COVERING MODELS, PARTIAL INFORMATION, THE ADDITIVE

FLOORS FOR DETERMINISTIC INTEGER FACTORING:

STRUCTURE OF THE LEHMAN-HARVEY START SET,
AND THREE FURTHER FLOORS

SEAN WARD AND MAESTRO

ABSTRACT. The fastest proven deterministic factoring algorithm for a balanced semiprime
N = pq runs in N*/5T°M) operations, and Harvey’s question whether the search over Lehman’s
N'/3 candidates can reach N/% is open. This report defines a covering model that contains
Harvey’s algorithm exactly and, up to factors N°®)| those of Lehman and Harvey—Hittmeir,
and proves its floors: N'/® candidates, N*/° with materialised giants, N 1/6 with free giants.
The exponents persist for p > N?/5, the first two against fixed-degree forms and adaptive cell
queries respectively, and thinning by a residue hypothesis modulo q < N*/?° buys at most a
power of loglog N. Given an interval of length L = N> containing p, a localised search costs
NeM [3/5 N=1/10 ' matching the model’s floor for A > 3/8; for N6 « L < N3/8 the in-model
cost is classified by the interval’s Diophantine depth; a known residue p mod M, M < N1/7,
gives N5+ pr=2/5 1n the explicit-difference model an N/ search needs a difference cover,
and the additive structure of the window starts governs every such cover: proved lower bounds
r1/3 (modulus-free) and N'/*2 (at r = N/3; for the squarefree shell, for almost all N) against
upper bounds 2.17%/% and 6N?/°, with the envelope problem open. Further, a common factor
g=N7of p—1and ¢—1 lets N be factored deterministically from N alone below N/ for every
~ > 1/20, by composing McKee-Pinch’s progression search, made deterministic, with Pollard—
Strassen on N — 1 and Harvey—Hittmeir’s order selection; a fixed list of elliptic curves factors
every product of two primes from a range once its exposure labels separate, with computed sep-
arating lists for three dyadic ranges below 22%; and NFS polynomial selection has a random-root
floor Nl/(dﬂ)*o(l), a rigorous resultant floor and, under a stated counting heuristic, no room to
move the GNFS constant. Every rigorous floor is a theorem inside a stated model, the heuristic
optima are labelled as such, and nothing here is a lower bound on factoring.
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(Proposition 20.1); the Beatty chains, forcing Dpax > /7 on the full shell for r < N1/%: the
near-chains (Proposition 20.2); the two-progression normal form and its integrality conditions
(Proposition 20.3, Lemma 20.4); the modulus-free lower bound Dj(r) > (cp — o(1))r'/3 with the
sharp constant of the symmetric mechanism (Theorems 20.8, 20.11) and the transfer between
the exact-start and modulus-free statistics (Lemma 20.9); the class count n < 2¢(9) | the long-
period bound and the envelope 7r!/3 for every drift-free family with Ag # 0 (Lemmas 20.14,
20.15, Theorem 20.16); the planar cap (Proposition 21.1); the resonant clusters > N1/12 at
r = N3 for the full shell at every N (Theorems 21.2, 21.4) and for the squarefree shell for
almost all N (Theorem 21.3); the sliding-window bound and its consequences (Theorem 21.5,
Corollary 21.6); the planar two-progression envelope and the thin resonant hierarchy (Theorem
21.10, Corollary 21.11); the unconditional upper bounds 6N2/9 at r = N1/3 and 2.172/3 for the
modulus-free statistic (Theorems 21.13, 21.14); the near-minimal additive energy (Proposition
21.15) and the energy form of Lemma 4.3; and the ceilings of Corollaries 21.7, 21.8 on what
Lemma 4.3 can certify through whole shells. For the balanced restriction: the rays (Lemma
19.1), the equal-product pairs (Lemma 19.2) and the half-offset families (Lemma 19.3), which
give Dpay > rN—1/4 /15 —2 for every family retaining the constructed cells, in particular for the
primitive balanced family.

Conditional. Under Conjecture 19.4, Proposition 19.5 gives |B| + |G| >>¢ N°/28=°(); under
Conjecture 19.6, Corollary 19.7 gives N2/11=°(1). under the envelopes (S”) below the crossing
and (P’) beyond it, Theorem 4.4 gives N2/11=°(1) " which by Corollary 21.7 is also the most
the whole-shell certificate can give; under (T) and (Tp), Theorem 4.4 gives N'/5=9 for every
0 > 0. The application of Lemma 19.3 to the unique-product family is conditional on the
constructed cells being its representatives. The extremality conjectures (S”), (P”’) and the
first-order computations — offset resonance, the general-W profile, the cost side of the refined-
prime programme — are marked as such where they occur.

Computed. The censuses of Section 23: the modulus-free sweeps and the drift-free family
census, the symmetric family, the planar and resonant censuses to 96 bits, the energy and
non-drift-free computations, the direct cover search and the balanced censuses, each with its
exactness status and its controls.

Open. The upper envelope of Dyax — between the proved exponent 2/3 and the conjectured
1/4 (as powers of the shell size) at the top of the range, and between 2/3 and 1/3 for the modulus-
free statistic; whether a single drift-free family carries the maximum up to o(r'/3); the excision
estimate that Conjecture 19.6 needs (an O¢(r/M) incidence bound for the cells in high-window
half-offset configurations, against the provable O(r*/3/M?)); the representative property of the
half-offset cells in the unique-product family; and the positive-proportion squarefree problem in
short intervals that separates Theorem 21.2 from its squarefree analogue for every individual N.
Nothing in this part bounds the cost of factoring: every floor is a statement about the explicit-
difference representation model, and inside that model the results leave open representations at
the N2/11+0(1) geale, none of which is constructed here.

Part 4. Factoring N = pg from N alone when ged(p — 1,¢ — 1) is large

Summary. Let N = pg with primes p < ¢ be balanced, /N/C < p < VN for a fixed C' > 1, and
let g := ged(p — 1,¢ — 1). For any unit a with a¥~! # 1 (mod N), a babystep-giantstep search on
B = aN~! factors N deterministically in O(N*/*/,/g)(log N)°() bit operations, using nothing but N.
Some a < (log N)* qualifies unless g > (p — 1)>/#/(log N)3, by a count of smooth numbers inside the
subgroup of Fermat liars; in the remaining class Burgess’s character-sum bound supplies a base below
NU/(8vVe)te for every e > 0. Consequently every balanced semiprime with g > N°/24/(2/C(log N)?) is
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factored from N alone with exponent below 1/5; writing ¢ = N7, the exponent 1/4 — v/2 is below 1/5
for every v > 1/10. Composing the McKee—Pinch progression search, made deterministic, with Pollard—
Strassen on N — 1 and Harvey—Hittmeir’s order selection gives a curve E(y) that is below 1/5 for every
~v > 1/20. The exponent 1/4 — /2 from N alone is that of McKee and Pinch’s Pollard-rho variant
with iteration z — V=1 + 3, an expected-time attack restated by Hinek; the present argument is its
deterministic form — a babystep—giantstep search with the base chosen deterministically — and needs no
knowledge of g.

25. INTRODUCTION AND CONTEXT

Throughout, N = pg with distinct primes p < ¢, and for a fixed C > 1 the smaller factor lies
in the balance range Jo := [\/N/C,V/N], so that p,q = O¢(NY?); “N large” means large in
terms of C. Write

1
=ged(p—1,9—1), k= , li=——, ged(k, 1) = 1.

Moduli with a large g were proposed by Wiener [81] as a defence against his small-exponent
attack, and are studied under the name “common prime RSA” by Hinek [37, 38]. Attacks
from N alone are part of that literature: with g = N7, McKee and Pinch [58], as restated in
[38, Attack 6.1], factor N in O(N/4=7/2) expected operations by a Pollard-rho variant whose
iteration x — xV~! 4+ 3 takes at most (p — 1)/g values modulo p; given g, their babystep—
giantstep search costs O(N477) expected [38, Theorem 6.4], and for known g > N* the
congruence (N —1)/(2g) = a+ b (mod g) factors N in polynomial time [38, Theorem 6.3]; g
itself is sought by factoring (N —1)/2 [38, §6.3.4]. The small-exponent attacks [37] use the public
exponent. Here only N is used, g is not assumed known, and the search is deterministic, so
that the exponent 1/4 — /2 becomes a proven worst-case bound; Section 28 then combines the
progression search behind McKee and Pinch’s known-g exponent with a deterministic recovery
of g from N —1 into the curve E(vy) of Proposition 28.2. The starting point is elementary: since
N-1=@p-1g¢+(@-1)=(@-p+(p-1),

ged(N —1,p—1)=ged(¢—1,p—1) =g, ged(N —1,g—1) =g,

so for any unit o the element 3 := a™~! has order dividing (p — 1)/g = k modulo p and
dividing [ modulo ¢, and these two orders are coprime. A collision search on § therefore has to
cover only min(k,l) < VEkl < VN /g exponents, a Pollard—Strassen or babystep—giantstep cost
of O(N'/*/ V/9)- The two questions are how to find a base o that is not a Fermat liar (8 # 1)
deterministically, and what the resulting bound is worth against the deterministic state of the
art, N1/5+e(l) [31, 32].

The search step uses two tools from the deterministic-factoring literature: Hittmeir’s lemma
that an element of exact order m modulo N has the same order modulo every prime factor iff
ged(B™™ —1,N) = 1 for every prime 7 | m [39, Lemma 2.3], and Harvey’s collision algorithm
[31, Algorithm 4.1], which finds a collision modulo exactly one prime among n giants and m
babies in O(nlog® N 4+ mlog? N) bit operations under the preconditions that ordy(c) > m and
no giant equals a baby in Z/NZ. The base-selection step uses a count of smooth numbers in a
subgroup of F,; the same count drives the order-selection theorem of Harvey and Hittmeir [33]
and its balanced-semiprime variant in Section 16. Notation: W(z,y) is the number of y-smooth
integers in [1, z], 7(y) the number of primes up to y, p the Dickman function, and O hides factors
(log N)O),
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26. THE COLLISION SEARCH

Lemma 26.1 (smooth numbers below p). For N sufficiently large in terms of C and y :=
(log N)*,
(p—1)**

HETI oy

Proof. Put u := |log(p — 1)/logy]; for N large v < m(y), and the products of u distinct
primes < y are distinct y-smooth integers below p, so ¥(p — 1,y) > (”S’)) > (mw(y)/u)™. Since
7(y) > y/logy for y > 17 and ulogy < log(p — 1), 7(y)/u > (log N)*/log(p — 1) > (logN)3,
while v > log(p—1)/(4loglog N)—1; therefore ¥(p—1,y) > (log N)3* > (p— 1)3/4/(log N3 O

Lemma 26.2 (a large common factor of p — 1 and ¢ — 1). Fiz C > 1. Let N = pq with
distinct primes p < q, p € Jo, and N sufficiently large in terms of C'. For every unit o with
o1 #£1 (mod N), a collision search on 8 := o™~ factors N in O(y/min(k,1))(log N)°M <
O(NY4/,/9)(log N)W bit operations. Moreover some integer 2 < a < (log N)* satisfies
o=l £ 1 (mod N) unless g > (p — 1)3/*/(log N)3. Consequently every N with

N5/24 (p _ 1)3/4
e < g <
2v/C (log N)3 (log N)

is factored in N7/48+°() bit operations from N alone.

Proof. The image of the power map x — =¥ ~! on the cyclic group ) has order (p—1)/ged(p—
1,N —1) =k, so ord,(B) | k; similarly ord,(3) | [, and the two component orders are coprime.
If exactly one of them is 1, then ged(8 — 1, N) is a proper factor; both are 1 exactly when
B =1 (mod N), which is excluded. So assume both exceed 1; being coprime they are distinct.
Put e := min{ord, §,ord, 8}: the prime of order e divides ¢ — 1 and the other does not, so
ged(f® — 1, N) is proper, and e < min(k,1) < Vkl = /(p —1)(¢ — 1)/9g < V/N/g.

For D' = 4,16,64, ... put H := /D’ and compare the babies £, 0 < i < H, with the giants
1 < j < H; the differences jH —i cover [1, D']. An exact equality modulo N gives a positive
relation exponent M = jH —i < D'; factoring M by trial division up to v/M < /D', within the
budget of this round, and stripping its prime divisors gives the exact order E = ordy (), and
since the component orders differ, [39, Lemma 2.3] gives a prime 7 | E with ged(8%/"—1, N) > 1,
which is proper because E is exact. If there is no exact equality then ordy(8) > D' > H and the
separation preconditions of [31, Algorithm 4.1] hold; once D’ > e the representation e = jH — i
is a collision modulo exactly one prime and Harvey’s algorithm returns a factor (directly when
the ged of the evaluated product with IV is proper, and by scanning the babies once when it is
N, a giant agreeing with one baby modulo p and with another modulo ¢). The first such D’ is
below 4e, and the geometric sum of the costs is O(y/e)(log N)°M) < O(NY4/,/g)(log N)OV.

Put y := (log N)*; for N large, y < p, so every 2 < a < y is a unit. If all of them satisfy
aN~t =1 (mod N), every y-smooth integer in [1,p — 1] lies modulo p in H, := {z € F) :
2N=1 =1}, of order ged(N —1,p — 1) = g, so ¥(p — 1,5) < g; Lemma 26.1 then gives g > (p —
1)3/4/(log N)®. Finally, for ¢ > N*24/(2y/C(log N)?), N4/, /5 < (2V/C)/2N"/*8(log N)3/2,
and trying the O((log N)*) bases adds a polylogarithmic factor. O

The bound N1/4/ /9 therefore holds for every sufficiently large balanced N with g < (p —
1)3/%/(log N)3. Its exponent is McKee and Pinch’s [58, 38]: their rho variant reaches N1/4=7/2
in expected time, and what is new here is the deterministic form, with a proven bound and
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no knowledge of g. Knowledge of g would do better — O(N 1/ 4=7) expected by their babystep—
giantstep search [38, Theorem 6.4], polynomial time for g > N'/4 [38, Theorem 6.3] — but g is
a divisor of NV — 1 that the present method never has to find.

27. THE BURGESS COMPLETION

The remaining class g > (p—1)3/4/(log N)? is where the smooth-number count fails to supply

a non-liar base; a character-sum bound supplies one instead. We use Burgess’s bound in the
form: for every prime P, every nonprincipal character y modulo P, every integer r > 1 and
every z > 1,

‘Z X(n)’ <, xlfl/r P(r+1)/(4r2) log P

n<x
[11, Theorem 2|, with an implied constant depending on r alone; hence for every fixed e > 0 and
x > PY**e (taking r > 1/(4¢)) the sum is o(x) uniformly in y. The least k-th power non-residue
is treated in this uniform way by Norton [66]; we give the short argument in the form needed.

Corollary 27.1 (the large common-factor class). Fiz C > 1 ande > 0. Let N = pq withp € Jc,
p<gq, and g > (p—1)3*/(log N)3. Then N is factored deterministically in Oc.(NY/(BVelte)
bit operations. Consequently, for every sufficiently large balanced semiprime with
N5/24
9 2 —F= =
2v/C (log N)3

factoring costs N7/4+0(1) or Oc ((NVBVe+e) bit operations; since 1/(8y/e) = 0.0758... <
7/48 < 1/5, choosing € < 1/5 — 1/(8y/e) puts both below N'/5.

Proof. The subgroup H) := {z € F; : V=1 = 1} has order gcd(N — 1,p — 1) = g and index
k; since F is cyclic and k | p— 1, it is the subgroup of k-th powers, and likewise H, has
index I. As p # q, not both indices are 1; let P € {p,q} be a prime whose subgroup Hp has
index h > 2. The indicator of Hp on F} is %Zx x over the h characters with y"* = 1, so for
x > PY*t¢ the number of integers in [1,z] lying in Hp modulo P is z/h + o(z) by Burgess’s
bound, uniformly in A (the A — 1 nonprincipal sums are each o(z) and are divided by h). Fix
u with 1 < u < /e and put y := z1/% . If every prime < y lay in Hp, so would every y-smooth
integer, and then W(z,y) < z/h-+o(z) < z/2+o0(z); but ¥(z,z"/") = (p(u)+o(1))z [80, Chapter
IIL.5] with p(u) = 1—logu > 1/2 for 1 < u < y/e, a contradiction for = large. Hence some prime
a <y = P44/ Jies outside Hp, i.e. aV~1 # 1 (mod P) and so 8 := V=1 # 1 (mod N);
letting u 1 /e and using P = G)C(Nl/2), some a < NY/(®Ve+e' qualifies for every ¢’ > 0 and N
large in terms of C' and ¢’. Enumerate the bases up to this bound, computing ged(a, N) and
B, and skip those with § = 1; for the first remaining base the collision search of Lemma 26.2
factors N in O(y/min(k,1))(log N)°™) operations, and here min(k,l) = k < (p — 1)"/*(log N)?
because k < [, so this is N'/16+°(1) " dominated by the enumeration since 1/(8y/¢) > 1/16. The
second statement combines this with Lemma 26.2. O

Remark 27.2 (direct enumeration). In the class of Corollary 27.1 a direct enumeration is also
available but slower: I/k = (¢ — 1)/(p — 1) < C(1 + o(1)), so I < 2Ck for N large, and
from N — 1 = (k +1)g + klg? one has 4kI(N — 1) + (k +1)? = (2klg + k + ). Whenever
(k+1)? < 4klg+2(k+1)—1 this gives 2klg+k+1 = |\/4kI(N — 1)]+1, and the inequality holds
throughout the class for N large, since (k+1)% < (1+2C)?k? < 4klg as soon as g > (1+2C)?/4.
So one square test per coprime pair (k1) with k& < (p — 1)"/*(log N)3 recovers g, p and ¢ in
N1/4+0(1) gperations.
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28. A DETERMINISTIC CURVE FOR THE CLASS

Lemma 26.2 and Corollary 27.1 give the exponent 1/4 —~/2 for ¢ = N? without knowledge
of g; it is below 1/5 for v > 1/10. Two further routes, both elementary once a common divisor
of p—1 and ¢—1 is known and both known in that form, combine with a deterministic recovery
of that divisor from N — 1 into a curve below 1/5 for every v > 1/20.

The Fermat progression. Let ¢’ be any common divisor of p—1 and ¢—1 and write p = 1+¢'z,
q=1+g'y. Then N —1 = ¢'(x +y) + g2y, so M’ := (N —1)/g’ is an integer with z +y = M’
(mod ¢'); with ¢ :== M’ mod ¢’ and x +y = ¢+ ¢'t,

(1) p+qg=r+g>t, r:=2+dlc, t>0.

For balanced p, ¢ with ¢/p < C the sum S := p+q lies in [[2/ N, | KcVN|], K¢ == vVC+1/v/C,
sotliesin [t_,ty] with t_ := max{0, [([2VN]—r)/¢"*]} and t; := | (| KoV N|—7r)/g"%], and the
number of candidates is n(g’) ;= t4 —t_+1 < (K¢ —2)v/N/g"?+2. Neither ¢’ = ged(p—1,¢—1)
nor ged(x,y) = 1 is used.

Lemma 28.1 (the Fermat cell). For every integer a, a?*? = N+ (mod N).

Proof. Modulo p, a? = « gives aPT4 = a4t and oPit! = (a?)4a = a?t!; symmetrically modulo
q; combine by the Chinese remainder theorem. ]

This is Harvey’s cell (a,b) = (1,1) [31], for which the congruence holds modulo both primes
at once.

Proposition 28.2 (a deterministic curve for the common-factor class). Fiz C > 1. Fuvery
balanced N = pq with distinct odd primes and g := ged(p — 1,q — 1) = N7 is factored determin-
istically from N alone in NEM+o() bit operations, where

(1/4 -~ 0<~v<1/12

1/8 4+ ~/2 1/12 <y < 1/8,

1/4 —~/2 1/8 <~y <1/6,

B ={1/2-2y  1/6<y<1/5

V)2 1/5 <y < 1/4,

1/4 —~/2 1/4 <~ < 3/8,

(1/(8ve)+e 3/8<~<1/2,

for every fized € > 0 in the last branch, with implied constants depending on C' and ¢; the N°()
is the divisor count d(N — 1). In particular E(y) < 1/5 for every v > 1/20, while 1/4 — ~/2
is below 1/5 only for v > 1/10; the deterministic record for the class is min{1/5, E(vy)} [31].

The curve is not monotone: its mazximum over v > 7y is 1/4 — ~vo for v9 < 1/16 and 3/16 for
1/16 <9 < 1/8.

Proof. Three routes are run together with the dovetailing described at the end, so the algorithm
needs neither g nor ~.
Route A is Lemma 26.2 with Corollary 27.1, whose cost is

O(NY4=7/2)(10g N)O) when g < (p—1)**/(log N)?, i.e. for every fixed v < 3/8,
OC€(NmaX{1/4—'y/2, 1/(8\/5)}-1-6) in general,

the second exponent being the Burgess base search; for v > 3/8 that is the last branch (at
v = 3/8 itself g = N3/® exceeds (p — 1)%/*/(log N)? by the logarithmic factor, so the general
bound is the one that applies).
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Route B (given a common divisor ¢/ < N'/4). Let n := n(g'), m := [\/n] and Sy := r+¢"*t_,
and let o be a unit modulo N with ordy(a) > ¢’?>m: Harvey and Hittmeir [33, Theorem 1.1]
supply it, or factor N, for D := ¢’*>m, which satisfies 1 < D < N — 1 for N large since D =
Oc (g’ NY4) = Oc(NY2), at cost O(vD)(log N)OW = Oc(NY8/g)(log N)OD). Put 8 := a9”
and 7 := V175 mod N. By Lemma 28.1 the true shifted index u :=t —t_ € [0,n) satisfies

v =17 (mod N). Compute the babies 5, 0 < i < m, and the giants n3~™*, 0 < k < [n/m],
sort them and match modulo N; a match (i,k) with u = i +mk < n gives S = Sy + ¢"%u,
accepted if and only if S? — 4N is a perfect square, in which case p,q = (S F V.52 —4N)/2.
Since ordy(8) > ordy(a)/g”? > m, the babies are pairwise distinct modulo N, each giant
matches at most one baby, and the matched u form the residue class of the true one modulo
ordy(f) intersected with [0,n) — at most n/m + 1 < m + 1 of them, each tested in O(1)
operations. The cost is O(m + n/m) = Oc(NY*/g') group operations plus the selection, i.e.
Nmax{1l/d—", 1/8+7"/2}+o(1) for ¢/ = N7,

Route C (given ¢'). For t =t_,... ,t; put s := ¢+ ¢'t and xy := (M’ — s)/4’, and accept t
if and only if 22 — sz + xy has integer roots z,y with 1 + ¢’z dividing N; O(1) operations per
trial, Oc(vV'N /g2 + 1) in all. For ¢ > N'/* there are O¢(1) candidates, and when ¢’ > z + y
there is one: Hinek’s Theorem 6.3 [38] in this notation.

Finding g. Every prime factor of g is at most g. For a bound B, Pollard—Strassen [69, 78]
computes the B-smooth part of N — 1 with its factorisation in O(v/B)(log N)°() operations,
and g divides it once B > g; its divisors number at most d(N —1) = N o1 Dovetail on a budget

27, j=1,2,...: for every dyadic range [2°,25"1) whose cost bound,
max{N1/4/2S, N/8os+1)/2. 2(5+1)/2} for Route B, when 2° < N'/4,
max{\/]V/ZlS +1, 2(3“)/2} for Route C,

is at most 2/ (candidates above N 1/4 in the range straddling N*/* are passed to Route C),
compute the 2°T!'-smooth part of N — 1 and run the route on every divisor ¢’ of it in the
range, interleaving the steps of Route A. Every output is verified, so a false candidate cannot
return a false factor. The work at budget j is O(log N)d(N — 1)2/(log N)°) = No(D2i,
the budgets double, and the range containing ¢ is run as soon as 2/ exceeds its cost bound;
the total is therefore N°1) times the least of the three routes’ costs at 4. That minimum
is E(v): Route A gives 1/4 — /2 for v < 3/8 and the plateau from 3/8 on; Route B gives
max{1/4 —~, 1/8 +~/2} for v < 1/4; Route C gives max{vy/2, 1/2 — 2v} with 1/2 — 2y read
as 0 for v > 1/4, the /2 being the smooth-part cost; the breakpoints are 1/12, 1/8, 1/6, 1/5
and 1/4, where consecutive branches agree, and 3/8, where the curve steps up from 1/16 to the
plateau 1/(8y/e) = 0.0758.. .. O

What is new here. The known-g exponent 1/4 — v of Route B is McKee and Pinch’s [58],
as restated in [38, Theorem 6.4], and the progression (1) is elementary; Route C for g > N1/4
is [38, Theorem 6.3]; the order selection is Harvey and Hittmeir’s; Pollard—Strassen and divisor
enumeration are standard. What we have not found stated is the composition: the progression
search realised as an exact babystep—giantstep collision, the recovery of g from the smooth part
of N — 1 inside the same budget — Hinek [38, §6.3.4] seeks g by the elliptic curve method or the
number field sieve — and the resulting N-only curve, obtained with no knowledge of v. Route B
does not realise the known-g exponent for every ~: the order selection dominates for v > 1/12.

29. AN IMPLEMENTATION CHECK

The collision search of Lemma 26.2 was implemented as stated — the doubling bounds D’ =
4,16,... with H = |v/D'| + 1 babies and [D’/H]| giants, exact-order recovery from an exact
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Ag(Pnin) with the exponential law of mean one by the Kolmogorov—Smirnov statistic and its
asymptotic p-value; all statistics are in double precision. The code and the archived outputs
accompany the paper.
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