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AND THREE FURTHER FLOORS
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Abstract. The fastest proven deterministic factoring algorithm for a balanced semiprime
N = pq runs in N1/5+o(1) operations, and Harvey’s question whether the search over Lehman’s
N1/3 candidates can reach N1/6 is open. This report defines a covering model that contains
Harvey’s algorithm exactly and, up to factors No(1), those of Lehman and Harvey–Hittmeir,
and proves its floors: N1/3 candidates, N1/5 with materialised giants, N1/6 with free giants.
The exponents persist for p ≥ N2/5, the first two against fixed-degree forms and adaptive cell
queries respectively, and thinning by a residue hypothesis modulo q ≤ N1/20 buys at most a
power of log logN . Given an interval of length L = Nλ containing p, a localised search costs
No(1)L3/5N−1/10, matching the model’s floor for λ ≥ 3/8; for N1/6 ≪ L ≤ N3/8 the in-model

cost is classified by the interval’s Diophantine depth; a known residue p mod M , M ≤ N1/7,
gives N1/5+o(1)M−2/5. In the explicit-difference model an N1/6 search needs a difference cover,
and the additive structure of the window starts governs every such cover: proved lower bounds
r1/3 (modulus-free) and N1/12 (at r = N1/3; for the squarefree shell, for almost all N) against

upper bounds 2.1 r2/3 and 6N2/9, with the envelope problem open. Further, a common factor
g = Nγ of p−1 and q−1 lets N be factored deterministically from N alone below N1/5 for every
γ > 1/20, by composing McKee–Pinch’s progression search, made deterministic, with Pollard–
Strassen on N − 1 and Harvey–Hittmeir’s order selection; a fixed list of elliptic curves factors
every product of two primes from a range once its exposure labels separate, with computed sep-
arating lists for three dyadic ranges below 223; and NFS polynomial selection has a random-root
floor N1/(d+1)−o(1), a rigorous resultant floor and, under a stated counting heuristic, no room to
move the GNFS constant. Every rigorous floor is a theorem inside a stated model, the heuristic
optima are labelled as such, and nothing here is a lower bound on factoring.
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small and then θ with 1/(2
√
e(1−ε)) < θ < 1/(2

√
e)+2δ, Proposition 35.3 says that on a positive

relative proportion of the corresponding nearly balanced semiprimes a plain algorithm from 1974
provably succeeds within O(N1/(4

√
e)+δ) modular multiplications. It is not an improvement

of the worst-case guarantee, and a fallback to Harvey’s algorithm on the failures leaves the
expected cost at N1/5+o(1). The record smoothness thresholds would formally lead to exponents
0.2961/2 = 0.14805 and 0.2844/2 = 0.1422, each with a positive slack; the theorems behind them
do not give a positive proportion. If the available smooth-prime count is ≫ x/(log x)C , the same
pairing gives ≫ x2/(log x)C+1 products, a relative proportion ≫ (log x)1−C of the family; an
infinitude theorem gives infinitely many such products. (e) The fixed-θ run does not factor almost
all semiprimes of the family: after removing the o(π(x)) small-order exceptions Ω, the Fouvry set
still contains a positive proportion of primes q with q ∤ 2E−1, and pairs of two such primes form
a positive proportion on which g = 1. More generally, fix η ∈ (0, ε) with 0.66 < α(1− η) and let
Gη := {q ∈ (x1−η, x] : P+(q−1) ≥ qα}\Ω, still a positive proportion of the primes of the family.

For q, r ∈ Gη and N = qr ≤ x2, every B,B2 ≤ N0.33 ≤ x0.66 < xα(1−η) < qα ≤ P+(q − 1);
if the stage-1 exponent has prime support at most B then ordq(2) ∤ Ev for every 1 ≤ v ≤ B2

(otherwise P+(q − 1) ∤ ordq(2), forcing ordq(2) < q1−α ≤ x1−α, contrary to q /∈ Ω), and likewise
for r. So pairs from Gη form a positive relative proportion on which the single-exponent base-2
p− 1 method, with any stage-1 and stage-2 bounds up to N0.33, returns no factor: a limitation
of that method, not a lower bound for all algorithms of that cost.

36. Open problems

Prove or break Conjecture 33.1 for an explicit curve family, including uniform control as
u grows; find a separating family with per-member success rate near 1/2 and an alphabet
richer than the residual order; determine whether the separation tail structured by p mod 3
can be removed by mixing families; and prove a positive-proportion theorem for shifted primes
p − 1 = (xθ-smooth) × (prime ≤ x2θ) below θ = 1/(2

√
e), which would lower the exponent of

Proposition 35.3. Any of the first three could change constants or coverage; heuristically, an
exponent change requires leaving the smooth-order paradigm.

Reproducibility. The label statistics of Table 12 are exact computations on the full prime pop-
ulations of the stated intervals, by adaptive refinement of the label partition as described in
Section 33.3; the tests of Section 34 and the p − 1 samples of remark (b) use pseudorandom
populations from a seeded generator (seeds 3, 9 and 11 respectively) and are reproducible from
those seeds; the counted multiplications and curve counts are deterministic; the wall-clock times
and peak memory figures are single measurements on one machine and are reported as such.
The code and the archived outputs are in the repository [23].

Part 6. Coefficient floors of number-field-sieve polynomial selection

Summary. Polynomial selection for the number field sieve chooses a polynomial f of degree d and a root

m of f modulo N ; in the unskewed model the sieve’s figure of merit is the norm product P = ∥f∥∞ m,

and this part asks how small it can be made. For a fixed root the coefficient vectors form a lattice of

determinant N , so a polynomial with ∥f∥∞ ≤ N1/(d+1) exists, and for a random root of a balanced

semiprime N1/(d+1)−o(1) is a proven floor. When the root is free, a counting heuristic puts the minimum

of P at N (2d−1)/(d2+d−1), below the scale N2/(d+1) of the base-m and Kleinjung constructions, and

complete enumerations at small sizes fit that exponent at d = 2 and d = 3. For two polynomials with

a common root the resultant gives the rigorous floor ∥f∥e∞∥g∥d∞ ≫ N , and a count of the pairs with a

common root modulo a generic N gives, within the standard heuristic optimisation, the existence bound

αδ ≥ 2− o(1) for the two-polynomial dial: the GNFS constant 1.923 is then its existence optimum, and
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the SNFS constant is out of reach for generic N at every pair of degrees. The room below the base-m

scale is lower order in L-notation, and reaching it by search is estimated to cost a fractional power of N

in trials: the floor asks for an algebraic small-coefficient method, not search. The rigorous content is the

two floors; the rest is heuristic, with its finite verification stated as such.

37. Introduction

The general number field sieve [53, 9] factors N in heuristic time LN [1/3, (64/9)1/3] with
LN [s, c] = exp((c + o(1))(lnN)s(ln lnN)1−s). Its polynomial selection step chooses f ∈ Z[x] of
degree d with a root m modulo N ; the sizes of ∥f∥∞ and m enter the exponent through the
norm product, and in practice through Murphy’s E-value, skew, rotation and root properties
[62, 45, 6]. This part isolates the size question – how small can ∥f∥∞ and m be made jointly,
and what is the consequence for the constant c – and answers it with two proven floors, one
heuristic floor checked by exact enumeration, one classical identity read as a search problem,
and one heuristic optimisation. Throughout, ∥f∥∞ := maxi |fi| is the largest absolute value of a
coefficient of f =

∑
i fix

i, andN is called generic when the counting heuristic of Proposition 39.1
– roots of bounded polynomials equidistributed modulo N – is assumed for it. The asymptotic
conclusion, within the two-polynomial heuristic model developed here, is negative and quantified:
coefficient size does not change the constant (64/9)1/3 for generic N , and any remaining gain

from polynomial selection is lower order. In numbers: the random-root floor is N1/(d+1)−o(1)

(Proposition 38.1); the joint heuristic floor N (2d−1)/(d2+d−1) is matched by exact enumerations
with fitted exponents 0.607±0.009 at d = 2 (predicted 0.6) and 0.460±0.014 at d = 3 (predicted
5/11); the resultant floor ∥f∥e∞∥g∥d∞ ≫ N together with the heuristic count of pairs with a
common root gives αδ ≥ 2 − O(1/(d + e)) for generic N , hence the GNFS constant 1.923 as
the existence optimum and not the SNFS constant 1.526; for degree two, selection is a bounded
near-square search whose event counts are consistent with a Poisson model; and the gap between
the joint floor and the base-m scale is 9–24 bits in the norm product at 512–1024 bits for d = 5, 6,
which direct search would need about N0.09–N0.10 trials to cross and N0.12–N0.14 to reach the
floor.

38. The fixed-root lattice

For a residue m let LN,m = {(f0, . . . , fd) ∈ Zd+1 :
∑

i fim
i ≡ 0 (mod N)}, the kernel of

(fi) 7→
∑

fim
i mod N , a lattice of determinant N .

Proposition 38.1. (i) LN,m contains a nonzero vector of sup-norm ≤ N1/(d+1). (ii) Let N = pq
with distinct primes p, q, and let H < min(p, q). For m uniform on Z/N ,

Pr[∃f ̸= 0, ∥f∥∞ ≤ H, f(m) ≡ 0 (mod N)] ≤ d2(2H + 1)d+1/N,

so, when min(p, q) ≥ N1/(d+1) – in particular for balanced semiprimes – for every fixed ε >

0 the shortest vector at random m has sup-norm ≥ N1/(d+1)−ε with probability at least 1 −
d23d+1N−ε(d+1).

Proof. (i) is Minkowski on the cube. (ii): a nonzero f with ∥f∥∞ ≤ H is nonzero modulo p and
modulo q, hence has at most d roots modulo each and at most d2 modulo N by the Chinese
remainder theorem (x2 − 1 attains four); there are fewer than (2H + 1)d+1 such f . □

The Minkowski vector represents a nonzero polynomial of degree at most d; exact degree, ir-
reducibility and usability for the sieve are not asserted. Exact Euclidean shortest-vector lengths
(LLL-seeded Fincke–Pohst enumeration in dimension d + 1 ≤ 7), normalised by N1/(d+1) and
averaged over 20 balanced semiprimes (q/p <

√
2) per size at 64, 96 and 128 bits, are 0.62–

0.80 for random m, matching the Gaussian-heuristic constants V
−1/n
n , Vn the volume of the
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Euclidean unit ball in Rn (0.62–0.80 for n = 3, . . . , 7). For the base-m choice m = ⌊N1/d⌋,
simultaneous Dirichlet approximation of r/m, . . . , r/md−1 with r = N − md gives vectors of

sup-norm Od(N
(d−1)/d2), a ratio N−1/(d2(d+1)) to the generic fixed-root scale N1/(d+1) that pre-

dicts the measured change of the ratio from 64 to 128 bits (0.291, 0.574, 0.839 predicted against
0.30, 0.56, 0.84 measured for d = 3, 4, 6); for special N = 2k − c the lattice contains 2sxd − c and
the ratio collapses.

39. The joint floor

When the root is free, the figure of merit is P (f,m) = ∥f∥∞m, where for a nonzero residue
root r we put m := min(r,N −r) ∈ [1, N/2] and, replacing f(x) by f(−x) when r > N/2 (which
preserves ∥f∥∞), assume f(m) ≡ 0 (mod N) (the root 0 is excluded, since xd +N has P = 0).
Throughout, the admissible polynomials are those of exact degree d, irreducible over Q (the
content is not restricted; every minimiser found below is primitive), with a nonzero root modulo
N ; f(m) may be any nonzero multiple of N , and ∥f∥∞ is the largest absolute value among all
d+ 1 coefficients.

Proposition 39.1 (heuristic). Let N = pq be generic and d ≥ 2. Among irreducible f of degree
d with a nonzero root modulo N ,

minP (f,m) = N (2d−1)/(d2+d−1)+o(1), ∥f∥∞ = N (d−1)/(d2+d−1)+o(1), m = Nd/(d2+d−1)+o(1)

at the minimiser.

Derivation. There are two constraints. (i) Counting: the number of polynomials with ∥f∥∞ ≤
H is ≍ Hd+1; a polynomial has on average one root modulo N , and the roots are assumed
equidistributed, so the number of pairs with m ≤ M is ≍ Hd+1M/N ; existence requires (d +
1) logN H + logN M ≥ 1. (ii) Nontriviality: an irreducible f has f(m) ̸= 0, so |f(m)| ≥ N
and (d + 1)∥f∥∞md ≥ N . Minimising logN H + logN M on this polyhedron gives the vertex
((d − 1)/(d2 + d − 1), d/(d2 + d − 1)). Constraint (ii) is a theorem and gives the rigorous

P ≥ (N/(d+ 1))1/d; constraint (i) is the heuristic. □

The three construction regimes in this measure are: Dirichlet vectors at m = N1/d, P =

N (2d−1)/d2 ; base-m and Kleinjung’s regime ∥f∥∞ ≈ m ≈ N1/(d+1), P = N2/(d+1); and the

joint floor N (2d−1)/(d2+d−1) – N0.75, N0.667, N0.6 at d = 2 and N0.36, N0.333, N0.310 at d = 5
(the balanced base-m expansion attains the scale N2/(d+1) without the irreducibility require-
ment, and the constructions of [45] attain it in practice). The gap between the last two is

N (d−1)/((d+1)(d2+d−1)), lower order in L-notation: about 9–24 bits of norm product at 512–1024
bits for d = 5, 6.

Refined count. After imposing the leading-term cutoff m ≳ (N/fd)
1/d and quotienting by

mirror orbits, the expected number Λd(x) of pairs with P ≤ x is a finite sum over coefficient

shells whose leading term is 2
3x

5/N3 (d = 2) and 16
15x

11/2/N5/2 (d = 3); under a Poisson model

with these intensities EPmin = 0.996N3/5 and 0.912N5/11.
Complete enumeration. Using the known factorisation, the exact minimum of P over the

admissible polynomials was computed by complete enumeration (square-root tables modulo p, q
for d = 2, value tables for d = 3); the pruning bounds are exact consequences of |f(±m)| ≥ N ,
the enumeration checks at run time that its finite search windows were not exceeded, and the
routine is checked against brute force on small moduli in the accompanying test suite. For
51 balanced semiprimes at 24–44 bits (d = 2) the ordinary least-squares slope of log2 Pmin on
log2N is 0.6067 ± 0.0088 (predicted 0.6); for 42 distinct moduli among 44 generated instances
at 16–32 bits (d = 3) it is 0.4603 ± 0.0137 (predicted 5/11 = 0.4545; 0.4595 ± 0.0131 with the
two duplicated moduli counted twice). The base-m control – one balanced expansion per N
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at m = ⌈N1/(d+1)⌉ with f(m) = N , not restricted to irreducible f – fits 0.6669 against 2/3
and 0.5037 against 1/2. The row means of the coefficient and root exponents are 0.18–0.20 and
0.40–0.41 (d = 2) and 0.13–0.17 and 0.28–0.29 (d = 3); individual instances spread more widely.
The ratio Pmin/EPmin ranges over 0.70–1.09 rowwise; under the Poisson model Λd(Pmin) should
be exponential with mean one, and it has mean 0.67 and 0.49 (Kolmogorov–Smirnov p = 0.048
and 0.001 on the generated instances): the model is borderline for d = 2 and rejected for d = 3,

the minima lying below its prediction. A search through 8N (d−1)/(d2+d−1) leading coefficients
(two adjacent candidate bases per leading coefficient, balanced lower digits, irreducible results
only) found 50/51 and 37/44 exact minima; in the cubic case the mean excess was 0.070 bits –
finite evidence for the predicted search scale, not an asymptotic search theorem.

40. Two polynomials: the resultant floor

Proposition 40.1. Let f, g ∈ Z[x] be coprime over Q, of degrees d, e, with a common root
modulo each prime dividing squarefree N . Then N | Res(f, g) and

N ≤ |Res(f, g)| ≤ ∥f∥ e
2 ∥g∥ d

2 ≤ (d+ 1)e/2(e+ 1)d/2∥f∥e∞∥g∥d∞.

In particular two quadratics with a common root modulo N satisfy ∥f∥∞∥g∥∞ ≥
√
N/3.

Proof. Res(f, g) = Af + Bg with A,B ∈ Z[x] (adjugate of the Sylvester matrix), so a common
root modulo p gives p | Res; coprimality makes the resultant nonzero; Hadamard’s inequality on
the Sylvester matrix gives the norm bounds. □

Montgomery’s two-quadratics construction [61], as described in [62], produces pairs at this
floor up to a constant factor for the N to which it applies. For the usual linear side g = x−m
the inequality is ∥f∥∞md ≫d N , the nontriviality constraint of Proposition 39.1. The inequality
is standard; its reading as a coefficient floor for nonlinear pairs is the point here. Exact (d, d)
floors – complete enumeration over primitive, coprime, irreducible pairs of exact degree d with
a nonzero common root, on 18 moduli at 16–28 bits (d = 2) and 21 moduli at 16–24 bits (d = 3)

– give P2 = ∥f∥∞∥g∥∞ at 1.4–1.9 times the resultant lower bound N1/d/(d + 1), with fitted
slopes 0.482 ± 0.005 (d = 2) and 0.313 ± 0.015 (d = 3) approaching 1/d from below; 16 of the
21 cubic minimisers have a monic side of sup-norm 1, whose partner is a short vector of the
product of the two prime ideals of Z[α] determined by the chosen modular roots, α a root of
the monic side, and that “tiny-f” route has fitted exponents 0.5004, 0.3332, 0.2483 for d = 2, 3, 4
on 33, 34 and 41 moduli at 24–96 bits, agreeing with 1/d to three decimal places. Under the
balanced-minima heuristic for the orthogonal lattice, the constructible geometric-progression
pairs [61, 47, 70, 18] (root-lift of a d-th root of N modulo a prime p′ ≈ N1/d, orthogonal

lattice of determinant ≈ N1−1/d) are predicted to reach only P2 ≈ N2(d−1)/d2 (measured slopes
0.4991 ± 0.0018, 0.4493 ± 0.0030, 0.3744 ± 0.0034 on ten moduli at each of 40, 64, 96, 128 bits,
against 0.5, 0.444, 0.375), which equals the floor only at d = 2.

41. Degree two: a bounded near-square search

Lemma 41.1 (bridge). Let f = ax2 + bx + c ∈ Z[x], a > 0, and f(m) = kN with k ̸= 0;
put y = 2am + b. Then y2 − 4akN = b2 − 4ac = disc f . Conversely, given (a, k, y) and b ≡ y
(mod 2a), the integers m = (y − b)/(2a) and c = (b2 − (y2 − 4akN))/(4a) satisfy f(m) = kN .
If ∥f∥∞ ≤ H then |disc f | ≤ 5H2, sharp at (H,H,−H).

Proof. (2am+ b)2 = 4a(am2 + bm+ c) + b2 − 4ac = 4akN + disc f . Conversely b ≡ y (mod 2a)
gives b2 ≡ y2 (mod 4a), so c ∈ Z and substitution gives f(m) = kN ; the discriminant bound is
|b2 − 4ac| ≤ H2 + 4H2. □
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The pairs (f,m) with a > 0 therefore correspond bijectively to quadruples (a, k, y, b) with
b ≡ y (mod 2a); the choice of b within its class selects a translate f(x + t), which preserves y.
A bounded known-root quadratic is a near-square 4akN = y2 −∆ with |∆| ≤ 5H2, and at the

joint floor H = N1/5 degree-two selection is the search for a ≤ N1/5 and a bounded multiplier k
with 4akN within O(N2/5) of a square, plus a congruent representative passing the coefficient
filters (the near-square condition is necessary, not sufficient). The identity is classical (Lehman
[49], MPQS’s (ax+ b)2 −N = aQ(x) [77], Montgomery [61]); Harvey’s deterministic algorithm

[31] shares the multiplier exponent N1/5 and the identity U2 − 4abN = v2 but requires a square
residual, where selection needs only a small one. The expected number of bounded k = 1 pairs
is λ(H) ≈ 4H5/2/

√
N under equidistributed phases, the finite sum behind this leading term

being what the computation predicts. For 200 balanced semiprimes at each of 40, 56, 72, 80
bits, exhaustive enumeration through the bridge at H = CN1/5, C = 0.75, 1, 1.5, gives pair
means within 10% of the finite-sum prediction in 8 of the 12 (size, C) cells, within 12% in three
more, and 25% below it at C = 0.75 and 56 bits; at C = 1 the observed means are 3.5–4.3
against the predicted 3.8–4.0. The pair variance is about ten times the mean, because translates
and scalings (at2, yt,∆t2) are exact dependencies; the scaling-primitive classes have variance
approximately equal to the mean, and their means reproduce the zero fractions through e−µ

to within 0.024 – consistent with a Poisson model once the two dependencies are removed, a
diagnostic rather than a goodness-of-fit test. The chirp phases (y2 − 4aN)/(2y) are consistent
with a uniform uncorrelated null (variance 0.0830 against 1/12 = 0.0833; pooled Kolmogorov–
Smirnov p = 0.21 on 50 phases per modulus treated as independent, again a diagnostic; lag-one
correlation 0.000 ± 0.004). Among the moduli with at least one k = 1 candidate at C = 1.5

(784 of the 800), the best k = 1 product has median 0.93–0.98N3/5 from 40 to 80 bits, an upper
bound at the scale of the exact minima for those moduli.

42. The constant dial

Write the norm product of a two-polynomial relation scheme, up to lower-order factors, as
X = Nα/dAδd: α is the N -content the pair carries per unit 1/d and δ the growth of the norm

product per unit degree. Minimising lnX over d gives lnX = 2
√
αδ lnN lnA; with A2 candidate

pairs (a, b), |a|, |b| ≤ A, Dickman smoothness with independent sides, a smoothness bound B
and B2 linear algebra, the usual balance gives

c(αδ) =
(32αδ

9

)1/3

for the constant of LN [1/3, c] – 1.923 at αδ = 2 (GNFS: ∥f∥∞ ≈ m ≈ N1/(d+1), α = 2, δ = 1)

and 1.526 at αδ = 1 (SNFS: ∥f∥∞ = O(1), m = N1/d). With At candidates the balance

gives ct = (64αδ/(9t))1/3; if a t-dimensional sieve carries N -content α = 2(t − 1) – the value
obtained by extrapolating the two-polynomial count, an assumption we do not derive – then
ct = (128(t − 1)/(9t))1/3 is minimal at t = 2 within this model. The model is heuristic and
calibrated on the two known constants.

Proposition 42.1 (the floor of the dial). Let f, g be coprime of degrees d ≥ e ≥ 1 with a
common root modulo N , F = ln∥f∥∞, G = ln∥g∥∞, L = lnN , so that α = d(F + G)/L and
δ = (d+ e)/d. (i) Proposition 40.1 gives eF +dG ≥ L−Od,e(1), hence F +G ≥ L/d−O(1) and

αδ ≥ 1 +
e

d
−Od,e

(
1

L

)
.

(ii) [heuristic] For generic N , the number of pairs with ∥f∥∞ ≤ eF , ∥g∥∞ ≤ eG and a common

root is about e(d+1)F+(e+1)G/N , so existence needs (d+ 1)F + (e+ 1)G ≥ L; minimising F +G
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under (i) and (ii) gives F +G = 2L/(d+ e+1) for e < d (at the vertex F = L(d− e− 1)/(d(d+
1)− e(e+ 1)), G = L(d− e+ 1)/(d(d+ 1)− e(e+ 1))) and L/d for e = d, hence

αδ ≥ 2(d+ e)

d+ e+ 1
− o(1) (e < d), αδ ≥ 2− o(1) (e = d).

Consequences, within this heuristic model. For generic N the existence optimum of the
two-polynomial dial is αδ = 2 − o(1), i.e. c = (64/9)1/3: GNFS’s constant is optimal among
two-polynomial relation schemes, and the room below it – the joint floor of Proposition 39.1
(αδ = (2d−1)(d+1)/(d2+d−1) → 2), non-monic linear sides (2(d+1)/(d+2)), skew – is lower
order. The SNFS constant requires αδ = 1 + o(1), which generic N does not admit at any pair
of degrees; special N realise it through f(m) = kN with ∥f∥∞ = O(1). A modular root of a
bounded polynomial buys only a (d, d) pair at the resultant floor through the ideal lattice, with

αδ = 2 – a tie with GNFS (the (d, d) pair at its floor has the norm product N1/dA2d = N2/DAD

with D = 2d, that of a linear pair at base-m scale with degree parameter D), and the geometric-
progression pairs have αδ → 4, c = 2.423, worse. Constant-level gains for generic N must come
from outside the two-polynomial dial – side multiplicity (Coppersmith’s multiple-polynomial
NFS [16], 1.902) and amortisation (Coppersmith’s factory [16], 1.639 per target after a shared
2.007 precomputation) – or from outside the relation paradigm.

The free-root frontier (heuristic). Searching T leading coefficients ad = 1, . . . , T with m ≈
(N/T )1/d and balanced lower digits, the best of T trials has P (T ) ≈ max(T, (m/2)T−1/(d−1))m,

which crosses the base-m scale N2/(d+1) at T× = N2(d−1)/((d+1)(3d−2)) and reaches the joint floor

at T = N (d−1)/(d2+d−1). On three balanced semiprimes per size (d = 3 at 48–96 bits, d = 4 at
64–128 bits, budgets T checked at the powers of two up to Tmax = 218), six of the seven measured
crossovers lie within one bit of the prediction and the seventh (d = 4, 128 bits) came 1.3 bits
earlier; the theory curve is within 0.5 bits of the measured minimum at every crossover, and in

the six rows with Tmax ≥ N (d−1)/(d2+d−1) the measured minimum ends 0.1–0.5 bits below the
predicted floor, the formula continuing to fall past the floor while the measurement stops there.
Heuristic extrapolation to NFS sizes puts the crossover budget at 246–2105 trials and the floor
262–2141 for d = 5, 6 at 512–1024 bits: realising the joint floor appears to require an algebraic
method that makes d − 1 base-m digits small at a free root, rather than direct search; within
the dial, the resulting gain is lower order and does not change c.

43. What is open

The open questions are whether the joint floor can be reached in polynomial time (an algebraic
small-digit selection); whether balanced (d, d) pairs at the resultant floor exist without a tiny-
polynomial root (the counting heuristic predicts many); and, outside this part, whether any

relation source has norms that do not carry NΘ(1/d) per side while growing like AΘ(d) – within
the heuristic framework used here, the only place where the exponent 1/3, rather than its
constant, could move.

Reproducibility. Every number above is the output of a deterministic computation from the
stated parameters: exact shortest-vector lengths, complete enumerations of the exact minima
with pruning bounds derived from |f(±m)| ≥ N (checked against brute force on small moduli
in the accompanying test suite), exhaustive enumeration through the bridge, and the coefficient
search, on populations of balanced semiprimes (q/p <

√
2) drawn from a seeded generator

(seeds 97, 111, 5, 131 and 23 for the fixed-root, single-polynomial, two-polynomial, bridge and
frontier computations). Methods: all enumerations and root tests are in exact integer arithmetic;
the reported slopes are ordinary least-squares fits of log2 Pmin against log2N with the slope’s
standard error from the residuals; the Poisson checks compare the empirical distribution of
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Λd(Pmin) with the exponential law of mean one by the Kolmogorov–Smirnov statistic and its
asymptotic p-value; all statistics are in double precision. The code and the archived outputs
accompany the paper.
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