricting to primes therefore does not by
itself lift the ceiling of Corollary 21.7: the logarithms cancel in the Sidon branch at the crossing,
and the thinning must remove the resonant families themselves.

22.2. Where conjecture (T) sits. The modulus-free statistic D*(r) is an extreme-value statis-
tic of the pair correlation of the real sequence {v/k : /2 < k < r} (=~ r/2 points, raw mean
spacing = r*1/2) at a window = r~3/2 ie. r~! times the raw spacing, where the expected count
is O(1). Reduction modulo 1 only merges pairs, so D* is at most the corresponding extreme
count for the fractional parts {v/k} at the same absolute scale (r~/2 times their mean spacing
1/r). For \/nmod 1 over the full range the two-point correlation is Poissonian once squares
are removed [21] — an average over offsets at the mean-spacing scale — while the gap distribu-
tion exists and is not Poisson [20], the non-Poisson gaps coming from the lattice structure that
appears here as the Beatty chains. For the sequences {ome} the pair correlation is Poissonian
for every @ > 0 when 0 < 6 < 43/117 [55, 71], and the m-point correlations for m > 3 when
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0 <6 < 1/(m?>+m — 1) [56], ranges that exclude § = 1/2; for almost every a the k-level
correlations of {n®} are Poissonian once a > 4k* — 4k — 1 [79], far from a = 1/2. No published
result on triple or higher correlations of \/n mod 1, on maximal pair counts at a fixed offset
at any scale, or on dyadic ranges, arithmetic progressions or VAN is known to the authors.
Conjecture (T) is therefore an extreme-value statement about pair correlations of vk far below
the mean spacing, with the arithmetic families removed: related to the known two-point law
but not implied by it.

23. NUMERICAL EVIDENCE

Unless stated otherwise, all statistics below are exact integer computations; where a statistic
depends on real speeds computed in double precision, the error is bounded and the count is
bracketed or recomputed in 200-bit precision, as indicated at each place. Balanced semiprimes
(“RSA moduli”) have ¢/p < v/2 and are drawn from a seeded generator; every computation is
archived with its parameters and seeds and is regenerated deterministically from them.

23.1. The modulus-free statistic. Table 5 gives D*(r) of the squarefree shell at Harvey’s
resolution p, against a phase-randomised null (each J-class shifted by an independent random
fraction of its spacing) and the full shell, together with the speed at the returned maximiser.

r R D* np=InD*/Inr 72 atthe maximum null full shell (Q — 1)

2219 3 0.198 3.70 (generic) 3-4 5 (4)
29 157 4 0222 35(j=T7) 3-4 8 (5)
210310 4 0.200 18.77 (generic) 4 10 (9)
21621 6 0.235 8.5 (j =17) 4-5 15 (12)
212 1246 9 0.264 7.5 (j =15) 4-6 18 (18)
213 2491 9 0.244 52.5 (j = 105) 5 25 (25)
2144980 11 0.247 525 (j = 105) 5-6 -
215 9958 17 0.272 52.5 (j = 105) 6 -

TABLE 5. Squarefree shell, modulus-free statistic at p, = 1/(4v/27%2) (floating-
point sweep over sorted speeds; numerically verified). The maximiser returned
by the sweep for every r > 2! is a run of consecutive links of an e = 1 near-chain
at 72 = j/2 (ties are not enumerated).

A memory-lean exact sweep (all pair speeds streamed into a coarse histogram, candidate bins
refined exactly, the maximum certified by a level descent or a collective refinement, the speed
range split into parts when the occupancy is high) extends the table: on the squarefree shell

¥ =18,24,31 at r = 216,217 218 (certified exact, also against the float64 speed error: with
€r := 2-4tmach-0.3/7, Umach 1= 2793 the binary64 unit roundoff, a rigorous bound on the error of
(K'—k)/ (VK 4+k), the sweeps at half-widths p, F e, bracket the true count and both return the
value stated; D*/rl/3 ~ 0.45,0.47,0.48), with maximisers the near-chains j = 255 and j = 1155
(identified exactly as the drift-free families A = 1/5) and, at 2!8, the four-class family A = 7/15,
C =8/15 (¢ = 15, M = 1; all 82 members in one window, 31 squarefree); on the prime shell

¥ =4 at both r = 2! and 2% (certified for the computed speeds; these two values carry no
boundary bracket), against r1/3 = 80.6 and 101.6. The modulus-free census enumerates the
drift-free families with ¢ < 120, 0 < |[M| < 64 and « a divisor of ¢?(¢?> — M) /4 within a factor 6
of A*¢?, together with every symmetric family in the same window, and computes each family’s
cluster by a float64 speed sweep (Table 6; the pooled boundary brackets and 200-bit rechecks of
the leading families are described below); its maximum is a lower bound for Dj(r) and equals
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the exact value at 2'® (at 216 the exact maximiser is a chain with period ¢ = 510, outside the
census).

logyr  census max family (4, C) ¢ n Dgyy ratio
16 16 (7/15,8/15) 15 4 14 1.14
18 31 (7/15,8/15) 15 4 25 1.24
20 45 (7/15,8/15) 15 4 36 1.25
22 78 (13/105,212/105) 105 8 59  1.32
24 145 (13/105,212/105) 105 8 89 1.63
26 172 (13/105,212/105) 105 8 157  1.10
28 280  (53/105,52/105) 105 8 245 1.14
30 521 (53/105,52/105) 105 8 388 1.34

TABLE 6. The largest squarefree cluster among the drift-free two-progression
families enumerated (those with ¢ < 120, 0 < |M| < 64 and admissible o within
a factor 6 of A*¢?), against the symmetric family’s; every maximiser has |[M| = 1
and n = 2¢@ classes. The maximum equals the certified exact D} (2'%) = 31.
Counts are float64 census values confirmed at 200-bit precision, except at 225 and
230 where the 200-bit values are shown.

Four further checks. (a) The boundary certification of the three exact modulus-free max-
ima just described. (b) A pile-up test inside the census box: the distinct pairs of every
enumerated family are pooled (73855 to 1625553 pairs) and the largest window over the
union is compared with the largest single-family cluster — they coincide at all eight radii,
squarefree 16,31,45,78,145,172,280,521 and all pairs 41,82,113, 183,353,439, 755, 1424. For
squarefree pairs the equality is boundary-certified by tight float64 two-tolerance brackets at
216 918 920 922 924 928 and by 200-bit recomputation of the pooled statistic at 226 and 239; for
all pairs, by tight brackets through 224 and by the 200-bit recomputation at 226 and 230, while
at 228 the all-pairs bracket [736, 774] leaves the value 755 uncertified. Distinct drift-free families
share at most one pair, two parabolas s = Ad? + C' meeting in at most one d > 0. (c) At the
non-dyadic radii » = 150000 and 200000 the census box returns 26 and 27, and independent
full sweeps (exact for the computed speeds) return the same values. (d) The top three census
families and the symmetric family at each of the eight radii, and the eleven symmetric clusters
of Table 7, were recomputed at 200 bits; the float64 and 200-bit counts agree except at r = 226
and 230, where they differ by at most three units and the 200-bit values are the ones quoted
throughout: near speed 1, four binary64 unit roundoffs are a tenth of p, at r = 230,

An energy computation enumerates all pairs of the squarefree shell at r = 212, .. 215 (7.8-10°
to 5.0 - 107 pairs) with the stable speed formula in float64 and computes the additive energy
E,(r) of Proposition 21.15 and the speed-centred clusters C'(P), for the shell and for a phase-
randomised null (each d-class shifted by an independent uniform fraction of its local spacing; no
boundary certification is claimed for these counts): El/(g) = 1.074,1.074,1.074,1.075 against
1.073,1.074,1.074,1.074, i.e. E; = 0.049672 in both, while maxp C(P) = 9,9,11,15 against
4,5,5,5 and the pairs with C(P) above the null’s maximum number 61, 97,332, 1420 — between
2.7-1075 and 7.9 - 107° of all pairs. On the exact starts of the 40- and 48-bit moduli of the
planar census (Table 8) the mean of the N'/5 largest values of D(h) is 4.2,3.7,3.1 (40 bits,
r = N3 1.44N3/11 NV4) and 4.6,4.1 (48 bits, 1.44N3/11 N1/4) against Dyax = 8,6,4 and
10, 6, ratios 1.3-2.2. Finally, the census of Table 6 with the enlarged box ¢ < 1200, 0 < |M| < 16
(846 117 and 874 173 families) returns the same maxima 78 and 145 at r = 222 and 224, attained
by the same g = 105 family; the runners-up are the eight-class families of periods 231, 195
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and 210 (64, 57, 54 at 222), and at 2?* the four-class family of period 55 (94) followed by the
eight-class family of period 210 and the four-class family of period 33 (both 88), so the original
box ¢ < 120 lost nothing at these radii.

The symmetric family, enumerated directly with stable arithmetic (speeds as (k' — k) /(VE +
Vk)), has clusters Dy, = 8, 14, 14,25, 36, 59, 89, 157, 245, 388, 616 at r = 214,215 216 918 ' 932
with Dyym/r/? € [0.347,0.391] for r > 2'¥ maximising j = (0.25 + 0.04)r'/? and squarefree
density 0.45-0.48; the full sweep at 2'6 (3.96 - 10® pairs) certifies D* = 18, attained by a con-
secutive chain (the certification does not classify tied or smaller clusters). The density x; of
Lemma 20.6 matches the measured squarefree-pair density of 200 families at » = 224 (pooled
0.354 against 0.358; 15 | 7: 0.456 against 0.460), which is consistent with the observed preference
of the maximisers for j divisible by 3 (all eleven) and by 15 (eight of eleven) (the maximising
j are 9,9,15,15,21,45, 75,105, 165, 255,405). Table 7 compares each cluster with the limiting
prediction 2(v/2 — 1)k;=r'/3 of Theorem 20.11 at its balance parameter x = 1 (the value of
8605%/2/\/r at which the two bounds in that proof agree): the ratio lies in [0.979,1.003] at the
four largest  and within 10% at every r > 216: the outlier at 2'° is a family of 25 members, for
which the observed 14 squarefree pairs against the expected 10.4 is a 1.40 binomial fluctuation.

logyr  j* ki 2(vV2—1)kjr/3 Dy ratio
14 9 0.4183 8.8 8§ 091
15 9 0.4183 11.1 14 1.26
16 15 0.4563 15.2 14 0.92
18 15 0.4563 24.2 25 1.03
20 21 0.4365 36.7 36 0.98
22 45 0.4563 61.0 59  0.97
24 75 0.4563 96.8 89 0.92
26 105 0.4762 160.3 157  0.98
28 165 0.4641 248.0 245  0.99
30 255 0.4595 389.8 388 0.995
32 405 0.4563 614.5 616 1.002

TABLE 7. The symmetric family’s largest single-window cluster Dgyy, (direct
enumeration with stable arithmetic) against the limiting prediction at the balance
parameter = 1 with the Legendre density ;+ of the maximising j*. The limiting
constant is 2(\/5 —1)-5/7% = 0.419686 . . ., approached as j* acquires more small
prime factors (k105 = 0.476 for j* =3-5-7).

The construction of Theorem 20.8 at r = 216, ... 228 gives 0.20-0.337'/3 squarefree pairs in
one window against the proven 0.2598.

23.2. The planar census with real moduli. Table 8 gives the exact statistic Dyax(FL(r), W)
for the whole squarefree shell of the 40-bit moduli N = 964754165423 (#0) and 949472385131
(#1) and the 48-bit moduli N = 173976010050053 (#0) and 219499552204567 (#1), with,
in parentheses, the value for a random-start null (the same number of integer starts drawn
uniformly from the range of the shell’s starts, with the same window) and the family of the
returned maximiser identified by the exact parabola fit of Proposition 20.3 (support > 4).
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r 40-bit #0 40-bit #1 48-bit #0 48-bit #1

N% 4 (4) generic 4 (4) chain j =15 6 (4) chain j =15 5 (5) symmetric j = 39
N3/11 4 (5) symmetric j = 17 4 (5) symmetric j = 17 7 (5) A=17/6 8(5) A=1/29

NO3  7(5) A=1/10 7(5) A=1/10 9()A=1/14  7(5) A=27/4

N3 8 (5) A=1/2 9(5) A=1/2 11 (7) A=1/2 11 (6) A=1/2

TABLE 8. Exact-start statistic of the squarefree ¢ = 1 shell. Below the crossing
the maximisers are cap-regime families (detuning uv' — 1 ~ —1.1 to —1.7 across
their support); from the crossing upward every above-null maximiser is resonant,
with the detuning changing sign inside its support and of absolute value at most
0.03 at the median in 19 of 26 instances. At N'/3 the maximiser is the family
(m?> —m + 1,m? +m + 1) on all four moduli, at median parameter dpeq =
182,182,432, 444 of the cluster against d, = (3u)'/3 = 180, 180, 432, 444.

Peeling (removing the identified family and recomputing) reaches the null in 1-6 rounds after
removing 0.16-0.67% of the cells; all 26 above-null maximisers were identified with full support;
of these, 22 were drift-free with A; < 0 and 4 were non-drift-free small-d families. The prime
shell is at the null (2-3) at 40-60 bits except one resonant instance at 56 bits, » = N3, with six
prime pairs. The certified exact sweep extends the exact statistic to 56 and 64 bits (Table 9, the
moduli of the resonant census): at eleven of the twelve completed points it equals the resonant
census’s value (Section 23.3), so at those finite points the census maximum equals the exact
all-pairs maximum — which excludes a larger omitted cluster or pile-up at those points only, not
tied or smaller ones, nor a mechanism with a larger asymptotic exponent; at the twelfth, the
64-bit squarefree shell at the crossing, the exact value 17 exceeds the census’s 16 by a drift-free
family A = 1/62, C' = 482/31 whose period ¢ = 62 lies outside the census’s ¢ < 48 box. The
prime shell stays at its null level (3, or 6 at the known resonant instance) through 64 bits.

bits r W full: exact / census squarefree: exact / census prime: exact / census
56 55095 ~ 1.44N3/11 7 18 / 18 13 /13 3/3
56 109907 =~ N3 3 26 / 26 20 /20 6/6
56 399153 = [N'V/3| 1 -/ 37 18 / 18 3/3
64 220033 ~ 1.44N3/11 11 29 /29 17 / 16 3/3
64 504125 ~ N3 4 ~/49 26 / 26 ~/2

TABLE 9. Certified exact values of Dy« against the resonant census’s maxima on
the moduli N = 63594180015099841 (56 bits) and N = 10196702678238263821
(64 bits). The shells marked — were not swept; the census’s values there are lower
bounds.

23.3. The resonant-family census. Enumerating the drift-free resonant families from Lemma
20.4 (¢ < 48, |M| < 400, « a divisor of ¢?(¢?> — M)/4 in the resonance range) reproduces the
exact maxima of Table 8 at every parameter point covered by both computations and scales to
96 bits. At r = N'/3 the list has 46434656 candidate families at every size; the largest full /
squarefree / prime clusters found are 10/8/2 and 10/9/2 (the two 40-bit moduli), 18/11/2 and
22/11/2 (48 bits), 37/18/3 (56), 55/27/3 (64), 89/45/4 (72), 128/63/4 (80), 299/145/6 (96) —
squarefree (0.59-0.90)N'/12 full (1.0-1.5)N'/12 lower bounds for the full statistics beyond 48
bits. At the crossing r = 1.44 N3/11 the census gives full / squarefree clusters from 8/6 at 40
bits to 254/171 at 96 bits, i.e. (0.50-0.68)N/™ and (0.30-0.59)N/' with prime clusters 2-4
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through 80 bits and 8 at 96; at r = N3 the full clusters run from 8 to 230 and the prime ones
reach 7. At every tested size from 48 bits onwards the top full-pair family is (A, C) = (1, 2), the
family of Theorem 21.2, whose first-order range law 1.19 NY/12 predicts 18, 30, 46, 75, 120, 294
against 18,37,55,89,128,299. At every size there are 42-68 families with cluster > $N/12 and
490-767 with cluster > %N 1/12: the former together comprise (15 & 4)N'/® members — a shell
fraction falling from 0.30 to 0.00061.

23.4. The theorems. Two of the theorems were checked directly on balanced semiprimes of the
sizes named, with exact start differences and with the resonance centres and windows evaluated
at 256-bit precision.

e Theorem 21.2 at A = 0.8 on moduli of 48, 64,96, 128, 160, 200 bits: the start differences
on the window take 3 distinct values at every size, and the most frequent is shared by 16,
54, 241, 1803, 11674, 106590 of the 28, 71, 460, 3008, 18870, 188112 members — 52-76%
against the guaranteed third.

e Theorem 21.4: at r = [N'/3]/C, C = 1,2,3,4 (the C = 1 row is an endpoint check of the
same mechanism; it lies in the theorem’s interval only when N is a cube), the families
(n,m) = (1,1), (3,3), (7,5), (13,7) have p = 3, 1, 3/7, 3/13 inside J,, = (1.41,4),
(0.5,1.41), (0.27,0.77), (0.18,0.5), stationary points at z/r = 0.83, 0.79, 0.68, 0.60,
at most three start differences on the window |t — .| < 0.84/t./(3m), and a most
frequent value shared by (0.70,0.23,0.18,0.13) NY/'2 (0.63,0.17,0.13,0.06) N*/12 and
(0.49,0.27,0.13,0.07) N2 members at 64, 96 and 128 bits.

23.5. Achievable explicit covers. Lemma 4.3 and Theorem 4.4 bound explicit representations
7' C B — G from below through one mechanism, the approximate-Sidon statistic. They say
nothing about which covers are achievable, and structure that the lemma does not see could in
principle make small covers possible; covers were therefore also sought directly. For the shifted
starts S = {sp = [2VkN] = N —k : /2 < k < r} of the a = 1 shell, minimise W|B'| + |G|
over offset sets B’ 3 0 and giant sets G with S C B’ 4+ G (so that Z' C (B’ +[0,W)) — (—-@Q)),
by greedy set cover for G given B’ and a local search over B’ among the most frequent start
differences. The search returns upper bounds on the minimal cover. Two comparisons are built
in: the trivial cover (B’ = {0}, G = S, cost W + |S|), and the same search on a random set of
|S| distinct integers in the same range.
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bits r |S|  Dmax trivial best ratio control ratio Lemma 4.3 bound
22 148 74 3 75 53 0.707 0.760 154
24 216 108 4 109 84 0.771 0.780 18.0
26 359 180 4 181 146 0.807 0.785 25.3
28  b47 274 4 275 231 0.840 0.822 33.5
30 893 447 5 448 392 0.875 0.868 43.1
32 1447 724 7 725 660 0.910 0.912 53.1
34 2229 1115 8 1116 1044 0.935 0.944 67.7
36 3483 1742 8 1743 1662 0.954 0.954 91.2

TABLE 10. Explicit covers of the shifted start set of the a = 1 shell at r =
| N3] (W = 1), one balanced semiprime at each size (N = 3302401, 10 142 569,
46 450 753, 164 541959, 713555207, 3032841269, 11085944759, 42281311687
at 22 to 36 bits), search budget 12 offsets from the 25 most frequent differences.
“Ratio” is best cost over trivial cost; “control ratio” the same for a random set of
the same size in the same range. With a budget of 80 offsets from 120 candidates
the ratios at 22, 26, 30 bits become 0.680, 0.657, 0.621 for S and 0.693, 0.641,
0.643 for the control. In the window regime r = [N/4| (W = 2,2,3,3,4,4,5,6
at 22 to 36 bits) no offset pays for itself and the best cover found is the trivial
one, for S and for the control alike.

The outcome is the same at every size and budget: the shifted start set is as compressible
as a random set of the same size and range, to within a few per cent, in both directions. The
savings that exist — up to 38% of the trivial cost at the largest budget — are the generic savings
of any set whose pairs number a constant multiple of its range, bought by many offsets each
saving one or two giants; the clusters that Lemma 4.3 tracks contribute nothing visible beyond
that. With windows of length W > 2 an offset costs W and saves at most Dy — 1 < W, and
the trivial cover is optimal within the search. The achievable covers sit 3.4-18 times above the
bound of Lemma 4.3 and within a constant factor of the trivial cover, and the gap between the
two does not visibly close over this sample. This is a statement about what a greedy search
finds, not a theorem about all covers; it points the same way as Proposition 21.15: the additive
structure of the starts is a tail phenomenon, and the bulk, which is what a cover has to pay for,
is random-like.

23.6. The balanced sub-family. The balanced census computes exactly, for two RSA moduli
at each even size from 30 to 46 bits and one at 48 bits (the moduli of Table 3), at r = | N1/3]
and C' = 2, the statistic Dpax(F, W) of Lemma 4.3 over the cell starts of four families — the
balanced family a < b < 2a, ab < r; its primitive cells ged(a,b) = 1; the primitive cells with
ab > r/4 (window length 1); and the a = 1 shell — each against three random sets of the
same size and range, with the lemma’s tolerance W equal to the family’s maximal window; the
values quoted in this paragraph are those of the two moduli at each of 30, 34, 38,42 bits unless
another size is named. The balanced family has exact statistic 29, 26; 42,44; 73,67; 115,115 and
tolerance statistic 37,37; 62,61; 96,94; 159, 154, the maximising tolerance centres lying within
W of N +1—[2V/N] (in the implementation’s negated starts aN 4 b — [2v/abN|; simultaneous
negation leaves Dy ax unchanged). The diagonal ray of Lemma 19.1 supplies witness clusters
of sizes 29,30; 49,48; 75,74; 124,119, that is 77-81% of the reported tolerance maxima: the
diagonal controls and, at these samples, dominates the scale of the tolerance statistic, but does
not by itself attain the full maximum, and no such attribution is made for the exact-difference
statistic. The family’s windows reach W = 8,13,20,32, and Lemma 4.3 gives 10, 14, 18, 25,
below the trivial 2v/n/ = 40,64, 97,157. The primitive short-window sub-family has statistic
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3,4; 5,6; 5,5; 9,8 against 1-2 for random sets — between 0.28 and 0.45 times r1/3 on these
samples; for comparison the shell values are 6,6; 7,6; 12,9; 14,13, between 0.45 and 0.67 times
r1/3, against 5-8 for random sets of the shell’s size — and Lemma 4.3 gives 24.8,22.8; 40.2, 36.4;
69.6,68.9; 111.2,109.8; the singleton starts of all primitive cells (3,4; 5,6; 5,5; 10,9 on 204, 209;
538, 509; 1226, 1208; 3315, 3066 cells) give 30.3,28.0; 48.7,44.2; 84.4,83.6; 130.0,127.8, and the
energy form of the lemma (with ,, the mean of the m largest exact clusters over all h # 0 and
the bound minimised over m = min(|B|,|G|), so that it holds for every cover) gives 30.3, 32.1;
55.6,52.7; 92.8,91.0; 161.5,156.0, the mean of the top m ~ 15, 26,43, 73 clusters being 2.7-5.3;
for the shell the energy form gives 44.3,46.7; 83.8,81.6; 137.7,136.5; 252.0,239.8. Compare
N1/6 —= 31,31; 50,49; 76,76; 125,121 and NY/5 = 62,63; 111,107; 182,180; 330,314. The
primitive family’s maximiser from 44 bits on is the equal-product structure of Lemma 19.2
(t = 12N — 18; 13,15; 19,19; 25 pairs at 44,46, 48 bits). The unique-product family Funiq
(201, 206; 525,497; 1180, 1162; 3149, 2916 cells at 30, 34, 38,42 bits, and 4492, 5035; 7556, 7120;
11009 at 44, 46, 48) has exact statistic 3-9 throughout, tolerance statistic 14, 14; 24,22; 34, 34;
52,50 at its own W, and singleton Lemma-4.3 values 30,28; 48,44; 82,81; 142,142 at 30-42
bits, rising to 300 at 48 bits; in every case a maximal exact cluster consists of consecutive cells
on the line 2b = 3a + 1, the unique maximiser at thirteen of the nineteen moduli. This is
not in tension with Section 23.5, which concerns direct covers of the a = 1 shell; moreover one
high-multiplicity difference can control D .« without furnishing a low-cost cover of the primitive
remainder. Table 11 collects the unique-product family’s sizes and statistics.

bits v FRFR™ #Funiq Dmax(Funiq, 1)  Lemma 4.3 N1/6 N1/5
30 958; 988 204; 209 201; 206 3; 4 30.0; 27.7 31.0; 31.4 61.5; 62.6
32 1549; 1532 328; 324 322; 319 4;5 37.3; 34.4 39.4; 39.2 82.1; 81.5
34 2549; 2412 538: 509  525; 497 56 48.0;435  50.5:49.1 110.6: 107.0
36 3597; 3719 758; 785 736; 763 6; 6 56.5; 57.9 60.0; 61.0 136.0; 138.8
38 5826; 5723 1226; 1208 1180; 1162 5; 5 82.3; 81.4 76.3; 75.7 181.6; 179.7
40 9568; 8794 2018; 1854 1930; 1777 7;6 102.1; 101.7 97.8; 93.8 244.6; 232.5
42 15728; 14538 3315; 3066 3149; 2916 7;6 141.5; 141.5 125.4; 120.6 329.6; 314.4
44 22524, 25327 4745; 5338  4492; 5035 7; 7 179.3; 193.5 150.1; 159.1 408.9; 438.7
46 38227; 36007 8059; 7588 7556; 7120 9;6 233.2;256.6 195.5; 189.8 561.6; 541.8
48 56099 11820 11009 9 299.8 236.9 706.9
TABLE 11. The unique-product family Funiq(r) at » = [NY3], C' = 2, for the

moduli of Table 3: its size (between 0.196 r and 0.2107), its exact statistic, and
the bound of Lemma 4.3 for its singleton starts (W = 1), against N*/6 and N/5.
Over the range /r grows from 31 to 237 and r1/3 from 9.9 to 38; in every case
a maximal exact cluster consists of consecutive cells (a,b), (a,b — 1) on the line
2b = 3a + 1, verified by enumerating every difference attaining the maximum on
all nineteen moduli: at thirteen moduli that difference is the unique maximiser,
and at the other six between one and seven further differences attain the same
maximum with pairs of other shapes.

24. WHAT IS PROVED, WHAT IS CONDITIONAL, WHAT IS COMPUTED, WHAT IS OPEN

This section is a summary, not an exhaustive inventory.

Proved. Lemma 4.3 (the difference-cover statistic bounds every explicit representation) and
Theorem 4.4 (its consequence in the covering model, with the conversion n — (1 —n)/(5 — 4n)
of an envelope into a floor). For the a = 1 shell: the classification of exact repeated speeds
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(Proposition 20.1); the Beatty chains, forcing Dpax > /7 on the full shell for r < N1/%: the
near-chains (Proposition 20.2); the two-progression normal form and its integrality conditions
(Proposition 20.3, Lemma 20.4); the modulus-free lower bound Dj(r) > (cp — o(1))r'/3 with the
sharp constant of the symmetric mechanism (Theorems 20.8, 20.11) and the transfer between
the exact-start and modulus-free statistics (Lemma 20.9); the class count n < 2¢(9) | the long-
period bound and the envelope 7r!/3 for every drift-free family with Ag # 0 (Lemmas 20.14,
20.15, Theorem 20.16); the planar cap (Proposition 21.1); the resonant clusters > N1/12 at
r = N3 for the full shell at every N (Theorems 21.2, 21.4) and for the squarefree shell for
almost all N (Theorem 21.3); the sliding-window bound and its consequences (Theorem 21.5,
Corollary 21.6); the planar two-progression envelope and the thin resonant hierarchy (Theorem
21.10, Corollary 21.11); the unconditional upper bounds 6N2/9 at r = N1/3 and 2.172/3 for the
modulus-free statistic (Theorems 21.13, 21.14); the near-minimal additive energy (Proposition
21.15) and the energy form of Lemma 4.3; and the ceilings of Corollaries 21.7, 21.8 on what
Lemma 4.3 can certify through whole shells. For the balanced restriction: the rays (Lemma
19.1), the equal-product pairs (Lemma 19.2) and the half-offset families (Lemma 19.3), which
give Dpay > rN—1/4 /15 —2 for every family retaining the constructed cells, in particular for the
primitive balanced family.

Conditional. Under Conjecture 19.4, Proposition 19.5 gives |B| + |G| >>¢ N°/28=°(); under
Conjecture 19.6, Corollary 19.7 gives N2/11=°(1). under the envelopes (S”) below the crossing
and (P’) beyond it, Theorem 4.4 gives N2/11=°(1) " which by Corollary 21.7 is also the most
the whole-shell certificate can give; under (T) and (Tp), Theorem 4.4 gives N'/5=9 for every
0 > 0. The application of Lemma 19.3 to the unique-product family is conditional on the
constructed cells being its representatives. The extremality conjectures (S”), (P”’) and the
first-order computations — offset resonance, the general-W profile, the cost side of the refined-
prime programme — are marked as such where they occur.

Computed. The censuses of Section 23: the modulus-free sweeps and the drift-free family
census, the symmetric family, the planar and resonant censuses to 96 bits, the energy and
non-drift-free computations, the direct cover search and the balanced censuses, each with its
exactness status and its controls.

Open. The upper envelope of Dyax — between the proved exponent 2/3 and the conjectured
1/4 (as powers of the shell size) at the top of the range, and between 2/3 and 1/3 for the modulus-
free statistic; whether a single drift-free family carries the maximum up to o(r'/3); the excision
estimate that Conjecture 19.6 needs (an O¢(r/M) incidence bound for the cells in high-window
half-offset configurations, against the provable O(r*/3/M?)); the representative property of the
half-offset cells in the unique-product family; and the positive-proportion squarefree problem in
short intervals that separates Theorem 21.2 from its squarefree analogue for every individual N.
Nothing in this part bounds the cost of factoring: every floor is a statement about the explicit-
difference representation model, and inside that model the results leave open representations at
the N2/11+0(1) geale, none of which is constructed here.

Part 4. Factoring N = pg from N alone when ged(p — 1,¢ — 1) is large

Summary. Let N = pg with primes p < ¢ be balanced, /N/C < p < VN for a fixed C' > 1, and
let g := ged(p — 1,¢ — 1). For any unit a with a¥~! # 1 (mod N), a babystep-giantstep search on
B = aN~! factors N deterministically in O(N*/*/,/g)(log N)°() bit operations, using nothing but N.
Some a < (log N)* qualifies unless g > (p — 1)>/#/(log N)3, by a count of smooth numbers inside the
subgroup of Fermat liars; in the remaining class Burgess’s character-sum bound supplies a base below
NU/(8vVe)te for every e > 0. Consequently every balanced semiprime with g > N°/24/(2/C(log N)?) is



88 SEAN WARD AND MAESTRO

factored from N alone with exponent below 1/5; writing ¢ = N7, the exponent 1/4 — v/2 is below 1/5
for every v > 1/10. Composing the McKee—Pinch progression search, made deterministic, with Pollard—
Strassen on N — 1 and Harvey—Hittmeir’s order selection gives a curve E(y) that is below 1/5 for every
~v > 1/20. The exponent 1/4 — /2 from N alone is that of McKee and Pinch’s Pollard-rho variant
with iteration z — V=1 + 3, an expected-time attack restated by Hinek; the present argument is its
deterministic form — a babystep—giantstep search with the base chosen deterministically — and needs no
knowledge of g.

25. INTRODUCTION AND CONTEXT

Throughout, N = pg with distinct primes p < ¢, and for a fixed C > 1 the smaller factor lies
in the balance range Jo := [\/N/C,V/N], so that p,q = O¢(NY?); “N large” means large in
terms of C. Write

1
=ged(p—1,9—1), k= , li=——, ged(k, 1) = 1.

Moduli with a large g were proposed by Wiener [81] as a defence against his small-exponent
attack, and are studied under the name “common prime RSA” by Hinek [37, 38]. Attacks
from N alone are part of that literature: with g = N7, McKee and Pinch [58], as restated in
[38, Attack 6.1], factor N in O(N/4=7/2) expected operations by a Pollard-rho variant whose
iteration x — xV~! 4+ 3 takes at most (p — 1)/g values modulo p; given g, their babystep—
giantstep search costs O(N477) expected [38, Theorem 6.4], and for known g > N* the
congruence (N —1)/(2g) = a+ b (mod g) factors N in polynomial time [38, Theorem 6.3]; g
itself is sought by factoring (N —1)/2 [38, §6.3.4]. The small-exponent attacks [37] use the public
exponent. Here only N is used, g is not assumed known, and the search is deterministic, so
that the exponent 1/4 — /2 becomes a proven worst-case bound; Section 28 then combines the
progression search behind McKee and Pinch’s known-g exponent with a deterministic recovery
of g from N —1 into the curve E(vy) of Proposition 28.2. The starting point is elementary: since
N-1=@p-1g¢+(@-1)=(@-p+(p-1),

ged(N —1,p—1)=ged(¢—1,p—1) =g, ged(N —1,g—1) =g,

so for any unit o the element 3 := a™~! has order dividing (p — 1)/g = k modulo p and
dividing [ modulo ¢, and these two orders are coprime. A collision search on § therefore has to
cover only min(k,l) < VEkl < VN /g exponents, a Pollard—Strassen or babystep—giantstep cost
of O(N'/*/ V/9)- The two questions are how to find a base o that is not a Fermat liar (8 # 1)
deterministically, and what the resulting bound is worth against the deterministic state of the
art, N1/5+e(l) [31, 32].

The search step uses two tools from the deterministic-factoring literature: Hittmeir’s lemma
that an element of exact order m modulo N has the same order modulo every prime factor iff
ged(B™™ —1,N) = 1 for every prime 7 | m [39, Lemma 2.3], and Harvey’s collision algorithm
[31, Algorithm 4.1], which finds a collision modulo exactly one prime among n giants and m
babies in O(nlog® N 4+ mlog? N) bit operations under the preconditions that ordy(c) > m and
no giant equals a baby in Z/NZ. The base-selection step uses a count of smooth numbers in a
subgroup of F,; the same count drives the order-selection theorem of Harvey and Hittmeir [33]
and its balanced-semiprime variant in Section 16. Notation: W(z,y) is the number of y-smooth
integers in [1, z], 7(y) the number of primes up to y, p the Dickman function, and O hides factors
(log N)O),
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26. THE COLLISION SEARCH

Lemma 26.1 (smooth numbers below p). For N sufficiently large in terms of C and y :=
(log N)*,
(p—1)**

HETI oy

Proof. Put u := |log(p — 1)/logy]; for N large v < m(y), and the products of u distinct
primes < y are distinct y-smooth integers below p, so ¥(p — 1,y) > (”S’)) > (mw(y)/u)™. Since
7(y) > y/logy for y > 17 and ulogy < log(p — 1), 7(y)/u > (log N)*/log(p — 1) > (logN)3,
while v > log(p—1)/(4loglog N)—1; therefore ¥(p—1,y) > (log N)3* > (p— 1)3/4/(log N3 O

Lemma 26.2 (a large common factor of p — 1 and ¢ — 1). Fiz C > 1. Let N = pq with
distinct primes p < q, p € Jo, and N sufficiently large in terms of C'. For every unit o with
o1 #£1 (mod N), a collision search on 8 := o™~ factors N in O(y/min(k,1))(log N)°M <
O(NY4/,/9)(log N)W bit operations. Moreover some integer 2 < a < (log N)* satisfies
o=l £ 1 (mod N) unless g > (p — 1)3/*/(log N)3. Consequently every N with

N5/24 (p _ 1)3/4
e < g <
2v/C (log N)3 (log N)

is factored in N7/48+°() bit operations from N alone.

Proof. The image of the power map x — =¥ ~! on the cyclic group ) has order (p—1)/ged(p—
1,N —1) =k, so ord,(B) | k; similarly ord,(3) | [, and the two component orders are coprime.
If exactly one of them is 1, then ged(8 — 1, N) is a proper factor; both are 1 exactly when
B =1 (mod N), which is excluded. So assume both exceed 1; being coprime they are distinct.
Put e := min{ord, §,ord, 8}: the prime of order e divides ¢ — 1 and the other does not, so
ged(f® — 1, N) is proper, and e < min(k,1) < Vkl = /(p —1)(¢ — 1)/9g < V/N/g.

For D' = 4,16,64, ... put H := /D’ and compare the babies £, 0 < i < H, with the giants
1 < j < H; the differences jH —i cover [1, D']. An exact equality modulo N gives a positive
relation exponent M = jH —i < D'; factoring M by trial division up to v/M < /D', within the
budget of this round, and stripping its prime divisors gives the exact order E = ordy (), and
since the component orders differ, [39, Lemma 2.3] gives a prime 7 | E with ged(8%/"—1, N) > 1,
which is proper because E is exact. If there is no exact equality then ordy(8) > D' > H and the
separation preconditions of [31, Algorithm 4.1] hold; once D’ > e the representation e = jH — i
is a collision modulo exactly one prime and Harvey’s algorithm returns a factor (directly when
the ged of the evaluated product with IV is proper, and by scanning the babies once when it is
N, a giant agreeing with one baby modulo p and with another modulo ¢). The first such D’ is
below 4e, and the geometric sum of the costs is O(y/e)(log N)°M) < O(NY4/,/g)(log N)OV.

Put y := (log N)*; for N large, y < p, so every 2 < a < y is a unit. If all of them satisfy
aN~t =1 (mod N), every y-smooth integer in [1,p — 1] lies modulo p in H, := {z € F) :
2N=1 =1}, of order ged(N —1,p — 1) = g, so ¥(p — 1,5) < g; Lemma 26.1 then gives g > (p —
1)3/4/(log N)®. Finally, for ¢ > N*24/(2y/C(log N)?), N4/, /5 < (2V/C)/2N"/*8(log N)3/2,
and trying the O((log N)*) bases adds a polylogarithmic factor. O

The bound N1/4/ /9 therefore holds for every sufficiently large balanced N with g < (p —
1)3/%/(log N)3. Its exponent is McKee and Pinch’s [58, 38]: their rho variant reaches N1/4=7/2
in expected time, and what is new here is the deterministic form, with a proven bound and
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no knowledge of g. Knowledge of g would do better — O(N 1/ 4=7) expected by their babystep—
giantstep search [38, Theorem 6.4], polynomial time for g > N'/4 [38, Theorem 6.3] — but g is
a divisor of NV — 1 that the present method never has to find.

27. THE BURGESS COMPLETION

The remaining class g > (p—1)3/4/(log N)? is where the smooth-number count fails to supply

a non-liar base; a character-sum bound supplies one instead. We use Burgess’s bound in the
form: for every prime P, every nonprincipal character y modulo P, every integer r > 1 and
every z > 1,

‘Z X(n)’ <, xlfl/r P(r+1)/(4r2) log P

n<x
[11, Theorem 2|, with an implied constant depending on r alone; hence for every fixed e > 0 and
x > PY**e (taking r > 1/(4¢)) the sum is o(x) uniformly in y. The least k-th power non-residue
is treated in this uniform way by Norton [66]; we give the short argument in the form needed.

Corollary 27.1 (the large common-factor class). Fiz C > 1 ande > 0. Let N = pq withp € Jc,
p<gq, and g > (p—1)3*/(log N)3. Then N is factored deterministically in Oc.(NY/(BVelte)
bit operations. Consequently, for every sufficiently large balanced semiprime with
N5/24
9 2 —F= =
2v/C (log N)3

factoring costs N7/4+0(1) or Oc ((NVBVe+e) bit operations; since 1/(8y/e) = 0.0758... <
7/48 < 1/5, choosing € < 1/5 — 1/(8y/e) puts both below N'/5.

Proof. The subgroup H) := {z € F; : V=1 = 1} has order gcd(N — 1,p — 1) = g and index
k; since F is cyclic and k | p— 1, it is the subgroup of k-th powers, and likewise H, has
index I. As p # q, not both indices are 1; let P € {p,q} be a prime whose subgroup Hp has
index h > 2. The indicator of Hp on F} is %Zx x over the h characters with y"* = 1, so for
x > PY*t¢ the number of integers in [1,z] lying in Hp modulo P is z/h + o(z) by Burgess’s
bound, uniformly in A (the A — 1 nonprincipal sums are each o(z) and are divided by h). Fix
u with 1 < u < /e and put y := z1/% . If every prime < y lay in Hp, so would every y-smooth
integer, and then W(z,y) < z/h-+o(z) < z/2+o0(z); but ¥(z,z"/") = (p(u)+o(1))z [80, Chapter
IIL.5] with p(u) = 1—logu > 1/2 for 1 < u < y/e, a contradiction for = large. Hence some prime
a <y = P44/ Jies outside Hp, i.e. aV~1 # 1 (mod P) and so 8 := V=1 # 1 (mod N);
letting u 1 /e and using P = G)C(Nl/2), some a < NY/(®Ve+e' qualifies for every ¢’ > 0 and N
large in terms of C' and ¢’. Enumerate the bases up to this bound, computing ged(a, N) and
B, and skip those with § = 1; for the first remaining base the collision search of Lemma 26.2
factors N in O(y/min(k,1))(log N)°™) operations, and here min(k,l) = k < (p — 1)"/*(log N)?
because k < [, so this is N'/16+°(1) " dominated by the enumeration since 1/(8y/¢) > 1/16. The
second statement combines this with Lemma 26.2. O

Remark 27.2 (direct enumeration). In the class of Corollary 27.1 a direct enumeration is also
available but slower: I/k = (¢ — 1)/(p — 1) < C(1 + o(1)), so I < 2Ck for N large, and
from N — 1 = (k +1)g + klg? one has 4kI(N — 1) + (k +1)? = (2klg + k + ). Whenever
(k+1)? < 4klg+2(k+1)—1 this gives 2klg+k+1 = |\/4kI(N — 1)]+1, and the inequality holds
throughout the class for N large, since (k+1)% < (1+2C)?k? < 4klg as soon as g > (1+2C)?/4.
So one square test per coprime pair (k1) with k& < (p — 1)"/*(log N)3 recovers g, p and ¢ in
N1/4+0(1) gperations.
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28. A DETERMINISTIC CURVE FOR THE CLASS

Lemma 26.2 and Corollary 27.1 give the exponent 1/4 —~/2 for ¢ = N? without knowledge
of g; it is below 1/5 for v > 1/10. Two further routes, both elementary once a common divisor
of p—1 and ¢—1 is known and both known in that form, combine with a deterministic recovery
of that divisor from N — 1 into a curve below 1/5 for every v > 1/20.

The Fermat progression. Let ¢’ be any common divisor of p—1 and ¢—1 and write p = 1+¢'z,
q=1+g'y. Then N —1 = ¢'(x +y) + g2y, so M’ := (N —1)/g’ is an integer with z +y = M’
(mod ¢'); with ¢ :== M’ mod ¢’ and x +y = ¢+ ¢'t,

(1) p+qg=r+g>t, r:=2+dlc, t>0.

For balanced p, ¢ with ¢/p < C the sum S := p+q lies in [[2/ N, | KcVN|], K¢ == vVC+1/v/C,
sotliesin [t_,ty] with t_ := max{0, [([2VN]—r)/¢"*]} and t; := | (| KoV N|—7r)/g"%], and the
number of candidates is n(g’) ;= t4 —t_+1 < (K¢ —2)v/N/g"?+2. Neither ¢’ = ged(p—1,¢—1)
nor ged(x,y) = 1 is used.

Lemma 28.1 (the Fermat cell). For every integer a, a?*? = N+ (mod N).

Proof. Modulo p, a? = « gives aPT4 = a4t and oPit! = (a?)4a = a?t!; symmetrically modulo
q; combine by the Chinese remainder theorem. ]

This is Harvey’s cell (a,b) = (1,1) [31], for which the congruence holds modulo both primes
at once.

Proposition 28.2 (a deterministic curve for the common-factor class). Fiz C > 1. Fuvery
balanced N = pq with distinct odd primes and g := ged(p — 1,q — 1) = N7 is factored determin-
istically from N alone in NEM+o() bit operations, where

(1/4 -~ 0<~v<1/12

1/8 4+ ~/2 1/12 <y < 1/8,

1/4 —~/2 1/8 <~y <1/6,

B ={1/2-2y  1/6<y<1/5

V)2 1/5 <y < 1/4,

1/4 —~/2 1/4 <~ < 3/8,

(1/(8ve)+e 3/8<~<1/2,

for every fized € > 0 in the last branch, with implied constants depending on C' and ¢; the N°()
is the divisor count d(N — 1). In particular E(y) < 1/5 for every v > 1/20, while 1/4 — ~/2
is below 1/5 only for v > 1/10; the deterministic record for the class is min{1/5, E(vy)} [31].

The curve is not monotone: its mazximum over v > 7y is 1/4 — ~vo for v9 < 1/16 and 3/16 for
1/16 <9 < 1/8.

Proof. Three routes are run together with the dovetailing described at the end, so the algorithm
needs neither g nor ~.
Route A is Lemma 26.2 with Corollary 27.1, whose cost is

O(NY4=7/2)(10g N)O) when g < (p—1)**/(log N)?, i.e. for every fixed v < 3/8,
OC€(NmaX{1/4—'y/2, 1/(8\/5)}-1-6) in general,

the second exponent being the Burgess base search; for v > 3/8 that is the last branch (at
v = 3/8 itself g = N3/® exceeds (p — 1)%/*/(log N)? by the logarithmic factor, so the general
bound is the one that applies).
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Route B (given a common divisor ¢/ < N'/4). Let n := n(g'), m := [\/n] and Sy := r+¢"*t_,
and let o be a unit modulo N with ordy(a) > ¢’?>m: Harvey and Hittmeir [33, Theorem 1.1]
supply it, or factor N, for D := ¢’*>m, which satisfies 1 < D < N — 1 for N large since D =
Oc (g’ NY4) = Oc(NY2), at cost O(vD)(log N)OW = Oc(NY8/g)(log N)OD). Put 8 := a9”
and 7 := V175 mod N. By Lemma 28.1 the true shifted index u :=t —t_ € [0,n) satisfies

v =17 (mod N). Compute the babies 5, 0 < i < m, and the giants n3~™*, 0 < k < [n/m],
sort them and match modulo N; a match (i,k) with u = i +mk < n gives S = Sy + ¢"%u,
accepted if and only if S? — 4N is a perfect square, in which case p,q = (S F V.52 —4N)/2.
Since ordy(8) > ordy(a)/g”? > m, the babies are pairwise distinct modulo N, each giant
matches at most one baby, and the matched u form the residue class of the true one modulo
ordy(f) intersected with [0,n) — at most n/m + 1 < m + 1 of them, each tested in O(1)
operations. The cost is O(m + n/m) = Oc(NY*/g') group operations plus the selection, i.e.
Nmax{1l/d—", 1/8+7"/2}+o(1) for ¢/ = N7,

Route C (given ¢'). For t =t_,... ,t; put s := ¢+ ¢'t and xy := (M’ — s)/4’, and accept t
if and only if 22 — sz + xy has integer roots z,y with 1 + ¢’z dividing N; O(1) operations per
trial, Oc(vV'N /g2 + 1) in all. For ¢ > N'/* there are O¢(1) candidates, and when ¢’ > z + y
there is one: Hinek’s Theorem 6.3 [38] in this notation.

Finding g. Every prime factor of g is at most g. For a bound B, Pollard—Strassen [69, 78]
computes the B-smooth part of N — 1 with its factorisation in O(v/B)(log N)°() operations,
and g divides it once B > g; its divisors number at most d(N —1) = N o1 Dovetail on a budget

27, j=1,2,...: for every dyadic range [2°,25"1) whose cost bound,
max{N1/4/2S, N/8os+1)/2. 2(5+1)/2} for Route B, when 2° < N'/4,
max{\/]V/ZlS +1, 2(3“)/2} for Route C,

is at most 2/ (candidates above N 1/4 in the range straddling N*/* are passed to Route C),
compute the 2°T!'-smooth part of N — 1 and run the route on every divisor ¢’ of it in the
range, interleaving the steps of Route A. Every output is verified, so a false candidate cannot
return a false factor. The work at budget j is O(log N)d(N — 1)2/(log N)°) = No(D2i,
the budgets double, and the range containing ¢ is run as soon as 2/ exceeds its cost bound;
the total is therefore N°1) times the least of the three routes’ costs at 4. That minimum
is E(v): Route A gives 1/4 — /2 for v < 3/8 and the plateau from 3/8 on; Route B gives
max{1/4 —~, 1/8 +~/2} for v < 1/4; Route C gives max{vy/2, 1/2 — 2v} with 1/2 — 2y read
as 0 for v > 1/4, the /2 being the smooth-part cost; the breakpoints are 1/12, 1/8, 1/6, 1/5
and 1/4, where consecutive branches agree, and 3/8, where the curve steps up from 1/16 to the
plateau 1/(8y/e) = 0.0758.. .. O

What is new here. The known-g exponent 1/4 — v of Route B is McKee and Pinch’s [58],
as restated in [38, Theorem 6.4], and the progression (1) is elementary; Route C for g > N1/4
is [38, Theorem 6.3]; the order selection is Harvey and Hittmeir’s; Pollard—Strassen and divisor
enumeration are standard. What we have not found stated is the composition: the progression
search realised as an exact babystep—giantstep collision, the recovery of g from the smooth part
of N — 1 inside the same budget — Hinek [38, §6.3.4] seeks g by the elliptic curve method or the
number field sieve — and the resulting N-only curve, obtained with no knowledge of v. Route B
does not realise the known-g exponent for every ~: the order selection dominates for v > 1/12.

29. AN IMPLEMENTATION CHECK

The collision search of Lemma 26.2 was implemented as stated — the doubling bounds D’ =
4,16,... with H = |v/D'| + 1 babies and [D’/H]| giants, exact-order recovery from an exact
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match, and Harvey’s Algorithm 4.1 realised by a product tree and multipoint evaluation modulo
N with the baby scan when the aggregate gcd is N — and run on 240 moduli N = pq constructed
asp =1+ kg, ¢ =1+ lg with g = 2¢ for a prime ¢, ged(k,l) =1, k <1 < 2k (so q/p < 2), k
and g each of about a quarter of the bits of N, and N of 36 to 44 bits, by rejection sampling
from a seeded generator; the values of k ranged over [259,2014] and those of g over [334,2042].
The size of k matters for the check: with k or [ equal to 1 every non-liar base factors N at
the immediate step ged(8 — 1, N) and the search never runs. All 240 moduli were factored,
239 of them by the collision search and one at the immediate gecd (a component order equal to
1); the base &« = 2 was a non-liar in every case, as expected since the liars form a subgroup of
density 1/k modulo p. For the successful base the two component orders were recomputed from
the known factors: the least exponent e = min(ord, /3,ord, 3) was at most 2014, and the ratio
¢/(v/N/g), which Lemma 26.2 bounds by 1, had maximum 0.9955 and mean 0.50 over the 239
collision cases, exceeding 0.9 in 21 of them. This checks the implementation and the inequality
e <VN /g on the tested population, not the asymptotics; the moduli, seed, per-modulus orders,
exponents and search horizons are archived with the report.

Routes B and C of Section 28 were run, with g supplied, on 48 constructed balanced moduli
of 33 to 56 bits with ged(p — 1,¢ — 1) = N7, 0.024 < v < 0.312, and the base @ = 2 (no baby
collision occurred, so no other base was needed). Route B factored all 48, with babies plus giants
between 1.01 and 1.92 times y/n on the 20 moduli with n > 100 candidates — an object count,
not a count of bit operations — and Route C factored all 48 within n trials; 24 reruns with a
proper common divisor in place of the ged also factored their moduli. The recovery of g, the
dovetailing and the order selection were not run; at these sizes they do not arise.

30. WHERE THE CLASS ARISES

The class of moduli with a large common factor is the exceptional set of a conditional pro-
cedure in Part 1, whose Proposition 7.3 states: for a balanced semiprime N = pg that survives
a Fermat preprocessing of N1/6+°(1) square tests, and under a uniform evaluation hypothesis of
exponent ~ for the interval sub-products of a certain product of N1/3+°(1) factors, a breadth-
first bisection of that product factors N in (14 Z,)N 7/3+0(1) ring operations by trying the bases
a=2,3,...up to (log N)*, unless ged(p — 1,q — 1) > N°?*/(2/C(log N)?); here Z, is a width
parameter of that product. Lemma 26.2 and Corollary 27.1 dispose of the exception from N
alone: every balanced semiprime with g > N%/24/(21/C(log N)?3) is factored in N7/48+°(1) gpera-
tions when g < (p—1)*/*/(log N)? and in O¢ (N (8ve)+e) gperations otherwise. Consequently
a conditional algorithm of exponent ¢ for the non-exceptional moduli extends to all balanced
semiprimes with exponent max(t,7/48) (up to o(1)), which equals ¢t whenever ¢ > 7/48; for a
target exponent below 7/48 the intermediate range N°/24—°(1) < ¢ < (p — 1)3/*/(log N')® would
contribute its N7/48+°(1) term, and the class needing separate treatment would be exactly that
range.

Part 5. Exposure labels and finite separating certificates for a deterministic
fixed-list elliptic curve method

Summary. For N = pqg with distinct odd primes p and ¢, a fixed list of elliptic curves, run with a
stage-1 bound B; and an exact stage 2 to By, factors IV as soon as one curve behaves differently modulo
p and modulo g. We make this precise through an exposure label — for each curve and prime, the
residual order of the stage-1 point if it is at most By, or one of three degenerate construction states,
or no exposure — and prove that a curve factors N if and only if the two labels differ, so that distinct
label vectors over a set of primes form a finite certificate that the list factors every product of two
distinct primes from the set. Such certificates are computed for every prime of [2!8 219) [220 221) and
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[222,223) with ten, eleven and twelve Suyama curves. Under the conjecture that an explicit family
separates in logarithmically many curves, the method with stage-1 bound By = z!/* and B, = B? is
a deterministic N/ (2®+o(1) algorithm for products of two primes with bounded ratio; heuristically the
route costs Ly[1/2,1] = exp((140(1))y/Iog N loglog N) and cannot compete with the number field sieve.
Unconditionally, Pollard’s p — 1 method with base 2 succeeds on a positive proportion of the semiprimes
with both prime factors in (z'~¢, 2], in Og(N?/?) multiplications for every # > 1/(2+/e) and small enough
e€: a success theorem for a partial algorithm, not an improvement of any worst-case guarantee.

31. INTRODUCTION

The elliptic curve method [50] factors N = pg when a random curve has a smooth order
modulo one of the primes. It is analysed as a randomised algorithm for each target prime. Here
we ask a different question: for a fixed list of curves, chosen without knowledge of N, which
pairs (p,q) does the list factor, and how long must the list be to factor every pair of primes
in a range? To our knowledge the best proven deterministic exponent is Harvey’s N1/5+o(1)
[31]; a fixed curve list with a logarithmic separating length would give, for semiprimes with
bounded prime ratio, N1/6t°(1) at 4 = 3 by a mechanism unrelated to Harvey’s, and N¢ for
every fixed € under the conjecture stated below. We are not aware of any asymptotic covering
or separating theorem for an explicit fixed curve family of this kind, unconditionally or under
GRH; the rigorous analyses of the elliptic curve method [50, 54] average over a random curve.

The observation that organises this part is that coverage is the wrong criterion. A curve that
succeeds modulo both primes with the same residual order gives gcd = N; what factors N is
a difference between the two primes’ behaviour, and the right bookkeeping is a label per curve
and prime fine enough that equal labels mean exactly “no one-sided relation”.

The results are as follows. The label criterion (Proposition 32.4): a curve factors N if and
only if the two labels differ, and a deterministic scan of the stage-2 atoms in key order may
stop at the first two-sided atom. The finite certificates (Table 12): the first ten Suyama curves
at (B1, B2) = (64,4096) separate every prime of [2!8 219), the first eleven at (102,10321) every
prime of [220,221) and the first twelve at (161,26008) all 268216 primes of [222,223), while
the collapsed binary signatures of the same predicate need 46-79 curves on the four smaller
intervals and had not separated the largest after 40; at u = 4 (By = /4, By = x1/2) the
separating lengths on all primes of [z, 2x) are 31,32, 36,53 at x = 216,218 220 922 with coverage
lengths 33,35,41,53. The implementation factors all 616 test pairs in at most three curves,
and a counter of its ladder, differential-addition, inversion and product multiplications (the
polynomial arithmetic excluded) has fitted exponent 0.175 against the predicted 1/6 up to
logarithmic factors. Conjecture 33.1 (logarithmic separating length for an explicit family) gives
the deterministic N/ (2w+e() algorithm for bounded prime ratio and every fixed u; the route
costs Ly[1/2,1] := exp((1 + o(1))v/log N loglog N) heuristically; a non-uniform deterministic
Ly[1/2,1] algorithm exists, and the two-sided degeneracy of the p — 1 method is recovered by
the binary Miller chain iff the 2-adic valuations of the two orders differ (Proposition 35.2). For a
random list, pairwise separation in O(logx) curves follows from two-sided exposure-probability
bounds with CRT independence and a Deuring—Lenstra anti-concentration estimate (Proposition
33.2); the content of the conjecture is explicitness. Finally, Proposition 35.3: for every 6 €
(1/(2y/e),1/2) and every € € (0,1/4) with 6(1 —¢) > 1/(24/e), Pollard’s base-2 p — 1 method
succeeds on a positive relative proportion of the semiprimes N = pg with 2'7¢ < p,q < z
in Og(N??) modular multiplications, from the theorems of Friedlander and Fouvry on shifted
primes; letting € and the exponent slack tend to zero jointly gives exponents arbitrarily close to
1/(44/e) = 0.151632... < 1/5.
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32. EXPOSURE LABELS

Fix By < By and let L = lem{¢¢ < B;}. For a Suyama parameter o [10], the Montgomery
curve [60] By? = 2%+ Az? + x with ags = (A +2)/4 and its starting point are constructed from
U =0? -5 and V = 40 through the denominator 16U3V; stage 1 computes @ = [L]P on the
z-line.

Definition 32.1 (exposure label). For a prime p, set \,(p) = —1 if 16UV = 0 (mod p);
otherwise set A\,(p) = —2 if ag4 = 0 (mod p) and A\s(p) = —3 if agy = 1 (mod p) (the curve
A = F2 is singular); otherwise set A\,(p) = d, the order of Q modulo p, if that order satisfies
d < By (so d =1 is a stage-1 success), and A, (p) = 0 if the order exceeds Bs.

Proposition 32.2 (signatures factor pairs). Let P be a finite set of primes and Ai,..., Ak
deterministic ring computations such that if A; succeeds modulo exactly one of p,q then its ged
step factors N = pq; write s;(p) = 1 if A; succeeds modulo p and s;(p) = 0 otherwise, and
s(p) := (s:(p))i<i € {0, 1}, If the signatures s(p) are distinct for every pair of distinct primes
p,q € P, then the K computations factor every pq with distinct p,q € P (a perfect-square test
handles p = q; a computation that succeeds modulo both primes returns gcd = N and is passed
over). Coverage is neither necessary nor sufficient for this.

Proof. Distinct signatures supply an i with s;(p) # s;(q), hence a one-sided ged. A set in which
one prime has the all-zero signature and all others are distinct is separated but not covered; two
primes with the same nonzero signature are covered but not separated. O

Remark 32.3. Every binary separating family has K > [logy |P|], so logarithmic length is
optimal up to a constant factor (labels with more than two outcomes can beat the binary
bound). For ECM the conservative binary success bit collapses the construction-denominator
and final projective-Z paths into one coordinate; analogous collapses define the bit for the p £+ 1
methods.

Proposition 32.4 (the label criterion). Let p and q be distinct odd primes, N = pq, and let the
deterministic computation on N take the geds of the denominator, of asq and of asqy — 1, of the
stage-1 Z-coordinate, and run a stage 2 that tests exactly the relations [v]Q = O for 1 <v < By
through the x-coordinate atoms described in Section 34: identity atoms [v]Q = O, taken first,
and collision atoms z([tm]Q) = z([r]Q), 1 <r <m, 1 < t, formed only from points that are the
identity modulo neither prime. In the projective form X1Zs — XoZ1 a point with Z = 0 modulo
a prime is the identity there whatever its X — the ladder returns the identity as (X : 0), and as
(0 : 0) when it is reached as [j]Q = O with z([j — 1]Q) = z(Q) = £1, i.e. from a point of order
4 with [2]Q = (0,0) — so the identity atoms detect every such point: one that is the identity
modulo one prime only is a proper factor, and one that is the identity modulo both is excluded
from all subsequent collision atoms. For the remaining points, whose Z is a unit modulo both
primes, a collision atom wvanishes modulo a prime exactly when the affine x-coordinates agree
there, i.e. when [tm]Q = £[r]Q, i.e. when [tm +7]Q = O or [tm — r]Q = O modulo that prime,
since on a Montgomery curve the x-coordinate determines a point up to sign. Then the curve
factors N if and only if Ay (p) # As(q); moreover, if each identity atom [v]Q = O is assigned the
key v and each collision atom z([tm]Q) = z([r]Q) the key tm + r, an implementation scanning
the atoms in nondecreasing key order may stop at the first vanishing two-sided atom.

Proof. If the negative labels differ, or if exactly one of the two labels is negative, one of the
three construction geds is proper. If both labels are non-negative and differ, let D,,, D, be the
actual orders of the two stage-1 points. Since the labels differ, at least one of D,,, D, is at most
Bs; let a < Bs be the smaller exposed order and e > a the other actual order (either both are
at most B and unequal, or the label on the e-side is 0 and e > By). Write a = tm + r with
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m = |v/Bz| +1and 0 <r < m. The atom at key a — the baby identity [a]Q = O if t = 0, the
giant identity [tm]Q = O if r = 0, or the collision z([tm]Q) = x([r]Q) — vanishes modulo the
a-side; on the other side it tests only the relation indices a and tm —r < a, neither a multiple of
e > a, so it does not vanish: the atom is one-sided. Every atom of key smaller than a tests only
relation indices smaller than a, hence vanishes on neither side, so the first vanishing atom in
key order is one-sided and the scan may stop at the first vanishing two-sided atom. Conversely,
equal labels yield only two-sided outcomes: the same construction degeneracy occurs on both
sides; no relation occurs when both orders exceed Bs; or, when d, = d,, each tested relation
has the same truth value on the two sides ([v]Q = O holds on both exactly when d, | v; every
vanishing identity atom is then two-sided and its point excluded, and every remaining point has
a unit Z on both sides, so each collision atom vanishes on both sides or on neither). t

Distinct label vectors (As,(p)); over P therefore certify that the list factors every product of
distinct primes of P. The collapsed bit [A # 0] of Proposition 32.2 is sufficient but discards most
of the information. The stopping clause is for a scan in nondecreasing key order; a preparatory
scan of the identity atoms in a different order (Section 34) must not stop at a two-sided identity,
and must exclude its point from the collision atoms.

33. HOwW LONG MUST THE LIST BE?

33.1. The random-signature law. If independent random curves succeed with probability 60
on each prime, one binary coordinate fails to distinguish a fixed pair with probability R(0) =
6% + (1 — 0)?, so the expected number of unresolved pairs after K curves is (5)R(#)* and the
separation threshold is K ~ 2Inn/(—In R(f)). Since R(A) > 1/2 with equality at § = 1/2,
a binary coordinate removes the largest fraction of unresolved pairs when its success rate is
one half — for a separating family the per-member success rate should be tuned to 1/2, not
maximised, and near-fair signatures separate n primes in about 2logy n members. For a label
with distribution (7) the collision probability is Rjaper = Y, 72, and a larger alphabet can
separate faster without changing the group operations. These are heuristics, checked below.

Conjecture 33.1 (E, explicit ECM separation). For fized u > 1 and C > 1 put B; = z/
By = BI. There is Cy ¢ such that the first Cy clogx Suyama parameters, run with stage 1
and the exact stage 2, have distinct exposure-label signatures on all primes in [z,Cx] for all
sufficiently large x.

If true, the list factors every N = pq with distinct primes and ¢/p < C' deterministically in
NY/2w+e() ring operations: choose 2 = 1/N/C, so both factors lie in [z, Cz]; stage 1 costs
BlHo(l) and a stage 2 that evaluates the product of the baby polynomial at all giants by one
product tree and one quasi-linear multipoint evaluation costs 321/ 2+o(l) _ Bi“(l). At u =3
this is NY/6+o(1) Taken for every fixed u, the conjecture gives, in this bounded-ratio setting,
a deterministic N¢ algorithm for every fixed £ > 0 (one algorithm per €), so it is deliberately
strong; finite tests can expose an exceptional-prime tail but cannot establish it. The conjecture
concerns the unbounded list; the implementation of Section 34 caps its list and evaluates stage

2 in fixed blocks, and neither restriction belongs to the asymptotic statement.

33.2. Randomised lists. Conjecture 33.1 asks for an explicit list. For a random list, separation
follows from bounds on the exposure probabilities alone. Let u be the distribution that draws
a, o, yo uniformly from [1, M] with M > 2® and forms the curve y?> = 2% + ax + b, b :=
Y2 — 23 — axp, with the point P = (z0,y0) (Lenstra’s ensemble [50]); its labels are defined as
in Section 32 with the singular curves as the degenerate state. For a prime p write 6, for the

probability that a curve drawn from p has a non-zero label at p.
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Proposition 33.2 (randomised separation). Fiz u > 1 and a constant 6 € (0,1/2], let B; =
z/v, By = B2, and suppose that every prime p € [r,2x) satisfies 0 < 0, < 1—0. Then
for x > xo(u,0), K := [3logz/(6(1 — 0))] independent draws from p have pairwise distinct
exposure-label vectors on all primes of [x,2x) with probability at least 1 — 1/x.

Proof. Fix distinct primes p,q € [z,2z). The label at p depends only on (a,zg, yp) mod p and
the label at ¢ only on the reduction modulo g; since M > 23 > pq - 2/4, the joint distribution
of the two reductions is within total variation O(1/z) of the product of uniform distributions
(Chinese remainder theorem), so the two labels are independent up to that error. Write m,(s)
for the probability of the label s at p. Then

Prid, =X < (1—0,)(1—6,) +mp(1)mg(1) + Zﬁp(s)wq(s) + Pr[both degenerate] + O(1/x).
s>2

The degenerate term is O(1/z2). If the label at p is s > 2 then, for every prime £ | s, £v¢(E)+ve(s)
divides the order of P and hence #E(Fp), so ms 1= s]]y, ¢veL) divides #E(F,), and ms > By

because ¢*¢(1)+1 > By by the definition of L. Let Sy, (p) :={n : [n — (p+1)| < 2\/p, m | n}, so
that |S,,(p)| < 4,/p/m+ 1. We use the following estimate, which follows from the ingredients of
Lenstra’s Proposition (1.16) [50] — Deuring’s theorem, which expresses the number of pairs (a, b)
with a given order through a Kronecker class number, and the class-number bound H(A) <
|A|Y2(log|A])(loglog |A[)? — applied to every order in the Hasse interval (Lenstra states the
proposition for [n —(p+1)| < |/p, a restriction his lower bound needs and the upper bound does
not), and transferred from uniformly random curves to the curve-with-point ensemble p, whose
weighting by the chosen point changes each probability by a factor 1+O(p~'/?) and whose finite
box adds a discrepancy O(p/M): the probability under p that m divides #E(F,) is at most
C(log p)(loglog p)?(1/m 4 p~'/2). Hence m,(s) < C(logp)(loglogp)?(B; ' + p~'/?) uniformly in
s> 2, and ) oo mp(8)m(s) < maxg>2my(s) = o(1). Since m,(1) < 6, the remaining terms are
at most (1 —0,)(1 — 0,) + 0,0, = 1 — 0, — 0, + 20,0,, a bilinear function whose maximum over
0p,0, € 10,1 —6]is 1 —20(1—0). So one draw fails to separate p from g with probability at most
1—-6(1—0) for x > xo(u, f), chosen so that the o(1) terms total at most #(1 —6); K independent
draws fail with probability at most exp(—K6(1 — 6)) < 273, and a union bound over the fewer
than 2 pairs gives the claim. O

The hypothesis is two-sided: a lower bound on the exposure probability is the hypothesis on
smooth numbers in the Hasse interval under which the running time of ECM is analysed [50],
and an upper bound could come, for example, from a positive proportion of point orders with a
prime factor above Bs (other residual orders exceeding Bo are possible too), which is open for
the same short-interval reasons; heuristically 6, ~ 0.45 at v = 3 for this ensemble [3], and the
measured Suyama rates are 0.69-0.81 (Table 12). Conditionally on the hypothesis, the resulting
non-uniform curve-list advice has O(logz) curves and O(logx log M) bits — O(log? ) bits for
M = z°0); what Conjecture 33.1 adds is explicitness (and the passage to the Suyama family,
for which the same argument needs the analogue of the class-number bound).

33.3. Full-population computations. For every prime of the dyadic intervals [z,2z), © =
214 916 218 920 922 (= 1612, 5709, 20390, 73586, 268216 primes), the labels of the Suyama
curves 0 = 6,7,... were computed exactly at B; = round(z!/*), By = round(z%*) by a vec-
torised Montgomery ladder. The computation refines the partition of the primes by label prefix
curve by curve, and computes a later curve’s label only for the primes whose class in the exact
partition or in the binary partition is not yet a singleton; since classes only refine, this determines
the coverage and separating lengths exactly without computing the whole label matrix. The
label routine is checked in the accompanying test suite against scalar point orders and, end to
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end, against the algorithm (one curve factors pq iff the labels differ, on every pair of consecutive
primes of a small range).

U T n Bi, By exposed rate (curve 1) Koy Kéggel Kgep binary
3 21 1612 25,645 0.806 5 6 79
3 216 5700 40,1625 0.769 7 7 51
3 218 20390 64,4096 0.746 10 10 47
3 220 73586 102,10321 0.715 12 11 46
3 222 268216 161,26008 0.691 13 12 > 40
4 24 1612 11,128 0.407 20 19 27
4 215 5709 16, 256 0.324 33 31 34
4 28 20390 23,512 0.311 35 32 34
4 220 73586 32,1024 0.291 41 36 46
4 222 268216 45,2048 0.253 53 53 55

TABLE 12. Covering length (every prime exposed by some curve), label-
separating length (all label vectors distinct) and the separating length of the
binary projection [\ # 0], on every prime of [z, 2x). At u = 3, x = 2?2 the binary
projection had not separated after the 40 curves computed (18 pairs remained
unresolved).

The exact labels separate in 6-12 curves at « = 3 — 6,7,10,11,12 at 2 = 214,216 218 920 922
i.e. increments of 1,3,1,1 across successive quadruplings of x — consistent with slow, at most
logarithmic, growth. The binary projection of the same predicate needs 46-79 on the four
smaller intervals, because its success rate 0.69-0.81 is far from the optimal 1/2, as the design
rule predicts. A coarser bit does better: call the one-large-prime bit of a curve at p the event
that the construction denominator vanishes, the stage-1 point is the identity, or the residual
order is a prime in (Bj, By] — the classical stage-2 success condition, which omits the singular
states and the composite residual orders; it separates the four smaller populations in 24, 32, 39, 37
curves. Hence for (By, By) = (64,4096) the first ten Suyama curves are a finite certificate for
every product of distinct primes in [2'8,219), for (102,10321) the first eleven certify [220,221),
and for (161,26008) the first twelve certify [2%2,223) — computer-verified separating lists whose
certificate is the parameter pair and the list of curves, verified by recomputing the labels, which
the accompanying code does in minutes; the archived record is the class counts after each
curve. At 22?2 the uncovered fraction after k curves is 0.309,0.097,0.030,0.010,0.0033, .. ., close
to 0.31%, and the last pair is separated by the twelfth curve. (With parameters derived from N
the certificates do not apply literally.) At u = 4 the exact labels separate every pair on all five
intervals; the lengths 31,32, 36,53 at = = 26, ..., 222 have increments +1, +4, +17, the last far
larger than the earlier ones.

The separation tail is structured. For the six one-large-prime runs on the three smaller
intervals (stage 1 alone and with the stage-2 continuation), the pairs still unresolved at the
last recorded snapshot before separation number 311 in all, and p = ¢ (mod 3) holds for 195
of them (0.63), compared with 0.50 for random pairs of the same populations. This is a finite
verified enrichment; its explanation through the residue dependence of curve orders on p mod 3
is heuristic. Plain Montgomery curves — A = 7,8,... with starting z-coordinate 3, without
Suyama’s forced 3-torsion — have one-large-prime success rate near 1/2 at v = 3 and separate
the three smaller populations in 22, 26, 30 curves by that bit, compared with Suyama’s 24, 32, 39
and the birthday thresholds 2logy n = 21.3,24.9, 28.6.
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34. THE ALGORITHM

The implementation tests N for a perfect square, derives x = \/N/C, B; = round(xl/ “),
By = round(z%/*), and runs ¢ = 6,7,. .., capped at 400 curves. For each curve, the implemen-
tation takes the construction ged and the singularity ged ged(agq(agq — 1), N), backtracking to
ged(agq, N) and ged(agq — 1, N) when that ged equals N; runs stage 1 and takes the ged of
its projective Z-coordinate; and runs a stage 2 over Z/N with m = |/By] + 1, T = |Bs/m],
R = By — T'm: baby points j@, 1 < j < m, giant points i(m@), 1 < i < T, preparatory identity
geds (a proper ged is returned at once; a point that is the identity modulo both primes, whose
ged is N and carries no factor, is removed from the baby and giant lists and the search contin-
ued), batch inversion, F(t) = [[;(t — z(j@Q)) by a product tree evaluated at the giants i < T,
the partial product over j < R at giant T, the ged of the product, and, when backtracking is
required, geds of the O(y/Bs) row products in increasing giant order followed by at most O(y/B3)
individual atoms of the first non-trivial row in the nondecreasing key order of Proposition 32.4
(babies increasing within the row) — O(y/Bz) geds, not a scan of By atoms — stopping at the
first vanishing two-sided atom. The tested values are exactly [1, Bs], so the curve factors N
iff the labels of Proposition 32.4 differ. Per curve the ladder work is O(Bj) group operations.
The evaluation of F' at the giants is done in fixed blocks of 4096 points, each block evaluated
independently, to bound memory; this is not the single quasi-linear multipoint evaluation of the
complexity statement after Conjecture 33.1, and no asymptotic claim is made for the blocked
form.

Measurements. By counted multiplications we mean the number of modular multiplications
performed in the Montgomery ladders and differential additions, the products of projective Z-
coordinates, the batch inversions and the row products; the coefficient arithmetic inside the prod-
uct tree and the multipoint evaluation is not counted. With the explicit parameters (64,4096),
on 500 random prime pairs from [2'® 219) (unordered, distinct, from a seeded generator) plus
the 116 distinct pairs of the one-large-prime separation tail of that interval, all 616 were factored
(maximum 3 curves, mean 1.08, counts 565/50/1 at one/two/three curves; 145 by stage 1, 471
by stage 2; the algorithm succeeded no later than the one-large-prime separation index — the first
curve whose one-large-prime bits differ at p and g — on every pair, and strictly earlier on 54.7%).
On 20 balanced semiprimes per size (¢/p < V2, from a seeded generator) at 32, 40,48, 56, 64
bits with u = 3, C' = 2 and N-derived parameters, the mean curve count is 1.0-1.2, the mean
counted multiplications per modulus are 1104, 2715, 8920, 22 725, 48 358, and the fitted exponent
of the counted multiplications against the bit size is 0.175 against the prediction 1/(2u) = 0.167
up to logarithmic factors, with a curve-count exponent of 0.003. Scaling, on single instances with
wall-clock times and peak resident memory: blocking the multipoint evaluation cut a 128-bit
u = 3 run from 179 s and 6.46 GiB to 96 s and 3.01 GiB; over the 120-, 124-, 128- and 136-bit
instances the peak memory fits the empirical line 1.46 KiB - B; 4+ 13 MiB; fixed u = 3 reached
136 bits in 203 s with 7.78 GiB, while larger u trades memory for curves (u = 4: 144 bits in 129
s and 405 MiB with 3 curves, 160 bits in 81 s and 1.44 GiB with 1 curve; u = 5: 180 bits in 671
s and 422 MiB with 10 curves). A greedy multi-u schedule — choosing at each step, among the
curves 0 = 6,...,17 at each of u € {2.5,3,3.5,4,4.5}, the one resolving the most pairs per unit
of By — was slightly worse than the best separating fixed-u prefix from the same candidates on
the two populations tested (152 against 150; 324 against 264 in the work proxy »_ Bj): cheap
high-u coordinates leave an expensive cleanup tail.

35. WHAT THE ROUTE CAN AND CANNOT GIVE

Write Ly (s, ¢] := exp((c+ o(1))(log N)*(loglog N)'~*). Each curve’s exposure probability is
modelled heuristically by the semismoothness [3] of a group or point order of size N 1/2+0(1) g0,
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under the random-signature and semismoothness heuristics extrapolated uniformly as u grows,
the optimised fixed-list model is Ly[1/2,1] — the classical ECM heuristic, here as the cost of a
fixed list — against the number field sieve’s Ly[1/3, (64/9)'/%] [64]: in leading L-formulas, 265
against 2639 operations at 512 bits, 278 against 2868 at 1024, 21464 against 21169 at 2048 —
formal values of the leading formulas, not operation counts of implementations. Exact labels,
torsion families, better chains and batching change constants; the route’s content is determinism
and the finite certificates, not speed.

Proposition 35.1 (non-uniform derandomisation). Let U,, = Lan[1/2,1] uniformly bound the
expected running time — measured in bit operations, each random bit read costing one operation
— of the Lenstra—Pomerance algorithm [54] on n-bit inputs. For every n there is an advice string
wy, of length O(nU,,) such that a deterministic algorithm with access to wy, factors every n-bit
integer in time O(nU,).

Proof. Run the algorithm with a fixed random string truncated after 4U,, steps; by Markov it
succeeds with probability > 3/4 on every input. With n + 1 independent strings the failure
probability on a fixed input is < 4~ and the union bound over the < 2" inputs shows that
some choice of strings succeeds on all of them. Each truncated run consumes O(U,,) random
bits, so the concatenated advice has length O(nU,,). O

This is Adleman’s argument [1] with subexponential advice. A uniform deterministic subex-
ponential algorithm would follow from an explicit construction of such advice; a smoothness
separating family is one candidate shape for it, and Conjecture 33.1 is the fixed-u version.

Proposition 35.2 (Miller’s descent). Let p,q be distinct odd primes, N = pq, ged(a, N) = 1,
ord,(a) = 2/ru, and ord,(a) = 21u, with uy,u, odd, and let E = 2°m (m odd) be a common
multiple of the two orders, as delivered by a two-sided p — 1 collision o =1 (mod N). Testing
ged(z; — 1, N) along the binary chain xj = a?™ 0<j<s, yields a proper factor iff Jp 7 Jq-

Proof. Since both orders divide E, uy, uq | m and jp, jq < s,s0 x5 =1 (mod p) first at j = j, and
(mod q) first at j = j,. If j, < jq then ged(x;, — 1, N) = p, and symmetrically; if j, = j; > 0
then x;, 1 has order 2 modulo both odd primes, hence is —1 modulo both, and no ged in the
chain is proper; if j, = j, = 0 there is no 2-adic descent. [l

This is the criterion for Miller’s binary chain [59] only: descent by an odd prime dividing one
order and not the other can recover further cases when E can be factored.

A positive-density success theorem. The asymptotic running-time conclusions above for
the explicit fixed-list smooth-order route are heuristic or conditional. We give one unconditional
positive-density statement about the smooth-order route. It is an elementary corollary of two
classical theorems on shifted primes, and we record it as the rigorous reference point of the route:
it concerns the success set of a deterministic partial factoring algorithm — one allowed to fail on a
complementary positive proportion — and is not an average running-time bound for an algorithm
that factors every input. Let PT(n) denote the largest prime factor of n. Friedlander [26] proved
that for every 6 > 1/(2/e) = 0.30326.. .. there is ¢;(0) > 0 with #{p <z : P*(p — 1) < 2%} >
c1z/logz for all large x — a positive proportion of the primes; the record exponents 0.2961 [4]
and 0.2844 [51] are stated as infinitude results (infinitely many primes p with P (p — 1) < p?),
not as positive proportions. Fouvry [25] proved that there is a fixed exponent a > 2/3 — one
may take o = 0.6687 in the published numerical form — and ¢ > 0 with #{q < x: PT(¢—1) >
q“} > cox/log x. The algorithm Ay is Pollard’s p — 1 method [68] with base 2: on input N put
B :=[N%?], E = HKSB, ’ primeﬂlogN/log“ and g := ged(2¥ — 1 mod N, N), and output g if
1 < g < N. It is deterministic. Since log, E' < 7(B)logy N, binary exponentiation (prime power
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by prime power, without materialising F) costs at most 27(B)logy N + O(1) multiplications
modulo N; with 7(B) < B/log B and log B = (6/2)log N + O(1) this is Og(B) = Op(N?/?).
Prime generation and the final gcd add only factors polynomial in log N to the bit complexity.

Proposition 35.3 (positive-density success of the p — 1 method). Fiz 0 € (1/(2/€),1/2) and
e € (0,1/4) with(1—e) > 1/(2/e). There are c = ¢(0,¢) > 0 and xg such that for every x > xg,
at least cm(x)? of the ordered pairs (p,q) of distinct primes in (x'7%, 2] satisfy Ap(pq) = p.
Hence a positive relative proportion of the semiprimes N = pq with ¢ < p,q < x are factored
deterministically in Og(N?/?) multiplications modulo N . For fired ¢ the admissible exponent 6 /2
can approach 1/(4y/e(1—¢)); lettinge | 0 and 0 | 1/(2+/e) jointly, subject to O(1—e) > 1/(2+/e),
brings it arbitrarily close to 1/(4y/e) = 0.151632.. ..

Proof. Put ¢ :=0(1 —¢) and S := {p € (z'~%,2] : P*(p—1) < 2”}; by Friedlander’s theorem
at 0, |S| > c1(0)z/logz — w(x17°) > Leyx/loga for large . Let Q = {q : ordy(2) < 2172}
a prime with ord,(2) = d divides 2¢ — 1, which has fewer than d prime factors, so |Q| <
Sgeat-ad < 2720 = 200626 Lot G = {qg € (x'7%,2] : PT(¢— 1) > ¢°} \ ©; by Fouvry’s
theorem |G| > %CQI’/IOg:U for large 2. Take p € S, ¢ € G, p # q, and N := pq € (z*7%¢,22]. (i)
B> N2> 2% > Pt(p—1), and every prime power ¢* | p—1 has £ < N, sov < |log N/log/];
hence p —1 | E and p | 26 — 1. (ii) If ¢ | 2F — 1 then ord,(2) | E is B-smooth. Since
B <zl +1 < 22079 < ¢ < Pt(q—1) for large z (as a(1 — &) > 3a/4 > 1/2 > 6), the prime
PT(q — 1) does not divide ord,(2), and ord,(2) | ¢ — 1 gives ordy(2) < (¢ —1)/PT(qg—1) <
¢ < 2179 ie. ¢ € Q, a contradiction. So g = ged(2¥ —1,N) = p. (iii) The pairs number
at least |S||G| — |S NG| > fcica(z/logz)? — x > cm(x)? for large z, with ¢ := c1c2/7, by
m(x) < 1.26x/logx [74]. Each semiprime pg arises from at most two ordered pairs, so the
semiprimes factored number at least cm(x)?/2, a positive proportion of the fewer than 7 (z)2/2
semiprimes of the family. O

Remarks. (a) On S x G neither the two-sided outcome g = N nor the failure g = 1 occurs;
on the whole population both do. (b) For independent primes near z the smoothness heuristic
predicts that p — 1 is 2%-smooth with probability ¢ = p(1/6) (Dickman’s p); if in addition the
exceptional event ord,(2) | £ with p — 1 not B-smooth has density o(1), the idealised one-
sided success rate is 2p(1 — p). At 6 = 0.31, p(3.2258...) = 0.02997 and 2p(1 — p) = 0.0582
— a Dickman proxy, not an established asymptotic; the lower-bound set .S of the proof has the
smaller parameter §’ = 6(1 — ¢) and Dickman density p(1/6’). We ran A 31 on 2000 balanced
semiprimes (q/p < v/2, from a seeded generator) at each of 40, 48, 56, 64 bits, with B = [N?-195]
between 67 and 967: it factored 204,178,165,152 of them (0.102,0.089,0.083,0.076, binomial
standard errors below 0.007), returned g = N for 8,8,6,7, and failed on the rest — decreasing
over these four sizes and above the proxy, consistent with a finite-size excess of smooth shifted
primes; the data do not establish convergence. The order anomaly of step (ii) — a factor whose
shifted prime is not B-smooth but whose order of 2 divides E — occurred for 2,2, 0,0 of the 2000
moduli. (c) With the stage 2 of Section 34 (By = B2, cost still B'+°(1)) a (B, B?)-semismooth
p — 1 is a sufficient exposure condition on the p-side, not a necessary one (ord,(2) may be a
proper divisor of p — 1); a one-sided theorem again needs the other side excluded, which the
Fouvry set provides by the same order argument when B? < P*(q—1), i.e. for 20 < a(1 —¢). In
the same samples exactly one of p — 1,¢q — 1 is (B, B?)-semismooth for 0.496, 0.482,0.504, 0.483
of the moduli (a measurement, not an asymptotic statement); a positive-proportion theorem
for p — 1 = (2%smooth) x (prime < %%) at some 6 < 1/(2y/e) would lower the exponent
of Proposition 35.3 accordingly, and we have not found one: the shifted-prime results available
[26, 25, 4, 51] concern smoothness or a large prime factor alone. (d) Harvey’s N/ [31] is a worst-
case bound valid for every N; given any slack § > 0, choosing first the balance parameter € > 0
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small and then 6 with 1/(2y/e(1—¢)) < 6 < 1/(2+/e)+26, Proposition 35.3 says that on a positive
relative proportion of the corresponding nearly balanced semiprimes a plain algorithm from 1974
provably succeeds within O(N'/(#Ve)+9) modular multiplications. It is not an improvement
of the worst-case guarantee, and a fallback to Harvey’s algorithm on the failures leaves the
expected cost at N/>+°(1) | The record smoothness thresholds would formally lead to exponents
0.2961/2 = 0.14805 and 0.2844/2 = 0.1422, each with a positive slack; the theorems behind them
do not give a positive proportion. If the available smooth-prime count is > z/(log 2)¢, the same
pairing gives > 22/(log 2)“*! products, a relative proportion > (logz)'~¢ of the family; an
infinitude theorem gives infinitely many such products. (e) The fixed-0 run does not factor almost
all semiprimes of the family: after removing the o(m(x)) small-order exceptions €2, the Fouvry set
still contains a positive proportion of primes g with ¢ { 2F 1, and pairs of two such primes form
a positive proportion on which g = 1. More generally, fix n € (0,¢) with 0.66 < a(1 —7n) and let
Gy:={q€e (z'7",2] : PT(¢g—1) > ¢*}\ , still a positive proportion of the primes of the family.
For ¢,7 € G,y and N = qr < 22, every B, By < N33 < 2066 < go(l=n) < g0 < pt(g—1);
if the stage-1 exponent has prime support at most B then ord,(2) { Ev for every 1 < v < By
(otherwise P (q — 1) f ordy(2), forcing ord,(2) < ¢*~* < 217, contrary to ¢ ¢ ), and likewise
for r. So pairs from G, form a positive relative proportion on which the single-exponent base-2
p — 1 method, with any stage-1 and stage-2 bounds up to N33, returns no factor: a limitation
of that method, not a lower bound for all algorithms of that cost.

36. OPEN PROBLEMS

Prove or break Conjecture 33.1 for an explicit curve family, including uniform control as
u grows; find a separating family with per-member success rate near 1/2 and an alphabet
richer than the residual order; determine whether the separation tail structured by p mod 3
can be removed by mixing families; and prove a positive-proportion theorem for shifted primes
p — 1 = (2-smooth) x (prime < 22%) below § = 1/(2y/e), which would lower the exponent of
Proposition 35.3. Any of the first three could change constants or coverage; heuristically, an
exponent change requires leaving the smooth-order paradigm.

Reproducibility. The label statistics of Table 12 are exact computations on the full prime pop-
ulations of the stated intervals, by adaptive refinement of the label partition as described in
Section 33.3; the tests of Section 34 and the p — 1 samples of remark (b) use pseudorandom
populations from a seeded generator (seeds 3, 9 and 11 respectively) and are reproducible from
those seeds; the counted multiplications and curve counts are deterministic; the wall-clock times
and peak memory figures are single measurements on one machine and are reported as such.
The code and the archived outputs are in the repository [23].

Part 6. Coefficient floors of number-field-sieve polynomial selection

Summary. Polynomial selection for the number field sieve chooses a polynomial f of degree d and a root
m of f modulo N; in the unskewed model the sieve’s figure of merit is the norm product P = || f||oc m,
and this part asks how small it can be made. For a fixed root the coefficient vectors form a lattice of
determinant N, so a polynomial with | f]lcc < NY(@+1) exists, and for a random root of a balanced
semiprime N'/(d+1)=o(1) ig 5 proven floor. When the root is free, a counting heuristic puts the minimum
of P at N(Zd_l)/(d2+d_1), below the scale N2/(4+1) of the base-m and Kleinjung constructions, and
complete enumerations at small sizes fit that exponent at d = 2 and d = 3. For two polynomials with
a common root the resultant gives the rigorous floor ||f[|%]|gl|4 > N, and a count of the pairs with a
common root modulo a generic N gives, within the standard heuristic optimisation, the existence bound
ad > 2 —o(1) for the two-polynomial dial: the GNFS constant 1.923 is then its existence optimum, and
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the SNF'S constant is out of reach for generic IV at every pair of degrees. The room below the base-m
scale is lower order in L-notation, and reaching it by search is estimated to cost a fractional power of N
in trials: the floor asks for an algebraic small-coefficient method, not search. The rigorous content is the
two floors; the rest is heuristic, with its finite verification stated as such.

37. INTRODUCTION

The general number field sieve [53, 9] factors N in heuristic time Ly[1/3,(64/9)Y/?%] with
Ln[s,c] = exp((c + 0o(1))(In N)*(Inln N)'~#%). Its polynomial selection step chooses f € Z[x] of
degree d with a root m modulo N; the sizes of || f||coc and m enter the exponent through the
norm product, and in practice through Murphy’s E-value, skew, rotation and root properties
[62, 45, 6]. This part isolates the size question — how small can ||f||c and m be made jointly,
and what is the consequence for the constant ¢ — and answers it with two proven floors, one
heuristic floor checked by exact enumeration, one classical identity read as a search problem,
and one heuristic optimisation. Throughout, || f||eo := max; |f;| is the largest absolute value of a
coefficient of f =, fiz®, and N is called generic when the counting heuristic of Proposition 39.1
— roots of bounded polynomials equidistributed modulo N — is assumed for it. The asymptotic
conclusion, within the two-polynomial heuristic model developed here, is negative and quantified:
coefficient size does not change the constant (64/9)'/3 for generic N, and any remaining gain
from polynomial selection is lower order. In numbers: the random-root floor is N1/(d+1)—o(1)
(Proposition 38.1); the joint heuristic floor N(2¢=1/ (d*+d=1) s matched by exact enumerations
with fitted exponents 0.607+0.009 at d = 2 (predicted 0.6) and 0.460+0.014 at d = 3 (predicted
5/11); the resultant floor ||f]|%[lg]|% > N together with the heuristic count of pairs with a
common root gives ad > 2 — O(1/(d + e)) for generic N, hence the GNFS constant 1.923 as
the existence optimum and not the SNFS constant 1.526; for degree two, selection is a bounded
near-square search whose event counts are consistent with a Poisson model; and the gap between
the joint floor and the base-m scale is 9-24 bits in the norm product at 512-1024 bits for d = 5, 6,
which direct search would need about N%?-N019 trials to cross and N%12-N0%14 to reach the
floor.

38. THE FIXED-ROOT LATTICE

For a residue m let Ly, = {(fo,...,fa) € Z 2 3, fim* = 0 (mod N)}, the kernel of
(fi) = > fim! mod N, a lattice of determinant N.

Proposition 38.1. (i) Ly, contains a nonzero vector of sup-norm < NY(@+1 (i) Let N = pq
with distinct primes p,q, and let H < min(p, q). For m uniform on Z/N,

Pr(3f #0, |flle <H, f(m)=0 (mod N)| < d*(2H + 1)*1/N,

so, when min(p,q) > NY @D _in particular for balanced semiprimes — for every fized € >

0 the shortest vector at random m has sup-norm > NY(d+1)—¢ 4 probability at least 1 —
d23d+1N_5(d+1).

Proof. (i) is Minkowski on the cube. (ii): a nonzero f with || f|lcc < H is nonzero modulo p and
modulo ¢, hence has at most d roots modulo each and at most d> modulo N by the Chinese
remainder theorem (22 — 1 attains four); there are fewer than (2H + 1)%*! such f. O

The Minkowski vector represents a nonzero polynomial of degree at most d; exact degree, ir-
reducibility and usability for the sieve are not asserted. Exact Euclidean shortest-vector lengths
(LLL-seeded Fincke-Pohst enumeration in dimension d + 1 < 7), normalised by N'/(@+1 and

averaged over 20 balanced semiprimes (q/p < v/2) per size at 64, 96 and 128 bits, are 0.62-

0.80 for random m, matching the Gaussian-heuristic constants Vn_l/ "V, the volume of the
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Euclidean unit ball in R™ (0.62-0.80 for n = 3,...,7). For the base-m choice m = |[N4|,
simultaneous Dirichlet approximation of r/m, ... ,7’/m“l_1 with 7 = N — m? gives vectors of
sup-norm O4(N (d-1)/ dQ), a ratio N~1/(¢*(@+1)) ¢4 the generic fixed-root scale N/(4+1) that pre-
dicts the measured change of the ratio from 64 to 128 bits (0.291,0.574, 0.839 predicted against
0.30,0.56, 0.84 measured for d = 3,4, 6); for special N = 2* — ¢ the lattice contains 2°2¢ — ¢ and
the ratio collapses.

39. THE JOINT FLOOR

When the root is free, the figure of merit is P(f,m) = ||f||cc m, where for a nonzero residue
root r we put m := min(r, N —r) € [1, N/2] and, replacing f(z) by f(—=z) when r > N/2 (which
preserves || f||oo), assume f(m) =0 (mod N) (the root 0 is excluded, since 2¢ + N has P = 0).
Throughout, the admissible polynomials are those of exact degree d, irreducible over Q (the
content is not restricted; every minimiser found below is primitive), with a nonzero root modulo
N; f(m) may be any nonzero multiple of N, and || f||oo is the largest absolute value among all
d + 1 coeflicients.

Proposition 39.1 (heuristic). Let N = pq be generic and d > 2. Among irreducible f of degree
d with a nonzero root modulo N,

min P(f,m) = N@d=D/(@+d=1)to(1) 1 flloo = N@D/@+d=D)to(1) =y — Nd/(@+d=1)+o(1)
at the minimiser.

Derivation. There are two constraints. (i) Counting: the number of polynomials with || fls <
H is =< H%': a polynomial has on average one root modulo N, and the roots are assumed
equidistributed, so the number of pairs with m < M is < H*'M/N; existence requires (d +
1)logy H + logyy M > 1. (ii) Nontriviality: an irreducible f has f(m) # 0, so |f(m)] > N
and (d + 1)||f||eom® > N. Minimising logy H + logy M on this polyhedron gives the vertex
((d—1)/(d*> +d—1),d/(d*> + d — 1)). Constraint (ii) is a theorem and gives the rigorous
P > (N/(d+ 1)), constraint (i) is the heuristic. O

The three construction regimes in this measure are: Dirichlet vectors at m = N4 P =
N@d-1/d*. hase-m and Kleinjung’s regime ||f|loo =~ m ~ NY@+D) p = N2/(d+D). and the
joint floor N(2d—1)/(d2+d—l) . N0'75,N0'667,N0'6 at d = 2 and N0'36,N0'333,N0'310 at d = 5
(the balanced base-m expansion attains the scale N 2/(d+1) without the irreducibility require-
ment, and the constructions of [45] attain it in practice). The gap between the last two is
N(@=D/((@+1)(d@*+d=1)) Jower order in L-notation: about 9-24 bits of norm product at 512-1024
bits for d = 5, 6.

Refined count. After imposing the leading-term cutoff m > (N/f;)'/¢ and quotienting by
mirror orbits, the expected number Ay(x) of pairs with P < x is a finite sum over coefficient
shells whose leading term is 22°/N?3 (d = 2) and i—g:vll/Q/N5/2 (d = 3); under a Poisson model
with these intensities EPy;n = 0.996 N3/5 and 0.912 N5/11,

Complete enumeration. Using the known factorisation, the exact minimum of P over the
admissible polynomials was computed by complete enumeration (square-root tables modulo p, ¢
for d = 2, value tables for d = 3); the pruning bounds are exact consequences of |f(£m)| > N,
the enumeration checks at run time that its finite search windows were not exceeded, and the
routine is checked against brute force on small moduli in the accompanying test suite. For
51 balanced semiprimes at 24-44 bits (d = 2) the ordinary least-squares slope of logy Ppin on
logy N is 0.6067 £ 0.0088 (predicted 0.6); for 42 distinct moduli among 44 generated instances
at 16-32 bits (d = 3) it is 0.4603 = 0.0137 (predicted 5/11 = 0.4545; 0.4595 + 0.0131 with the
two duplicated moduli counted twice). The base-m control — one balanced expansion per N
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at m = [NV(@*D] with f(m) = N, not restricted to irreducible f — fits 0.6669 against 2/3
and 0.5037 against 1/2. The row means of the coefficient and root exponents are 0.18-0.20 and
0.40-0.41 (d = 2) and 0.13-0.17 and 0.28-0.29 (d = 3); individual instances spread more widely.
The ratio Pyin/EPuyin ranges over 0.70-1.09 rowwise; under the Poisson model Aj(Ppin) should
be exponential with mean one, and it has mean 0.67 and 0.49 (Kolmogorov—Smirnov p = 0.048
and 0.001 on the generated instances): the model is borderline for d = 2 and rejected for d = 3,
the minima lying below its prediction. A search through 8N(¢—1)/ (d*+d-1) leading coefficients
(two adjacent candidate bases per leading coefficient, balanced lower digits, irreducible results
only) found 50/51 and 37/44 exact minima; in the cubic case the mean excess was 0.070 bits —
finite evidence for the predicted search scale, not an asymptotic search theorem:.

40. TwWO POLYNOMIALS: THE RESULTANT FLOOR

Proposition 40.1. Let f,g € Z[z] be coprime over Q, of degrees d,e, with a common root
modulo each prime dividing squarefree N. Then N | Res(f,g) and

N <|Res(f,9)| < [If15 lglls’ < (d+1)2(e + 1)V ]| lgll%.

In particular two quadratics with a common root modulo N satisfy || f|lccllgllec = VN /3.

Proof. Res(f,g) = Af + Bg with A, B € Z[z] (adjugate of the Sylvester matrix), so a common
root modulo p gives p | Res; coprimality makes the resultant nonzero; Hadamard’s inequality on
the Sylvester matrix gives the norm bounds. ([l

Montgomery’s two-quadratics construction [61], as described in [62], produces pairs at this
floor up to a constant factor for the N to which it applies. For the usual linear side g =z — m
the inequality is || f||oom® >4 N, the nontriviality constraint of Proposition 39.1. The inequality
is standard; its reading as a coefficient floor for nonlinear pairs is the point here. Exact (d,d)
floors — complete enumeration over primitive, coprime, irreducible pairs of exact degree d with
a nonzero common root, on 18 moduli at 16-28 bits (d = 2) and 21 moduli at 16-24 bits (d = 3)
—give Py = ||fllsollglloo at 1.4-1.9 times the resultant lower bound N'/¢/(d + 1), with fitted
slopes 0.482 + 0.005 (d = 2) and 0.313 + 0.015 (d = 3) approaching 1/d from below; 16 of the
21 cubic minimisers have a monic side of sup-norm 1, whose partner is a short vector of the
product of the two prime ideals of Z[a] determined by the chosen modular roots, a a root of
the monic side, and that “tiny-f” route has fitted exponents 0.5004, 0.3332, 0.2483 for d = 2, 3,4
on 33, 34 and 41 moduli at 24-96 bits, agreeing with 1/d to three decimal places. Under the
balanced-minima heuristic for the orthogonal lattice, the constructible geometric-progression
pairs [61, 47, 70, 18] (root-lift of a d-th root of N modulo a prime p’ ~ N/ orthogonal
lattice of determinant ~ N'~'/9) are predicted to reach only P, ~ N2(@=1)/ d? (measured slopes
0.4991 + 0.0018, 0.4493 + 0.0030, 0.3744 + 0.0034 on ten moduli at each of 40,64, 96,128 bits,
against 0.5,0.444,0.375), which equals the floor only at d = 2.

41. DEGREE TWO: A BOUNDED NEAR-SQUARE SEARCH

Lemma 41.1 (bridge). Let f = az? + bz + ¢ € Z[z], a > 0, and f(m) = kN with k # 0;
put y = 2am +b. Then y? — 4akN = b?> — 4ac = disc f. Conwversely, given (a,k,y) and b =y
(mod 2a), the integers m = (y — b)/(2a) and ¢ = (b*> — (y* — 4akN))/(4a) satisfy f(m) = kN.
If | flloo < H then |disc f| < 5H?, sharp at (H,H,—H).

Proof. (2am + b)? = 4a(am? + bm + c) + b* — 4ac = 4akN + disc f. Conversely b = y (mod 2a)
gives b2 = y? (mod 4a), so ¢ € Z and substitution gives f(m) = kN; the discriminant bound is
|b? — dac| < H? + 4H?. O
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The pairs (f,m) with a > 0 therefore correspond bijectively to quadruples (a, k,y,b) with
b =y (mod 2a); the choice of b within its class selects a translate f(z + t), which preserves y.
A bounded known-root quadratic is a near-square 4akN = y? — A with |A| < 5H?, and at the
joint floor H = N1/5 degree-two selection is the search for a < N1/5 and a bounded multiplier k&
with 4akN within O(N 2/ %) of a square, plus a congruent representative passing the coefficient
filters (the near-square condition is necessary, not sufficient). The identity is classical (Lehman
[49], MPQS’s (ax + b)? — N = aQ(z) [77], Montgomery [61]); Harvey’s deterministic algorithm
[31] shares the multiplier exponent N 1/5 and the identity U? — 4abN = v? but requires a square
residual, where selection needs only a small one. The expected number of bounded k = 1 pairs
is A(H) ~ 4H5/?/\/N under equidistributed phases, the finite sum behind this leading term
being what the computation predicts. For 200 balanced semiprimes at each of 40, 56,72, 80
bits, exhaustive enumeration through the bridge at H = CNY5 C = 0.75,1, 1.5, gives pair
means within 10% of the finite-sum prediction in 8 of the 12 (size, C') cells, within 12% in three
more, and 25% below it at C = 0.75 and 56 bits; at C' = 1 the observed means are 3.5-4.3
against the predicted 3.8-4.0. The pair variance is about ten times the mean, because translates
and scalings (at?,yt, At?) are exact dependencies; the scaling-primitive classes have variance
approximately equal to the mean, and their means reproduce the zero fractions through e™*
to within 0.024 — consistent with a Poisson model once the two dependencies are removed, a
diagnostic rather than a goodness-of-fit test. The chirp phases (y?> — 4aN)/(2y) are consistent
with a uniform uncorrelated null (variance 0.0830 against 1/12 = 0.0833; pooled Kolmogorov—
Smirnov p = 0.21 on 50 phases per modulus treated as independent, again a diagnostic; lag-one
correlation 0.000 £ 0.004). Among the moduli with at least one k¥ = 1 candidate at C' = 1.5
(784 of the 800), the best k = 1 product has median 0.93-0.98 N3/5 from 40 to 80 bits, an upper
bound at the scale of the exact minima for those moduli.

42. THE CONSTANT DIAL

Write the norm product of a two-polynomial relation scheme, up to lower-order factors, as
X = N¥/dA%.  is the N-content the pair carries per unit 1/d and 6 the growth of the norm
product per unit degree. Minimising In X over d gives In X = 2v/adIn N In A; with A? candidate
pairs (a,b), |a|,|b] < A, Dickman smoothness with independent sides, a smoothness bound B
and B? linear algebra, the usual balance gives

c(ad) = (32&5)1/3
9

for the constant of Ly[1/3,¢] — 1.923 at ad = 2 (GNFS: ||f|lcoc = m ~ NV/(@HD o =2 § =1)
and 1.526 at ad = 1 (SNFS: ||flleec = O(1), m = NY4). With A’ candidates the balance
gives ¢; = (64ad/(9t))Y/3; if a t-dimensional sieve carries N-content o = 2(t — 1) — the value
obtained by extrapolating the two-polynomial count, an assumption we do not derive — then
¢t = (128(t — 1)/(9t))'/3 is minimal at ¢ = 2 within this model. The model is heuristic and
calibrated on the two known constants.

Proposition 42.1 (the floor of the dial). Let f,g be coprime of degrees d > e > 1 with a
common root modulo N, F = In||f|lecc, G = In||¢||cc, L = In N, so that o = d(F + G)/L and
d = (d+e)/d. (i) Proposition 40.1 gives eF' +dG > L —Ogq (1), hence F+G > L/d—O(1) and

e 1
> 14 - — — .
ad > +d Od’e(L)

root is about e dTVFHEADNE /N 5o existence needs (d+ 1)F + (e + 1)G > L; minimising F + G

(ii) [heuristic] For generic N, the number of pairs with ||f|lco < €F', lglloe < €& and a common
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under (i) and (i) gives F+G =2L/(d+e+1) for e < d (at the vertex F = L(d—e—1)/(d(d+
1)—e(e+1)), G=L(d—e+1)/(d(d+1) —e(e+1))) and L/d for e = d, hence

2(d+e)
> 2\ 7
a0 = d+e+1

Consequences, within this heuristic model. For generic N the existence optimum of the
two-polynomial dial is ad = 2 — o(1), i.e. ¢ = (64/9)'/3: GNFS’s constant is optimal among
two-polynomial relation schemes, and the room below it — the joint floor of Proposition 39.1
(ad = (2d—1)(d+1)/(d?>+d—1) — 2), non-monic linear sides (2(d+1)/(d+2)), skew — is lower
order. The SNFS constant requires ad = 1 + o(1), which generic N does not admit at any pair
of degrees; special N realise it through f(m) = kN with ||f|lcc = O(1). A modular root of a
bounded polynomial buys only a (d, d) pair at the resultant floor through the ideal lattice, with
ad = 2 — a tie with GNFS (the (d, d) pair at its floor has the norm product N1/?4%¢ = N2/D AD
with D = 2d, that of a linear pair at base-m scale with degree parameter D), and the geometric-
progression pairs have ad — 4, ¢ = 2.423, worse. Constant-level gains for generic N must come
from outside the two-polynomial dial — side multiplicity (Coppersmith’s multiple-polynomial
NFS [16], 1.902) and amortisation (Coppersmith’s factory [16], 1.639 per target after a shared
2.007 precomputation) — or from outside the relation paradigm.

The free-root frontier (heuristic). Searching T leading coefficients ag = 1,...,T with m ~
(N/T)'/¢ and balanced lower digits, the best of T trials has P(T) ~ max(T, (m/2)T~ /(@1 m,
which crosses the base-m scale N2/(4+1) at T, = N2(d=1)/((d+1)(3d-2)) and reaches the joint floor
at T = N@-1/(@+d=1) Oy three balanced semiprimes per size (d = 3 at 48-96 bits, d = 4 at
64—128 bits, budgets T checked at the powers of two up to Tiax = 218), six of the seven measured
crossovers lie within one bit of the prediction and the seventh (d = 4, 128 bits) came 1.3 bits
earlier; the theory curve is within 0.5 bits of the measured minimum at every crossover, and in
the six rows with Tpax > N (d=1)/(*+d=1) the measured minimum ends 0.1-0.5 bits below the
predicted floor, the formula continuing to fall past the floor while the measurement stops there.
Heuristic extrapolation to NFS sizes puts the crossover budget at 246-2195 trials and the floor
202 9141 for d = 5,6 at 512-1024 bits: realising the joint floor appears to require an algebraic
method that makes d — 1 base-m digits small at a free root, rather than direct search; within
the dial, the resulting gain is lower order and does not change c.

o(1) (e<a), ad >2—-0(1) (e=d).

43. WHAT IS OPEN

The open questions are whether the joint floor can be reached in polynomial time (an algebraic
small-digit selection); whether balanced (d,d) pairs at the resultant floor exist without a tiny-
polynomial root (the counting heuristic predicts many); and, outside this part, whether any
relation source has norms that do not carry N®1/4) per side while growing like A9(@) — within
the heuristic framework used here, the only place where the exponent 1/3, rather than its
constant, could move.

Reproducibility. Every number above is the output of a deterministic computation from the
stated parameters: exact shortest-vector lengths, complete enumerations of the exact minima
with pruning bounds derived from |f(+m)| > N (checked against brute force on small moduli
in the accompanying test suite), exhaustive enumeration through the bridge, and the coefficient
search, on populations of balanced semiprimes (¢/p < v/2) drawn from a seeded generator
(seeds 97, 111, 5, 131 and 23 for the fixed-root, single-polynomial, two-polynomial, bridge and
frontier computations). Methods: all enumerations and root tests are in exact integer arithmetic;
the reported slopes are ordinary least-squares fits of log, Pyin against logs N with the slope’s
standard error from the residuals; the Poisson checks compare the empirical distribution of
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Ag(Pnin) with the exponential law of mean one by the Kolmogorov—Smirnov statistic and its
asymptotic p-value; all statistics are in double precision. The code and the archived outputs
accompany the paper.
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